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PREFACE. 


THIS  edition  is  intended  for  teachers,  and  for  them  only.  The 
publishers  wiU  make  every  effort  to  keep  the  book  from 
pupils;  and  teachers  are  urged  to  exercise  the  utmost  care  not  to 
lose  their  copies,  or  to  leave  them  where  pupils  can  have  access 
to  them. 

It  is  hoped  that  young  teachers  will  derive  great  advantage 
from  studying  the  systematic  arrangement  of  the  algebraic  work, 
for  such  attention  has  been  paid  to  this  as  the  limitation  of  the 
page  would  allow. 

It  is  also  expected  that  many  teachers,  who  are  pressed  for 
time,  wiU  find  great  relief  by  not  being  obliged  to  work  out 
every  problem  in  the  Algebra. 

G.  A.   WENTWORTH. 
Phillips  Exetek  Academy, 

December,  1882. 


ALGEBEA. 


Exercise  I. 

Wheii«=l,  5  =  2,  c  =  3,  (Z  =  4,  6  =  5, /=0: 

1.  9a  +  26  +  3c-2/  ^  do 
=  9  +  4  +  9-0  »•  t: 
=  22.  ^^« 

2.  4e-3a-36  +  5c  2^ 
=  20-3-6  +  15  =2. 
=  26. 

10  ^  +  ^* 

3.  8  aibc  —  Jcc?  +  9  cde  —  cfef  *  c*  —  6 

=  48-24  +  540-0  _  53  +  2 

=  564.  "3^7^ 

.    4ac^8&c     5ci  =125  +  2 

•  "v  +":? T  9-8 

oat  _io'7 

=  6  +  12-12  ■~■^'^'• 

=  6. 

11  ^°  +  (» 

5.  7e  +  icc?-3^  *  *'%f-i^ 

^ac  -     2»  +  4» 

=  35  +  24-20  2^  +  42-8 

=  39.    '  8  +  64 

"^4  +  16  — 8 

6.  ah(?  +  hcd^-dea?+p  ^q 

=  18  +  96-20  +  0 

12.        ^-* 


7.  e*  +  6€2&3  +  5*-4e3&-4e2>»  e*  +  ec?  +  c^« 

=  Q25  +  600  + 16  - 1000-160  „      ^-^^ 

=  81.  5»  +  20  +  4» 

125  -  64 

g    8a»jhl&»     4cl+66f_^^+^  "25  +  20  +  16 

8  +  12  ^36  +  24     9  +  16 


4  5  25  13.  100  +  80^4 

=  5  +  12-1  =  100  +  20 

- 16.  =  120. 
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20.   3a;  + 7y-^  7 +  aajy 
=  9  + 35  ^7  +  2x5 


14.  75-25x2 
=  75-50 

=  25.  =9  +  5  +  10 

=  24. 

15.25  +  5x4-10  +  5  oi     Qj.      Q        o    ^  i.     oil 

9c;  .  on     9  *!•   DO  — 8y-*-2y  X  6  — 26 
=  25  +  20-2  =60-40-^10x10-20 

~^^-  =60-40-20 

16.  24-5x4  +  10  +  3  '"^• 

=  24-20  +  10  +  3  22.  (66- 8y)+2y X  6+ 26 
=  24-2  +  3  =  (60  -  40)  +  10  X  10  +  20 

=  25.  =20  +  10x10  +  20 

=  40. 

17.  (24-5)x(4  +  10  +  3)  ^«    ,^^      ,        ,„        .,     „- 
LiQva-l^\  23.  (66-8y  +  (2yx6)  +  26 

1 19  xA^  =  (60  -  40)  V  (10  X  10)  +  20 


Jljl 


=  20  +  100  +  20 


=  64i  =  20J. 

,o  ^        „  24.  66-(8y  +  2y)x6~26 

^+     i?  =60-(40+10)xl0-20 

=  lo  +  16  =60-40-20 


=  31. 


=  0. 


19.   ay-156  +  5  25.   66  +  (6-y)-3a;  +  6an^+10a 

=  15_ip  =60+(10-5)-9  +  150+20 

=  15-30  =  12  -  9  +  7J 

=  -  15.  =  lOJ. 

26.  Express  the  sum  of  a  and  6. 

a  +  h. 

27.  Express  the  double  of  x. 

2x. 

28.  By  how  much  is  a  greater  than  5? 

a  — 5. 

29.  If  X  be  a  whole  number,  Avhat  Is  the  next  number  above  it? 

X  +  1. 

30.  Write  Ave  numbers  in  order  of  magnitude,  so  that  x  shall 
be  the  middle  number. 

x— 2,     a?  — 1,     X,     ic  +  l,     a?  +  2. 

31.  What  is  the  sum  of  a;  +  a;  +  x  + written  a  times? 

ax. 

32.  If  the  product  be  xy  and  the  multiplier  x,  what  is  the 
multiplicand? 

^  xy-i-X  =  1/. 
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33.  A  man  who  has  a  dollars  spends  h  dollars;  how  many 
dollars,  has  he  left?  ^      , 

34.  A  regiment  of  men  can  be  drawn  up  In  a  ranks  of  h  men 
each,  and  there  are  c  men  over ;  of  how  many  men  does  the  reg- 
iment consist?  ^i.  ,  ^ 

35.  Write,  the  sum  of  x  and  y  divided  by  c  is  equal  to  the 
product  of  a,  h,  and  m,  diminished  by  six  times  c,  and  increased 
by  the  quotient  of  a  divided  by  the  sum  of  x  and  y. 

^  ==  abm>  —  6  c  + 

c  ^  +  y 

36.  Write,  six  times  the  square  of  n,  divided  by  w  minus  a, 
increased  by  five  h  into  the  expression  c  plus  d  minus  a. 

6n2 


m  — a 


+  bh(c-\-d  —  a). 


37.  Write,  four  times  the  fourth  power  of  a,  diminished  by 
five  times  the  square  of  a  into  the  square  of  &,  and  increased 
by  three  times  the  fourth  power  of  6. 


Exercise  II. 

3.  The  greater  of  two  numbers  is  six  times  the  smaller,  and 
their  sum  is  35.    Required  the  numbers. 

Let  X  =  smaller  number. 

Then  6  a;  =  larger  number, 

and  Go?  +  x  =  sura  of  numbers. 
But  35  =  sum  of  numbers. 

Therefore,  6  a;  +  aj  =  35,  a;  =  5,  and  6  a;  =  30. 

4.  Thomas  had  75  cents.    After  spending  a  part  of  his  money, 
he  found  he  had  twice  as  much  left  as  he  had  spent.    How  much 

had  he  spent  ? 

Let  X  =  number  of  cents  spent. 

Then  75  —  a;  =  number  of  cents  left. 
But  2x=  number  of  cents  left. 

Therefore,  75  —  a;  =  2  a;,  —  3  a;  =  —  75,  and  «  =»  25. 
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5.  A  tree  75  feet  high  was  broken,  so  that  the  part  broken  off 
was  foor  times  the  length  of  the  part  left  standing.  Required 
the  length  of  each  part. 

Let  X  =  number  of  feet  left  standing. 

Then  4  a?  =  number  of  feet  broken  off, 

and  a;  -f  4  a;  =  number  of  feet  in  height. 
But  75  =  number  of  feet  in  height. 

Therefore,    5  a;  =  75  and  a;  =  15. 

6.  Four  times  the  smaller  of  two  numbers  is  three  times  the 
greater,  and  their  sum  is  63.    Required  the  numbers. 

Let  X  =  smaller  number. 

Then      63  —  a;  =  larger  number, 
and  4  j;  =  4  times  smaller ; 

also,      3  (63  —  a:)  =  3  times  greater. 

.•.4a;  =3  (63 -a;),  4a;=189-3a;,  7a;  =  189,  a;  =  27,  and  63  -  a;  =  36. 

7.  A  farmer  sold  a  sheep,  a  cow,  and  a  horse,  for  ^216.  He 
sold  the  cow  for  seven  times  as  much  as  the  sheep,  and  the 
horse  for  four  times  as  much  as  the  cow.  How  much  did  he 
get  for  each  ? 

Let  X  =  number  of  dollars  received  for  sheep. 

Then  7a;  =  number  of  dollars  received  for  cow, 

and  28  a;  =  number  of  dollars  received  for  horse, 

and  aj  +  7a;  -f  28  a;  =  number  of  dollars  received  for  all. 

But  216  =  number  of  dollars  received  for  all. 

.•.a;  +  7a;  +  28a;=216,  36a;  =  216,  a;  =  6,  7a;  =  42,  and  28a;  =168. 

8.  George  bought  some  apples,  pears,  and  oranges,  for  91 
cents.  He  paid  twice  as  much  for  the  pears  as  for  the  apples, 
and  twice  as  much  for  the  oranges  as  for  the  pears.  How  much 
money  did  he  spend  for  each  ? 

Let  X  =  number  of  cents  paid  for  apples. 

Then  2x  =  number  of  cents  paid  for  pears, 

and  4  a;  =  number  of  cents  paid  for  oranges, 

and   a;  +  2a;  +  4a;  =  number  of  cents  paid  for  all. 

But  91  =  number  of  cents  paid  for  all. 

.•.a;  +  2a;  +  4a;  =  91,  7a;=91,  a;=13,  2a;=26,  and  4a;=52. 

9.  A  man  bought  a  horse,  wagon,  and  harness,  for  $350.  He 
paid  for  the  horse  four  times  as  much  as  for  the  harness,  and  for 
the  wagon  one-half  as  much  as  for  the  horse.  What  did  he  pay 
for  each  ? 
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Let  X  =  number  of  dollars  paid  for  harness. 

Then  4  a;  =  number  of  dollars  paid  for  horse, 

and  2x  =  number  of  dollars  paid  for  wagon, 

and    x-\-4iX  +  2x  =  number  of  dollars  paid  for  all. 

But  350  =  number  of  dollars  paid  for  all. 

.-.  a;  +  4a;H-2a;  =  350,  7a;  =  350,  a;  =  50,  4x=200,  and   2a;  =  100. 

10.  Distribute  $3  among  Thomas,  Eichard,  and  Henry,  so 
that  Thomas  and  Bichard  shall  each  have  twice  as  much  as 

Henry. 

Let  X  =  number  of  dollars  Henry  has. 

Then  2x  =  number  of  dollars  Thomas  has, 

and  2x  =  number  of  dollars  Richard  has, 

and   a;  +  2a;  +  2a;  =  number  of  dollars  all  have. 

But  3  =  number  of  dollars  all  have. 

Therefore,   a;  +  2a;  +  2a;  =  3,  5a;  =  3,  a;  =  f,  and  2a;=lf. 

11.  Three  men,  A,  B,  and  C,  pay  $  1000  taxes.  B  pays  four 
times  as  much  as  A,  and  C  an  amount  equal  to  the  sum  of  what 
the  other  two  pay.    How  much  does  each  pay  ? 

Let  X  =  number  of  dollars  A  pays. 

Then  4a;  =  number  of  dollars  B  pays, 

and  5  a;  =  number  of  dollars  C  pays, 

and  a;  +  4a;  +  5a;  =  number  of  dollars  all  pay. 

But  1000  =  number  of  dollars  all  pay. 

.•.a;  +  4a;  +  5a;  =  1000,  10x  =  1000,  a;  =  100,  4 a;  =  400,  and  5 a;  =  500. 

EXEBCISE   m. 

1.  +16  +  (-ll)  4.  -7h-(+4) 
=  16-11  =-7  +  4 
=  5.  =-3. 

2.  _l5  +  (-25)  6.   +33  +  (+18) 
=  _15_25  =33  +  18 

=  -  40.  =  51. 

3.  +68 +  (-79)  6.   +  378  +  (+ 709)  +  (- 592) 
=  68-79  =  378  +  709  -  592 

=  - 11.  =  495. 

7.  A  man  has  $5242  and  owes  $2758.     How  much  is  he 

worth  ? 

$5242  +  (-  $2758)  =  $5242  -  $2758  =  $2484. 

8.  The  First  Punic  War  began  B.C.  264,  and  lasted  23  years. 
When  did  it  end  ? 

_  264  +  (+  23)  =  -  264  +  23  =  -  241 ;  i.e.  241  b.o. 
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9.  Augustus  CsBsar  was  bom  B.C.  63,  and  lived  77  years. 
When  did  he  die  ? 

-  63  +  (+  77)  =  +  14 ;  i.e.  14  a.d. 

10.  A  man  goes  65  steps  forwards,  then  37  steps  backwards, 
then  again  48  steps  forwards.  How  many  steps  did  he  take  in 
aU  ?    How  many  steps  is  he  fi*om  where  he  started  ? 

65  +  37  +  48  =  150.        65  -  37  +  48  =  76. 

Exercise  IV. 

1.  5ab  +  (—  5ao^  7.   I20my  +  (—  95 my) 
=  5ab  —  5ab  =120my  —  95m,y 
=  0.  =  26my. 

2.  Smx  +  {-2mx)  8.   ~  33 ab^ -\- (11  ab^ 
=  Smx  —  2mx  = —  SSab^ -\-llar 
=  6mx.                                               =-22a6». 

3.  — 13  mn^  +  (—  7mng)  9.   —15xy  +  (+  20xy) 
=  —  \Zmng  —  lmng  =  —  7oxy  -\-  20xy 
=  —  20  mng.  =  —  55  xy. 

4.  -5x»  +  (+8a;2)  10.   +I6a^a^ +  {-a'x^ 
=  -  5ar»  +  8a^  =  Wa'o^  -  a^a^ 

=  Sx'.        '  =14a''a^. 

5.  25my«  +  (-18my«)  11.   -S^m*  +  (+ Vi^m^) 
=  25my2  -  18my»  =  -b^m^  +  7  b^m^ 
==1my\                                              =6b^m^ 

6.  7ab  +  (-5ab)  12.  5a  +  (-35)+(+4a)  +  (-76) 
=  7ab  —  5ah  =  5a  — 36  +  4a— 76 

=  2a6.  =  9a- 106. 

13.  4a«c  +  (-  lOxyzj  +  i^  6a^c)  +  {-  9xyz)  +  (- 11  a«c)+{+  2aajy4 
=  4 a*c  —  lOxyz  -\-6a^c  —  9xyz  —  11  a^c  +  20xyz 

=  —  a^c  +  xyz. 

14.  3a;2y +  (_4a6  +(-2mw)H-(+5a;2y)  +  (_a;2y)4.(_4jc2y) 
=  3ic^y  — 4a6  —  2m7i  +  5x^y  —  x^y  —  AiX^y 

=  Sx^y  —  4:ab  —  2mn. 

Exercise  V. 

1.   5a +  36+    €  2.         7a -46+    c 

3a  +  36  +  3c  6a  +  36-5« 

a  +  36  +  5c  —12a  +4c 

9a  +  96  +  9c  a—    6 
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3.  a+  b  —  e 

—  a-f  6-fc 
a—  &  +  c 
g-f  b  —  e 

4.  a  +  26  +  3c 
2a-    b--2c 

—  o  +    &—    c 

—  a—    b  -\-    c 

a-h    b-i-    e 

5.  a-2b  +  Se-Ad 
-2a  +  36-4c  +  5d 
+  3a-46  +  5c-6<i 

—  4o-i-5&  — 4c-h  7<l 

-2a-\-2b  -{■2d 

6.  iE»—  4a?+   5x-   3 
2ar»-14a?-14jc-f    5 

—  3:*+   9a-»+      a;+   8 

2a:»-   9x»-   8a;  +  10 


7.    t*-2i*^3j* 

1*+    ar*  -«-    a? 
4jr*  +  5a^ 

+  22»-!-3aJ-4 
-3jr'-2g-5 

5ar*T^4iH-r3a:»+2a:-9 

S.    a»-^3a5»-3a»6-    J» 
2a»-6aA«  -t6» 

g»-    gy  4.2y 

4a»-4aA»-3a»6+    A»-76* 

9.      2ai  +  2a*aj-   Zaa^ 
12aA-6<i«x  +  10aj;» 
—  8a&  — Sa'j;  +03^ 

6a6  — 9a'x+    7<u^-{-(u^ 

10.        <J*-3c»  +  2c»-4c  +  7 

2<?*  +  3c»  +  2c*  +  5c  +  6 
-4c*  -4c«  -5 


-    <^ 


+    «  +  8 


11.       3a^—    ay  +  iBz  — 3j/*+   4yz—    2* 
—  5a:*—    ay  — a;2  +    5yz 


4yz 
—   5yz  +  3«? 
4-    y*  +    3yz4-32* 


6a? 


-4aJ» 


-6y-6« 


—  2acy  -  2y*  +  llyz  +  52*  -  6y  -  62 

12.      m5-3m*n-6m»n* 

—  5m*n+    th'w' +    m'n.' 

+  7m'n*  +  4m*n'  —  3m7i* 

—  2m*  w'  —  3  mn*  +  4n* 
3m*  +  2m?i*  +  2w* 
2m^  -f  7m*n —    n^ 

6m*—    m*n  +  2m*n*+3m*7i'  — 4mn*  +  57i* 


Exercise  VI. 


1.  +25 -(+16) 
=  25-16 

=  9. 

2.  -60-(-25) 
=  -50  +  25 
=  -25. 


3.  -31 -(+58) 
=  _31-58 
=  -89. 

4.  +107 -(-93) 
=  107  +  93 
«200. 


8 


ALGEBRA.. 


5.  Borne  was  ruled  by  emperors  fi'om  b.c.  30  to  its  taJl,  a.b. 
476.    How  long  did  the  empire  last? 

476  _  (_  30)  =  4Y6  +  30  =  506 ;  i.  c.  606  a.©.' 

6.  The  continent  of  Europe  lies  between  36°  and  71°  north 
latitude,  and  between  129  west  and  63°  east  longitude  (from 
Paris).  How  many  degrees  does  it  extend  in  latitude,  and  how 
many  in  longitude? 


'ri-(Hr36)-71-36  =  35. 
12-{-63)-12  +  63-75. 


EX£BCIS£  Vn. 


1.  6aj  — (— 4x) 

=  5aj  +  405 

2.  -SdB  —  {+5ah) 
=  — 3a6  — 5a6 

3.  3a6»-(+aOa6«) 
^3a&»--10a&» 
=  -7a&«. 

4.  15m»a:>-(-7m«a^ 
=  15m2ar»  +  77n2x» 
=  22m2ar». 

5.  —  7ay— (— 3ay) 
=  —  lay  +  3ay 
=  -4ay. 

6.  lToa:»-(- 24  aa;») 
=  IToor*  +  24  oic* 
=  41  oa:'. 

7.  5a»a:-(-3a*a;) 
=  5a?a?-f  3a^a? 
=  8  a*  a?. 


8.  —  4ccy  — (— 5a^) 
=  —  ixy  +  5ay 
=  a:y. 

9.  Boa;  — (— 3ay) 
=»  ^ar  +  3  ay. 

10.  2a5'y-(+a5y) 

11.  9a^  +  (6a:«)-(+8aj*) 
=  9a;»  +  5a:»-8a;» 

=  6a^. 

12.  5a^y--(-18a»y)  +  (-10a^y) 
=  5x^y  +  18a^y  —  lOaj'y 

=  13a?y, 

13.  17aa:*-(-aa:')-(+24aa:») 
=  1 7  oar*  +  aa^  —  24  aa^ 

=  -6aar». 

14.  -Sab-}-{+2mx)-(-4:'mx) 
=  —  3a6  +  2?7ia;  +  4ma? 

=  -3a&  +  6mx». 

15.  3a-(+26)-(-4c) 
=  3a-2&  +  4c. 


1.  6a  — 26—    c 
2a-2h-Sc 


4a 


+  2c 


Exercise  YLLl. 


2.   3a-26-f3c 
2a-86-    c 

a  +  66  +4a 


TEACHERS*    EDITION. 


3.   7ir»-8aj-l  6.   ar»-3jy-   y'  +  y2-22« 

5g»-6a;  +  3  a:'  +  2jv-3v^         -2z^-t-5a:2 

—  bxy-{-2y^-^yz  —5xz 

7.  a'-3a»&  +  3a6«-    6» 
-a»  +  3a^&-3a6'+    ^ 

2a»-6a26  +  6o62-26» 

8.  a^— 5iry+    a;z— y'  +  7y2  +  22* 

-    ax  +  2a^  —4xy-\-2xz—y^-^byz—    z* 

9.  2aa^  +  3aJx-462a;  +  126» 

oic*  — 4a6a;  — 66*x  +6a:'  — x* 


2ar»-2x-4 

4. 

4a:4_3aJJ_2a;»-    7a;+    9 
a;*-2a;3_2ar»+    7a;-   9 

3a;*-    ar»            -14a;-18 

6. 

2a;*-2aa;  +  3a* 
x^  —    ax  -\-    a? 

OQ^^Iabx^    6*a;  +  126»-6r»  +  ar» 


10. 


6ar»— 7i»y +  4a:y*  — 23/'-    5a;*  +    ary-   4y*  +  2 

8a;»-7a;'.V+    ary*-    y^+    9a;''-    xy ->r    6^-4 

-2ar»  +3a;y»-    y»- Ua;^  +  2a;y- lOy*  +  6 


11.  a*-    6* 

+4a«5-6a*6»  +  4ay 

a4_    6*_4aS6  +  6a26=»-4a6» 

2a*-26*-4a«64-6a«6''  +  4a&» 

-   a*+    6*  -8a6» 

12.  ar»y»-3a;»3/>  +  4ary*-    y* 

—  4an/*  —  4v^  —  ar^  +  2a;*y 

ar»y*  -  3a;»y»  +  Say  +  3y5  +  a;5  -  2a;*y 

a;'y*  —  3a;'y' +  4a;y*—    y* 
—  4a;y*  — 4y^—    a;^ -{- 2ar*y 

a^y^  —  Sst^y^  —by^—    x^-\-2x*y 

ar^y'- 3g^y»  +  8ary*  +  3y5+    a^-2x*y 

—  Say  —  8y*  —  2ar^  +  4x'*y 

13.  a«6*-    o»6c-8a62c-a»c»+    a6c2-66V 

+  20^^50 -5o6*c  +2g&c*-56V 

a«&2-3a2  6c-3a62c-a2ca-    aic*-    6V 

14.  12a  +  36-5c-2(;=69  16.   2r»-y«-2a;y+    2« 
lOo-    fe  +  4c-3cg=»45  a;2_ya^2ary-    2' 

2a  +  46-9c+    c«  =  24  a;*         -4a;y+22» 

15.  &  — a. 

2a«- 60*5 +  6a6»-26»  17.     12ac+   8ccZ- 9 

a»--7a*6 -3&»  '          -lac-   9cd-\-  8 

<;t8^    a'6  +  6a6*+    6^  19ac  + 17cc?-17 
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18.  -   6a=»  +  2a6-3c»  22.      Sx^  +  2xy-    y* 

-10a^-4a&+    c"  42:^  +  5a;y-4y« 


3a^  +  4xy  —  Sy 

19.  9a^-4a;-3y  +  7  2^+    ^+    y' 
8a:y-2a;+3y  +  6                    ^    ^ 

a^_2x-6y  +  l  4-cx'-(?v' 

20.  —  a' 5c—    a&^<;+    ab(?—  abc 

a^bc-^   a¥c-   ah(?-{-  abc   24.  aa?  +    bx  +    by  +  cy 

-2a^bc-2ab^c  +  2abc'-2abc  ^~    ^^~    ^^^ 

26a;  +  26y 

21.  7x^-2x  +  4t  25.  5a;* +  4a;-4y +  3y2 
2g»-f  3a-l  5g'-3a;-f3y4-  y' 
5»*  — 5a;  +  5  7aj  — 7y  +  2y* 

26.  a"&^  +  12a5c-9ax" 

4a6'  —  6acrp  -<-  Sa'x 

a^b^  +  12abc  -  9ax^  -  4:ab^  -{•  6acx -  3a^x 

29.    2(c»-2y»-    2^ 
2ar'  +  3y*-    2* 

-5y2 
-g»-2y^  +  32« 

aj2-3ya_32? 


27. 

a«- 

2a6  + 

c»-35» 

2a»- 

2a& 

+  36» 

-a« 

+  c»-66' 

28. 

a»  + 

6^  + 

c*  + 

(? 

5^  + 

c»  + 

(P 

a2  + 

6«- 

c»- 

cP 

a»- 

5''  + 

c»  + 

cP 

3a2  + 

262  +  2c2  +  . 

2cP 

6»  + 

0^  + 

<P 

a«  + 

6«- 

<^ 

cP 

a*- 

J^'H- 

c*  + 

d^ 

-a'  + 

&'  + 

(T^H- 

d^ 

30.  -2a'+    a^c  +  2a(P 
+    g^  —    g^  c  —    a<^ 

a«  +  2J=»  +  2c2  +  2d2  -    a'  +    ac» 

3g«  +  26^  +  2c24-2<?                             a»-2g2c  +  3gc=» 
g'  +  2&^  +  2c^  +  2c^^  -    a» 4-    a^ 

2g2  2a»-2g2c  +  2gc» 

Exercise  IX. 

1.  (g  +  5)  +  (&  +  c)-(tt  +  c)  •         2.   (2a-6-c)-(a-25  +  c) 
—  a  +  b-\-b  +  c  —  a  —  c  =2a  —  b  —  c  —  a-\-2b  —  c 

«2&.  =g  +  6-2c. 
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3.   {2x-y)-{2y-z)-{2z-x) 
=  2x  —  y  —  2y-\-z  —  2z-\-x 
=  3a;  — 3y  —  a. 


4.  (a_x-y)-{*-a:+y)+(c+2y) 
=a—x—y—h-\-x—y-\-e-k-2y 
^a  —  h  +  e. 


5.  (2a;-y +  32)  +  (-a?-y-42)-(3x-2y 
=  2a;  — y4-3z  — oj  — y  — 42  — 3x+2y  +  z 
=  -2a?. 


-2) 


6.  (3a-&  +  7c)-(2a  +  Sft)-(56-4c)  +  (3c-o) 
=  3a  — 5  +  7c  — 2a  — 36  — 56  +  4c4-3c  — a 

=  -9&  +  14c. 

7.  l-(l-a)  +  (l-a  +  a»)-(l-a-i-a«-a») 
=  1  —  1+a  +  l  —  a  +  a*— 1-fa  —  a*  +  a? 
=  a  +  a'. 


8.  a -{2 J -(3c +  26) -a} 
=  a-{26-3c-26-a} 
=  a  — 26  +  3c+  26  +  a 
=  2a  +  3o. 


9.  2a-{6-(a-6)| 
=  2a  — (6- a+  26} 
=  2a  — 6  +  a  — 26 
=  3a-36. 


10.   3a-{6  +  (2a-6)-(a-6)} 
=  3a  — {6  +  2a  — 6  — a  +  6l 
=3a-6- 


=  2a-6. 


2a+ 6+a— 6 


11.  7a-[3a-{4a-(5a-2a)}] 

=  7a-r3a-{4a-5a  +  2a}l 
=  7a  — [3  a  — 4a  +  5a—  2aJ 
=  7a  — 3a  +  4a  — 5a  +  2a 
=  5a. 


12.  2rc  +  (y-3z)-[(3a?-2y)  +  2]+5a?-(4y-3e) 
=  2a;  +  y— 32  — [3a;  — 2y +  z]  +  5a;  — 4y +  3z 
=  2a;  +  y  —  3z  —  3a;  +  2y  —  2  +  5a?  —  4y  +  32 
=  4a;  — y  —  2. 


13.  {(3a-26)  +  (4c 
=  [3a-26  +  4c 
=  3a  — 26  +  4c 
=  -  6  +  \0c. 


a)}-(a-(26-3a)-c}+{a-(6-5c-a)} 
a}  — {a— 26  +  3a  — c}  +  {a  — 6-f5c  +  a} 
a  — a  +  26  — 3a  +  c  +  a— 6  +  5c+a 


14.  a-[2a  +  (3a-4a)]-5a-{6a-[(7a  +  8a)-9a]} 
=  a  — [2a  +  3a  — 4a]  — 6a  — (6a  — [7a4-8a  — 9a]} 
=  a  — 2a  — 3a-f4a  — 6a— {6  a  — 7a  — 8a  +  9a} 
=  a  — 2a  — 3a  +  4a  — 5a-^6a  +  7a-f-8a  — 9a 
=  — 5a. 


15.  2a - (36  +  2c) -[56 -(6c- 66) +  5c-{2a-(c  + 26)}] 
=  2a- 36  - 2c- [56  - 6c  +  66  + 5c -{2a- c- 26}] 
=  2a-36-2c-[56-6c  +  66  +  5c-2a  +  c  +  26] 
=  2a-36-2c-66  +  6c  — 66-6c  +  2a-<;-26 
«4a-166-2c. 
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16.   a-[2b+{Sc-Sa-(a  +  b)}  +  {2a - (6  +  c)}] 
=  a-[2b-h{Zc-3a-a-l}-\-{2a-b-c}] 
i=a  — [26  +  3c  — 3a  — a  — &  +  2a  — 6  — c] 
=  a—2b-Sc  +  Sa  +  a  +  b  —  2a  +  b  +  c 
=  3a-2c. 


17. 


16-x-  [1x-  {Sx-  (9x  -  3(c-6x)}l 
'1x-lSx-9x  +  Sx-6x}] 


16-05- 

16-x- 
16-x- 
16-x- 
16-12X. 


7a;-{8aj-(9a;-3a;+6a;)}] 


I 


7x  —  %x  +  9x  —  3x-^Qx] 
7x-\-Sx  —  9x  +  3x  —  6x 


18.   2a-[3b-^{2b-c)-4:c  +  {2a-(3b-e-^}] 
=  2a-[36  +  26-c-4c  +  {2a-(36-c  +  26)}] 
=  2a-  '36  +  26-c-4c  +  {2a-3&  +  c-26}] 
=  2a-[36  +  26-c-4c  +  2a-36  +  c-26] 
=  2a-36-2&+c4-4c-2a  +  3&-c  +  26 
=  4c. 
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.  a-[2&4-{3c-3a-(a  +  6)}  +  2a-(6  +  3c)] 
=  a-[26  +  {3c^3a-a-i  +  2a-6-3cJ 
=  a  — [26  +  3c  — 3a  — a-6  +  2a  — 6  — 3c] 
=  a  — 26  — 3c  +  3a4-a-f6  — 2a  +  64-3c 
=  3a. 


20.  a-[56-{a-(3c-36)  +  2c-(a-26-c)}] 
=  a-r56-{a-3c  +  3&+2c-a+26  +  c}] 
=  a—  5&  — a  +  3c  — 3&  — 2c  +  a  — 26  — c] 
=  a  — 56  +  a  — 3c  +  3&  +  2c  — a+26  +  c 
=  a. 


Exercise  X. 


1.  2a-36-4c  +  c?  +  3c-2/        2.   a-2a;  + 4y-3z- 26  +  c 
=  (2a-36)-(4c-rf)+(3e-2/)  =(a-2a;)  +  (4y-32)-(26-c) 

=  (2a-36-4c)  +  {(f+3e-2/).  =(a-2aj  +  4y)-(32  +  26-c). 

3.  a*  +  3a*-2a'-4a*  +  a-l 

=  (as  +  3a*)  -(2a'  +  4a«)  +  (a-  1) 
=  (a*  +  3a*  -  2a3)  -  (4a«  -  a  +  1). 

4.  -3a-26  +  2c-5<?-6-2/ 

=  -  (3a  +  26)  +  (2c  -  5  J)  -  (e  +  2/) 
=  -  (3  a  +  2  6  -  2  c)  -  (5  <?  +  e  +  2/). 

5.  ax  —  by  —  cz—bx  +  cy  +  az 

=  (aa;  —  6y)  —  {cz  +  6a;)  +  (cy  +  az) 
-s  (oa?  —  by  —  cz)  —  {bx  —  cy  —  az). 
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6.   23^-'^2^y^^T^y^-bx^y^-{-xy^~2^ 

=  (2a;*  -  3a;*y)  +  (4^=*  -  Sa^^yrfj  ^  ^^  _  ^jfi) 


7. 


(1.)  2a-3&-4c  +  rf  +  3c-2/=(2a-36-4c)  +  (rf+[3«-2/]) 

(2.)  a-2a;  +  4y-3z-26  +  c  =  (a-2x  +  4y)-(3z  +  [26-c]), 

(3.)  a5  +  3a*~2a»-4a2  +  a-l={a*  +  3a*-2a»)-(4a2-[a-l]) 

(4.)  _3a  - 26  +  2 c - 5  ci- e-  2/= — (3a  +  2&  - 2c)-(5  rf  +  [c  +  2/J) 

(5.)  oic  —  6y  —  C2  —  6a;  +  cy  +  a2  =  (oa?  —hy  —  cz)  —  {bx  —  [cy  +  az]) 

1(6.)  2ar^-3a:*-y  +  4ar»y*-5a:3y»  +  a:y*-2y*  =  (2a:*-3x*y  +  4x»y') 

_(5r»y»-[xy*-2/]) 

8.  2(u;  — 6ay  +  462  — 46a;  — 2cx  — 3cy 

=  (2a-  46  -  2c)a?  -  (6a  +  3c)y  +  462. 

9.  oa;— 6a;  +  2ay  +  3y  +  4az  — 362  — 2z 

=  (a  -  6)a;  +  (2a  +  3)y  +  (4a  -  3 6  -  2)z. 

10.  ax  —  2by  +  bcz  —  4ibx  —  Scy  +  az  —  2cx  —  ay  +  4ibz 
=  (a  — 46  — 2c)a;  — (a  +  26  +  3c)y  +  (a  +  46  +  5c)z. 

11.  12aa;  +  12ay +  46y  — 1262  — 15ca;  +  6w  +  3c2 

=  (12a  -  15c)x  +  (12a  +  46  +  6c)y  -  (126  -  3c)2. 

12.  2aa;  — 36y—  *Icz  —  2bx -{-2cx -{•  Scz^2cx  —  cy  —  cz 
=  (2a -  26  +  2c  -  2c)a;  -  (36 +  c)y- (7c- 8c +  c)2 
=  (2a-26)a;-(36  +  c)y. 


Exercise  XI. 


1.  -17x8  =  -136. 


4.  -18x-5=+90. 


2^   12  8  X  25 

=  -i2.8xl00-^4  =  -320.        5.  43x-6  =  -258. 


3.         -  3.29 
5.49 

2961 
1316 
1645 

-  18.0621 


6.  457x100  =  45700. 


7.  (- 358  -  417)  X  -  79 
=  -775x-79 
=  61225. 


8.  (7.512  -  {-  2.894})  X  (-  6.037  +  {13963}) 
=  (7.512  +  2.894)  x  (-  6.037  +  13.963) 
=  10.406  x  7.926 
==  82.477956. 
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9.  13  X  8  X  -7    11.  -20.9      12.    -  78.3  X  -0.57     =  44.631 ; 

1.38  X -27.9     =-38.502; 
44.631  X  -38.502=  -1718.382762. 


=  104x- 

-7 

-1.1 

=  -  728. 

209 
209 

10.  -38 
9 

22.99 
8 

-342 
-6 

183.92 

13.  -2.906  X  -2.076=  6.032856 ; 
6.032586  X -1.49  =-8.98895544; 
-8.98895544  X      .89  =  -8.0001703416. 
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9.  6aa;X2a  =  -12a>.  21.         7m»aj 

10.  5m7iX  9m  =  45m*n.  — — g-^ 

11.  3aa;X  —  46y  =  — 12a&iry.  —  2mq 

12.  -8cmXf^n  =  -8crfmw.  -42m*2x 


s 


13.  -7a&x2ac  =  -14a2  6c.  „            .     , 

14.  brrj^x  X  3ma;^  =  15m*a:*.  %p^q 

15.  5a'»x-2a*  =  -10a"+».  ""^o^t?! 

16.  3a2a;2x7a3ar*  =  21a5ic«.  -144p«/ 

17.  7ax-46^ 28a6; 

-28a6x-8c=224a6c  23.  2a»m»a;*x3am6a:a  =  6a«m8jr«; 

18.  8a6«x3ac=24a^62c;  6 a'mVx 4 aSrnar' =  24 a«m»a:8. 
24a2&2c  X  -  4c2  =  -  96a*6V. 

24.   6a^y2;8x-9a;yz2  =  -54aV2*; 


-54ajyzS  X  -3a;*3/2=a62a:^*2». 


19.  27  ai 

-  39  mp 

243 

g]^  25.   3aa?X  2am  X  —  4ma;  X  6^ 


lOoo  aomp 

18  ao ' 
-^ —  26.   7am2x362n« 


.l\^  =  21  a&^m^n^ 

-  18954  a3  6mp'  =  -  84  a^  ft^  m*  n» ; 

^^  .y  -84a*6*m2n3x-262n 
12a65y»  =168a*i«wi2n*; 

-^a^y  168a*6«wi2n*X-m7i2 
-60a86*y^  -- 168  a*  6«m»n«. 
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EX£RCIS£   XITT. 

6.   (4a«-3&)x3a&  .  8.  (a'a?-5aV +  00' +  2j:*)X  aa!*y 

=  12  a*  6  —  9  a¥.  =  a^a?y — ba^xlh/  +  a*»*y  +  2ax*y. 

6.  (8a2-9a6)x3a« 
=  24a*-27a36. 

7.  (3ar»  -  4y2  +  5«»)  X  2ic2y  9.  (-Oa^-f 3a»62-4a»A»-66)X  -3a6* 
=  6ar*y-8a^2/»  +  lOar^ygS.  =  27a«6*-  9a*6«  +  12a»6'  +  3a6». 

m   (3ar»-2r'y-7a?y*  +  y')X-5x2y 

=  -15iE*y  +  10ic*y»  +  SSjc^y*  -  5a:»y*. 

11.   (-4a^2^5r^y  +  8ar^)x-3a;*y   12.  (-3  +  2a6  +  a'62)x -a* 
=  12iB3yS _  I5a^y2 _  24iB5y.  =  +  3a* -  2a'^6  -  a«6». 

13.   (-Z  -  2a;2?  +  Saj^yz*  -  6ar»y'  +  3-ar»y'»2)  X  -  3ar»yz 


Exercise  XTV. 

1.  a;'  — 4  6.  2x  — y 
a'  +  S  a  +  2y 

a^  — 4a;^  2a^—    icy 

+  5g»-20  +4a;y-2y» 

ar*+    a^»-20  22^*  +  3icy- 2y« 

2.  y-6  6.  2ar»  +  4a:*  +  8a;  +  16 
y4-13  3  a;  -B 


y2-   6y  6a;*+ 12a;3^  24ar»  +  48x 

+  13.V  -  78  -12a;«-24a;^-48a;-96 

y^H-    7y-78  6a^                                  -96 

3.   a*  +  a'^x'+3i*'  7.  ar^  +  a;*  +  aj-l 

a^  —  oe^  35—1 


a^  +  a*a;* +  a^a;*  a;*  +    a:^  +  ic^  —    a; 

—  a*x^  ~a^x*  —  ofi  —    a^  —  x^  —    x  +  1 

cfi  —ofi  a;*  — 2a;  +  l 

4.  a:*  +  a;y  +  y*  8.  aj^  —  3  aa? 

X  —y a;  +  3g 

a?  +  Qc^y  +  a^*  a;'  —  3  aa;^ 

—  a^y  —  xy^  —  y^        -  +3aa;^  — 9a'a; 

7?  —  y^  a;*  —  9a*a; 
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9.       2&»  +  3a6-a»  11.  a»  +  aZ>  +  6* 


2&»  +  3a6-a» 
—  56  4-7a 

+  Uab^  +  2lan- 

-7a» 

-10&»-     a6«  +  26a»6-7a»  a»  -6» 

10.   2a-\-b  12.  a»-aft  +  6« 

a4-  26  a  +6 


2a«+    aft  a»-a^&  +  a6» 

2a»  +  5a&  +  262  a»  H-^ 

13.   2ab-5b^ 
3a*  -4a6 


6a»6-15a2  6» 

-    8a«6'  +  20oy 

6a»6-23a2  6«  +  20a6» 


14.  -a«  +  2a2&-6' 


-4a5  4-8a*5-4a2  6» 

-8a*6 +16a»ft»-8a^>* 

-4a5  -4a2  6»  +  16a»6«-8a6*. 


15.  a»  +  a6  +  6» 
a'*  -  a5  +  6^ 


a*+a^b  +  a*b* 

+a'6^+a6»  +  5* 

a*  +a26»  +6* 

16.  a»-3a26  +  3a62-&» 

a^-2a6    +b* 

a6-Sa*b+    3a35»_      0253 

-2a*b+    6an^-   6a2  6«  +  2a6* 
•   ^ +      an^-    Sa*b^  +  3ab*-b^ 

a^  -  5a*b  +  IQan^  -lOa^h^  +  5ab*  -b^ 

17.  x-^2y  —  Sz 
x  —  2y-\-Sz 

a^  +  2xy  —  Sxz 

—  2xy  —  4y'+    6yz 
+3x2  +    Syz  — 92' 
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18.   2a;2  +  3ary  +  43/2 
Sa^  —  4:xy  ■]-  yz 


6rc*  +  9a^2/  +  12ar*y2 

+  2a;^y2  +  Sary'z  +  4y^2 

6a^+    3?y  -16ay»  +  2ic2yz  +  3a:y=»z  +  4y*2 

19.   ^^r^-\-y'^ 
se^  +  xz  +  z^ 


ic*  +  a^y  +  a^^^ 

+  a:^z  -^a^yz-^-  xy^z 

+  a^z'  +  xy:?  +  y'z^ 

ic*  +  ^y  4-  rc^y^  +  ic^z  +  ar^yz  +  xy^z  +  ic^z*  +  xyz^  4-  y^z* 

20.  a«+62  +  c2-a5-ac-6c 

g  +  &  4-  c      

a'  +  ai'-*  ->r  CLC^  —  a^b  —  d^ c  —    abc 

-a¥  +a^b  ~    abc-\-Ir^  +  bc^-b^c 
-ac^            -ha^c—    abc  -  bc^ -\- b^ c -^  c? 

a»  -3a6c4-6»  +  c* 

21.  a^  —  xy-\-y^  +  x  +  y  +  l 

X  4-   y  —  1 


a^  —  ar'y  4-3^^^4-07*4-    xy  -\-  x 

■\-x^y~xy^  4-    xy         +y''4-y'4-y 
—  a;^  4-    xy  —  X  —y'^  —  y  —  X 

ic*  4-3a;y4-y*  — 1 

22.  a^4-4a;2  4-5a?-24 

g^  — 4a;  4- 11 

a:^4-4ar*4-    5a:»  — 24^2 

-4a;*-16a:3-20.T2^    96a. 

4-llar^4-44a:^4-    55a; -264 

^  4- 151a;- 264 

23.  a;3-4a;2  4-lla;-24 

a;^  4-  4a;  4-5 

a*-4a;*  +  lla:8_24ar* 

4- 4a;*  -  16a;3  ^  44a^  _  963, 

4-    5a;»-20a;'*4-55a;-120 

T*  -41a; -120 

24.  a;*4-2a;8  4-ar»-4a;-ll 
a;2-2a;  4-3 


a:«4-2a;5^    a?*-4a;3_  iiaj2 

-2a;6-4a?*-2a;3  4-    8a;2  4-22a; 
4-3a;*4-6a;^4-    3ar*-12a;-33 

a*  4-10ar-33 
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25.   ari-r)a:*  +  13r»-r'-a; 
aJ_2a;  -2 


X 


7 


-2a:«  +  10ar^-26a:*+    2ic'  +  2a;» 

--    2a^+10jr*-26ar>  +  2g»4-2a 

'- 7a*  +  23 ar^  -  17a;* -  25 »»  + 4a:"  +  2a: 


a; 


26.  ar»-2ar«  +  3a;-4 
4a:»4-3a;'  +  2a;  +  l 

4a:«-8ar*  +  12ar*-16a:« 

+  3x*-    6x*+    9aJ»-12ar^ 

^    2a*-   4ar»+    6a:»-8a: 

4-      ar*.-    2g»-f3a?~4 

4aA_6a^-f    8ar*-10ar»-    8a»-5a;-4 

27.  5a*    -3a«6  +2a''6»+a&» 
5a»&4-3a^6"--2a6»   -f  6* 

25a'5-15a«&«  +  10a*6»+  5a*M 

+  15a«62-    9a*6»+  6a*&*+3a3&5 

-10aS6»+  6a*6*-4a3  65-2a«6« 
+  5a*5*-3o»&s.^2a^y  +  a5^ 

28.  4aTy  -8a*y»  +  IGaV -32oy* 

Q6y2  _^  4a*y»  4-  4a'y* 

4aiV-    8a"2/*  +  16a92/*-32aV 

+  16a"3/*  -  32aV  +  ^a'f-l2Scfiy^ 
+16o^v^-32o^v«+    64a^v^-128aV 

4aiV+    8«"3/*  -   64ay-128aV 

29.  3m*     +9m2n  +9m7i2    +Sn^ 
2m*7i  —  Gm^n'^  +  Gm^n*  —  2mn* 


6m^n  +  18  m®n2  +  18  m^n^  +    6m^n* 

—  18m®n2  —  54m*n'  —  54m*n*  —  18m*n* 

+  18m^n*  +  54m*7i*  +  54m'n*  +  ISm^n* 
-    6m*yi*-18m»nS-18m^n«-6mn^ 

6m'n  —  18m*w'  +18m*7i*  -  Gmn'' 

30.     6a^b  4-  3a«&*  -  2ab^  +  &« 
4a*    -2a63   -36* 


24a»6  +  12a«6*-    8a5  65  +  4a*6« 

~  12a«6*                               -  6an-^  +  4a»68  -  2a69 
-  IS a^b^ --9a^68  +  6ay-36^o 

24a96  -  2Qa^b^  +  4a*6«  -Qa^''-  5aH^ _  4a6»-  36^0 
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31.   a;-3  32.  a^~a?  +  l 

x—1  g'-f  g-f  1 

ic»-3a?  g*-ar»-faj» 

—    g  +3  +0*  — g*  +  a: 

aia_4a;  +3  -f  a*  — x  -1-1 

g  H-1 g*  H-a:»         +1 

«»-4a^  +  3a;  a^-x^  +  l 

+    a^-4g  +  3  a^  +  aJ*  +  ar* 

X  +3 -f-a?*H-a^-f  1 

g*-3ar»-      j?*-i-3aj  ^         +«*         +1 

+  3ar*~   9a^~3a?-f9 

g*  -10g»  +9 

33.  a*+oi-f6' 

+0^6^  +  0^  +  5* 

34.  4««-4a«&+a6' 
4^»-f3<t5  -f6» 

16^    ^16a*5  -f-   4a»6* 

■f  12^6  -12a»6»4-3a'fi« 

-h   4fl»y-4o«y-fa5* 

16a5    -   4«*6  -   4a' ^►>-    a«6»  +  oft* 
2a«5-f^8 

32a^&-   ^c^}^-   8a66»-2a*6*-f-2a«6» 
+  ISa^y  -  4a*  6*  ~  4o»6»  -  q^  &«  +  o5t 

32a' !>-  8a«Z>»-f   8a«Z>»-6a*i*-2a»^-a»5«  + a6' 
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36.  z  +  a 

x+2a 


X*  ■}-  ax 

+  2ax    +   2a» 

a^+  Sax    +    2a» 

X  —    3o 

«»+  3aj»   +    2a»x 

-  3oa:»   -   9a*x  -6g» 

«■  -    7a»a?  -6a* 

flp  —   4o 

a?*—  7a»aj»-    6a"aj 


or 


-f  28a»a  -4a3^-f    24q* 

a?*-   7a»a^  +  22a»x  -4aa:'-j-    24a* 
g  +   5a 

afi-    7a»a*  +  22a*a:*-4aa?*+    24a*a; 

-  20a*a^ -  35a»a^  -f  Soar*  +  110a*a;  +  120q^ 

a*-27a«a:»-13a»aj»+    oar*  +  134  a*  a;  +  120a* 
a*+    aa?*-27a*ar»-13a»x»+134a*a?  +  120a* 


Se.     81a*-9a»6»  +  6*  37.  y^-yz^2:? 

729 a»  -  81  a* 6*  +  9a* 6*  y^-y^z^  2v'2» 

+  81a*6»-9a*6*^-y  "^   +^2_    yz2-2y;? 

729a*  +  6»  -2y*2«-h2.v2»  +  42* 

2Ta»  +  6^  y*  -5y'-^  +4^ 

27a»-y  f-2yz-^ 

729a»  +    27a»&»  y^^2yz-s? 

-    27 a^b^-h^  y^-2fz-    y^i^ 
729a«                    -6«  2fz-4:y^i^-2yz^ 

729 a«  -i-  &« -    yV4-2y2»+    z* 

531441a"- 729  a»6»  y*  -6^*2*  +   z* 
-h729a<'y-5"  2^r* -5y^2»  +4z* 

531441a"  -6"  -    y*2»  -32* 


38.   3a«    -a6-36* 

a*6-25« 

3a*6-a«6a-3a«6» 


-6a«62  +  2a6'  +  6&* 


3a*ft-  o^fi*  -  3a2  6» -  Ga^ft*  +  2a5»  +  65* 
-2a6*-6ft6 


3a*6-a8  6*-3a»6»-6a«6«  +  2a6»-2a6*  +  66*-66* 
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39.   a  -\-b  —  c 
a  —  b  +  c 


a*-Hib—ac 
—ah       —6*+  he 
-\-cbc      -t-  he—<? 

—a-\^h+e 


6  +c  <i+d  i  —<? 


^6  +  6*  <ic  +  ad  ah  -^hc 

-\-ac  -{-he  +cd  +  d*  —ad  —  cd 

ah  -{-  b^  +  ac  +  be  ac  -^  ad  +  ed  +  d*  ah  -{■  be  —  ad  —  cd 

{ab  -\- h*  -\- ae -\- be)  —  {ae  +  ad  +  cd  +  d^  —  {ah  +  he  —  ad  —  cd) 
=  ah-^i!^-{-ac  +  he  —  ac  —  ad—cd  —  d*  —  ah  —  bG  +  ad  +  cd 
=  b^-d\ 


41.   a  +  h  -\-c  +  d 
a-\-h  +/J  +  d 


a*  +    ab  -\-    CLc  +  ad 

+    ab  +h'*+    hc+    hd 

•\-    ac                    -{•    be  +c^  +    cd    ' 
+  ad +    bd         -^    cd  +  d* 

a«  +  2ab  +  2ac  +  2ad  +  h^  +  2be  -\-  2bd  +  <^  +  2cd  +  d* 


a  —  b  —  c-\-d 


c?  —    ab  —    ac+  ad 

—    ab  +  J*  +    6<j  —    5c? 

—    ae                     -k-    be  -{-c^—    cd 
+  ad       —    bd        —    cd  -^  d* 

a*-2ab-2aG  +  2ad-{-¥-{-2he-2bd-^c'-2cd-{-d^ 
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a— 6+c— d 
a  —  h-\-c  —  d 


a«- 

-    a6  + 

ac- 

-    ad 

— 

-    ab 

-h 

6»- 

■    ftc  + 

M 

+ 

ae 

'— 

•    &e 

+  «*^ 

ed 

-    ad 

+ 

M 

ed+d* 

€?- 

-2aA  + 

2ac- 

2ad  + 

6*- 

26c  + 

2W  +  c»_ 

2cd^d* 

«  + 

6-c- 

d 

a  + 

h-e- 

d 

c?-k-    ab—    ac—    ad 

■\-    ab  +    J*—    he-    hd 

—    ac                     —be            +c^+af 
—    ad —    hd  -k-    ed-^  d* 

t^-^2ab-2ac-2ad+    l^-2hc-2bd+    c»  +  2crf+  d* 

<^  +  2a6  +  2ck?  +  2arf+    b* -\- 2be  +  2bd  +    c»  +  2cd+  d* 

t^-2ab-2ac'\-2ad+    fc»  +  26c-26rf+    c»-2c<l+  <i* 

a»-2aZ>  +  2ag-2a<f-f    y-25c  +  26d-i-    c»-2c<£+  d» 

4a*  +46*  +4c*  +4(i 


4(i» 


42.  (a  +  J  +  c)*  —  a  (6  +  c  —  a)  —  6  (a  +  c  —  6)  —  c  (a  +  6  —  <j) 
=  a*+6*+c»+2oZ>+2ac+26c-H»6--cic4^»-^— 6c+6*-Hic-ic+<? 
=  2aH26H2c». 


44,  (m  +  n)m  — {(m  — w)*  — (w  — m)nj 

=  m*  +  TTin  —  {m*  —  2m?i  +  n*  —  n^  +  mn} 
==  m*  +  mn  —  m*  +  2m»  —  n*  4-  n*  —  mn 
==2mn. 


45.  (a-*  +  c)»-{a(c-a-6)-[5(cp  +  5-f  c)  — <?(a-6— c)]} 
=  a*  -  2a6  +  2a(?  -  2&(?+  6*  +  c*-((flk;-  a*  -  ai) 

-Uab-^i^-\-bcS—(ac-hc  —  c^]i 
=  a*  -  2a6  +  2ac  —  2hc  +  6*  +  c»  —  {(ac  —  a*  —  ai) 

—  [ab  +  b^  +  hc  —  ac+he  -f  c*]} 
«  a» -  2a&  4-  2a(7-  26c  +  6*  +  c* 

_  ja<»  _  a«  —  a6  -  a6  —  6»  -  2  6c -f  ckj  —  c*} 
«  a"  —  2o6  +  2ac- 26c  +  6*  +  c^- oc  +  a* 

+  a6  +  a6  +  6*  +  26c  — oc  +  c* 
«  2a»  +  26*  +  2c*. 
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46.  (ji^-^^)r-(j>  +  q){p{T-q}~q{r^p}) 
=p^r  -\-q'r-{p-\-  q){{pr-pq}-{qr  -pq]) 
=p^r  -\-fr-(p^q) {pr -pq - qr  +pq) 
=p^r  +  g''r  —  (p  +  gr)  (pr  —  qr) 

=p^r  +  j^r  —  (/>*r  —  (fr) 
=p^r  +  ^r  —p^r  -h  ^r 

47.  (9r»y«-V)(r'-yV{3^-2y'}{3x(T»+y«)-2y(y«+3iy^T«)}y 

=  9a;*y2-13x2y*+4y«-  hxy-2f}{3xHf-\-3xy^-2u*-exy^-T'2xhjn 
=  9jJ*y*-13r^y*-|-4y«-{9x^y»-13x»i 
=  9ar*y^-13ar^y*+^-9a?y+13  '  ' 
-0. 


48. 


49.  {ac-{a-b)(h  +  c)}-h{b-(a-c)} 

=  {ac  —  (ab  —  6*  +  oc  —  be)}  —  6  (6  —  a  +  c) 
=  ac  — CLb-\-b^  — ac-^bc  — b^-\-(ib~bc 
=  0, 


50.  5  {(a  —  6)  a;  —  cy}  —  2{a  (ic  —  y)  —  5x}  —  {3  ax  —  (5  c  —  2 a)  y> 
=  5  {aa;  —  6x  —  cy}  —  2  {ax  —  ay  —  bx}  —  {3aa;  —  5cy  +  2ay) 
=  5ajc  —  dbx  —  ocy  —  2ax  +  2ay  -^  2bx  —  ^ax  +  5cy  —  2ay 


51.  (a;  -  1)  (a;  -  2)  -  3  a?  (j;  +  3)  +  2  {(x  +  2)  (x  +  1)  -  3} 
=  X*  -  3x  +  2  -  3x2  -  9x  +  2  {x*  +  3x  +  2  -  3} 
=-x»-3x  +  2-3x»-9x  +  2x2  +  6x  +  4-6 

=  -6x. 

52.  ((2a  +  6>  +  (a-26W(3a-2ft)«-(2a-36)2} 

=  {(4a2  +  4aZ»4-6'0  +  (a^-4a*  +  462)}{(9oa-12a5+462) 

-(4a2^12a6  +  96>)} 

=  {4o2  +  4a6  +  &2  +  a2  _  4o6  +  4:b^}{9a^  -  12a6  +  46^ 

-4a2  +  12a6-962} 

«{5a«  +  66n{5a*-56^ 

=  25  a*-25  6*. 

53.  4(a-36)(a  +  36)-2(a-66)a-2(a«  +  6&2) 

=  4(a«  -  962)- 2(a2  -  12a5  +  36  6=^)- 2a2  _  1262 

=  4a»  -  366*  -  2a2  +  24a6  -72h^-2a^-  12b^ 
^2iab-120b\ 
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54.   x^  {x^  +  y^f  -  2x^y^  {x  +  y)  {x  -y)  -  (ar»  -  fy 


X*  {x*  +  y*y  -Zx'y'{x  +  y)  (aj  -y)  -  (ar'  -  y'f 

=-:!f^  +  2a;*3/2  4.  a;2y*  _  2a;*y*  +  2a;V  ~  a*  +  2a?y«  ~ 
=  3a^'3/*  +  2a:3y3_y6 


y* 


66.   16(a2  +  62)(a3  _  62)  _  (2o  -  3)(2a  +  3)(4a2  +  9) 

+  (26-3)(2&4-3)(46»  +  9) 
=  16(a*  -  6*)  -  (4a2  -  9)(4a2  +  9)  +  (46^  ~  9)(462  +  9) 
«  16a* -166* -16a* +  81 +  166* -81 
=  0. 

Exercise  XV. 


7. 

8. 

9. 
10. 
11. 
12. 
13. 
14. 
16. 
16. 
17. 
18. 


a;  +  y)« 
=  a;^  +  2a:y  +  y^ 

y^  —  2yz  +  2^. 

;2a:  +  l)2 

=  ^3^  +  4a;  +  1. 

2a +  56)2 
=  4a2  +  20a6  +  2562. 

1  -  x^f 
=  1-2x^  +  0*. 

Zox  —  AlX^Y 
=  9a2a^-24aar>  +  16a^. 

l-7a)« 
=  l-14a  +  49a2. 


{bxy  -v2f 

=  25a;2y2^20a;3/  +  4. 

a6  +  cdf 
=  a2  62  +  2a6cc^  +  c2c^2. 

3  mn  —  4)^ 
=  9m2w2-24m7i  +  16. 

12+5a;)2 
=  144  +  120a;  +  25a;a. 

Axy^  —  yz^y 
=  16x^y*  —  Sxy^z^  +  y^z*. 


19. 
20. 
21. 
22. 
23. 
24. 
26. 
26. 
27. 
28. 
29. 
30. 


{3a6c— 6cc?)^ 

=  9a2  6«c2-6a6V(?+6V(?'. 

(4ar*  — a^2)* 
=-16a;*-8a^y'»  +  a:»3/*. 

{x-\-y)(x-y) 
=  x^  —  y^. 

(2a  +  6)(2a-6) 
=  4a2-k 

(3-a:)(3+a;) 
=  9-a;2. 

(3a6  +  262)(3a6-26«) 
=  9a2  62-46*. 

(4a;2-3y2)(4a;a  +  3y2) 
=  16a;*-9y*. 

(a^aja- 63/*)  (a»a:»  +  6y*) 
=  a^3^  —  6^3^. 

{^xy-by^){Qxy^bf) 
=  36a;2y2_25y*. 

(4a:6_i)/43j5^1) 
=  16a:io_l. 

(l  +  3a63)(l-3a6«) 
=  l-9a2  6«. 

(ax  +  63/)  (aa;  —  6y)  (aV  +  6y ) 
=  a*  a;*  — 6*2/*. 


Exercise  XVI. 

1.  (a;  +  y  +  2)2  =  a^  +  2/2  +  ^2  ^  2xy  +  2ar2  +  2y2. 

2.  (a; -3/  +  2)2  =  ar»  +  y2  +  2^ - 2a:y  +  2a;3 - 2y2. 
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3.  (m-f n— ^— gr)2  =  'rn^^n^^pi-\.^^2  mn—2  mp—2 mq—2np—2  nq-^2pq. 

4.  (ar»  +  2a;-3)2  =  a;*  +  4ar»-2a^»-12aj  +  9. 

5.  {a;»-6a;  +  7)*  =  iC*-12rB3  4-50a:*-84a;  +  49. 

6.  (2a;»-7a;  +  9)»  =  4ic*-28ar»  +  85a^»~126ic  +  81. 

7.  (ic*  +  y» - 2*)2  =  ic*  +  3/*  +  z*  +  2a:3y2 _ 20322' - 2y^!^. 

8.  (ar*  -  4a:*3/*  + 1/*)'  =  a^  +  18ar*3/*  +  y^-  8ic«y»  -  8a32y«. 

9.  (a'  4-  53  +  c8)2  =  a«  +  6«  +  c«  +  2a8  6«  +  2aV  +  26V. 

10.  (icS-3r*-2*)2  =  a^  +  2/«  +  z«-2r»y3_2r»2»  +  2y'2'. 

11.  (x  +  2y  -  32)  =  a^«  +  42/»  +  92^  4-  4a:y  -  6x2  -  12y2. 

12.  (^-2y2  +  52»)2  =  ic*  +  4y*4-252*-4a:2y2  +  10a^»2»-20y«2». 

13.  (a:2_f.2ar-2)2  =  ic*+4a;3_8a.  +  4. 

14.  (a^-5a;  +  7)2  =  ar*  +  39a:2_i0ar»-70a;  +  49. 

15.  (2ic2-3a;-4)2  =  4ic*-12ar»-7x*  +  24a;  +  16. 

16.  (a;  4-  2y  +  32)'  =  a^»  +  4y*  +  92^  +  4a^  +  60:2  +  12yz. 

Exercise  XVII. 

1.  (a;  +  2)(a;4-3)  =  a:2^.5a,_f.6.      12.   (a:-4y)(a;  +  y)  =  a:»-3a:y-43/^ 

2.  (a?4-l)(a?  +  5)  =  a;2_|.6a.  +  5,     13.   (a-26)(a-56)=a«-7a6+106^ 

3.  (a;-3)(a;-.6)  =  a:*-9a;  +  18.    14.   {x^  +  2f){x^ -^y^) 

4.  (a;  -  8)(a;  - 1)  =  a^*  -  90?:+  8.  ^  "^  "^  ^'''^'  "^  ^^*" 

5.  (.-8)(.4-l)=^-7.-8.      ^^-   r^r.^Fifj^sl^i^ 

6.  (aj-2)(a;  +  5)  =  a;2  +  3aj-10.    jg^   {ax-9){ax  +  6) 

7.  (a;  -  3){a;  +  7)  =  r»  +  4a;  -21.  =  a'x^  -  Sax  -  54. 

8.  (a?-2)(a;-4)  =  x2-6a;  +  8.      17.   {x+^a){x-b') 

f  J  X  "^ 


3?  -\-((i  —  h)x  —  ah. 
18.   (a;-ll)(x  +  4)  =  a:»-7a;-44. 


9.   (a;  +  l)(a;  +  ll)=a^»+12a;  +  ll 

10.  (a;— 2a)(a;+3a)=a?'+oa;— 6a'. 

11.  {x-c){x-d)  ^^'   (^  +  12)(a;-ll)=x«  +  a;-132. 
=  3^-{c^d)x^cd,                 20.   (a;-10)(a;-5)  =  a;2-15a;  +  60. 

Exercise  XVIII. 

1.  {x-\-af  =  y?  +  So^a^SxaHa?.      3.   (a;  +  l)'  =  a:3  +  3a:*  +  3a;  +  1. 

2.  {x-af  =  x^-Sx^a  +  Sxa^-a^.     4.   (a;- l)^  =  a^- 3a:2  +  3aj-l. 

6.   (a;  +  a)*  =  ar*  +  4a;'a  +  Gar^a'  +  4x0^  +  a*. 
6.  (a;  — a)*  =  a,'*— 4a;3a  +  6a?'a'  — 4a;a8  +  a*. 
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7.  (»  +  l)*  =  ar*  +  4jr*  +  6a;'  +  4a;  +  l. 

8.  (x-l)*  =  ar*-4iB»  +  6a'-4a;  +  l. 

9.  (a;  +  y)*  =  «*  4-  5x*y  +  lOic'y*  +  lOa'y'  +  Sicy*  +  y^. 

10.  (a;-y)»-a:*-5ar*y  +  10ar»y«-10a;*y»  +  5ay-y5. 

11.  (a;  +  1)*  =  a:*  +  5ar*  +  10ar»  -f  10a:*  +  5a;  +  1. 

12.  (a5-l)*-a;*-5ar*  +  10ar»-10»«  +  5aj-l. 


12.  (a5-l)*-a;*-5ar*  +  10ar»-10»«  + 


EXJBRCISE    XIX. 


1.  ±^»66. 

+4 

2.  ^i?48  ^  581. 

-8 


3.  ±3840  =  .128. 
-30 


4.  1:2568  ^_2i4, 

+  12 

5.  -21.7 

-49.)  1063.3 
98 

83 
49 


343 
343 


11. 


6.  -1.23 

345)- 424.35 
345 

793 
690 


1035 
1035 


7. 


-11 


+  24)- 264 
2£ 

24 
24 

8.         +43  A 

-85)- 3670 
340 

270 
255 


9.         -.1123 

-61)6.8503 
61 

75 
61_ 

140 
122 


183 
183 


10. 


-.022t;V 

+  324)- 7.1560 
648 

676 
648 


=  A 


.31831+ 


-314159.)~100000.0 
942477 

575230 
314159 


«  =  A 


12.  .0101321+ 

-314159)- 3183.10 
314159 

415100 
814159 


2610710 
2513272 

974380 
942477 

319030 
314159 


1009410 
942477 

669330 
628318 


4371 


410120 
314159 

95961 
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Exercise  XX. 

6.   6!!E  =  3m.  18.  32^>=-§^. 

2»  —  5a^y  s 

6.   i^^ 4a».  19.   ^"'"t^^^igg*. 

—  3a  5a*m'aj        5  a' 

g^  _^^_1  21.  -3a*6'c*rf»     36c»rf» 


9. 


-a^         a^'  -a*b^ed^  a» 

—  2m  4m''7i®p*5*  pg* 


lA    35a5c<^     ^^  23.  (4 a^ J^s x  10 a««»8 2)- 5 a»6»2» 

"56^ '^  =40a*JV-*.6aS6»2» 

=  8a6»2». 

12.  ^I^  =  -9a*.  =-14.V^. 

-3a»  25.  104  aJ'a* -I- (91a56V-h7a*6*a;) 

q  T  « T  =104  a63aJ»-- 13  ai^j;*. 

13.  -36ma;^_36wt^  -86aj». 

4aa^  4aa» 

26.  (24aSZ>»a?  +  3a»5*) 
14    «?!!£!  _A^  +(35a«52aja--6a»6a?) 

a6c  ~  =  (8  a'  hx)  +  (-  7  o^  6a;) 

=  a^Ja;. 

15.  '^P^^.^m*x^,  27.  85a*»+i--5a^»-» 

'^P  ^  =»17a4«»+i-(4«»-a> 

16.  -51a5c?y»^^  =17a3. 

3&rfy  ^  28    ^^^''"* 

o«.    •        ^  '     12  a^ 

17.  225m»y^9m^  =  7a«-4-» 

25my^        y  =  7a"-« 

Exercise  XXI. 

3.  (ISawiy  -  27  Jny  +  36cpy)  -  -  9y  =  -  2am  +  Sbn^Acp. 

4.  (21  oa; -  18 Jaj -f  15 car) -«-- 3a: ^ 7a  +  66-6c. 

5.  (12a*-8a^  +  4a;)-i-4a;=3a:*-2a:»  +  l. 
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6.  {3ar^-6s^-^dx'-12a?)-i-3x^='X-2s?  +  33fi-4:x\ 

7.  (35m'y  +  2Sm^y^  —  14mj^)  -r-  —  7my  =  —  5m'  —  4my  +  23^. 

8.  (4a*6  -  eaSfe'"  +  12an^)  -i-  2a2&  =  2a«  -  Sah  +  66». 

9.  (12ar»y»  -  lda!^y^  -  24ic*y)  -^  -  3a;2y  =  -  4a;y2  +  5x^y  -i-Sa?. 

10.  (12aJ^y*-24a:*y2  +  36ar»y»-12a;y)-^12a!2y2  =  jc'y«-2a;2^3ay_l^ 

11.  {3a*  -  2a^b  -  of^b^)  -r-  a*  =  3  -  2a6  -  aH\ 

12.  (3ar»3/22  +  6ai^yz^  -  Ida^y^s^  +  18a;«y»2)  -5-  -3a?y? 
=  — 2  — 2x2^  ■\-bx^yz^  —  Q3?y'^. 

13.  (-  16a8  6V  +  8a*6V  -  \2a^h^(?)  -4-  -  4a'»6«c» 
«=4ac»-2aV  +  3a3  6c. 


Exercise  XXII. 


6.  s?-1x-\-\2 

3?-3x 


X 


X  —  4: 


11.   7ar»-24a:»+68a!~21 
Var'-  3x2 


7a?-3 


jr2_3a;+7 


-4aj  +  12 
-4a; +  12 

7.   a;«+    a; -72 
a;«  +  9a; 


a;4-9 


-21ar^+58x-21 
-21ar^+  9a; 

49a;-21 
49a;-21 


a;-8 


-8a; -72 
-8a; -72 


8.  2ar»-    a;2  +  3a;-9 
2a;3_3a^ 


2a;-3        12.  ^-l 


ar»  +  a;  +  3 


s^  —  a^ 


x-1 


a;^  +  a;*  +  ar*  +  a;*  +  a;  +  l 


2x^ 

23? 

+  3a;- 
-3a; 

-9 

6a;- 
6a;- 

-9 
-9 

a?  — 3^ 


9.   6a;S+14a!2-  4a;+24 
6ar»+18a;2 


2a;+6 


3a^»-2a;+4: 


-  4a;2-  4a;+24 

-  4:x^-12x 

8a;+24 
8a;+24 


a?- 

-1 

tl 

-3? 
3?- 

-1 

'3? 

3?- 
3?- 

-1 
-X 

X- 
X- 

-1 
-1 

10.  9ar^+3ar»+  x-\ 
9a;-3a;2 


Qx'^-\-   x—1 
6a;2-2a; 

.    3a;-l 
3a;-l 


3a;-l 


13.  a»-2a62  +  6» 


3a;2+2a;+l 


o^ 


a' 


a 


a 


}j^ah-  6« 


a?h~2a¥^h* 
a?h-    ab^ 

-  ab^  +  68 

-  ab^  +  6» 
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14.   a?*-81y* 


X 


^y. 


ar»+3x2y+9a:y2_|.27y3 

3ar*y  —  81y* 
3ar*y  —  dary^ 

dx'f-SlT/^ 
9x'y^-27xy^ 

27xi/^-Sly* 
27xy^-81y* 


15.  r*-y* 


x-y 


ar^y*-y^ 
a^y*  —  x^y^ 

a^y^-y^ 
so^y^  —  xy* 


16.  o»  +  32ft6 


a  +  2b 


2o*6  +  32&» 
2o*6-4a»y 

4a»6«  +  326» 
4a»y  +  8a«y 

-8o2  6»  +  322>» 
.      -8o«68-16a6* 


16a6*  +  32&» 
16a6*H-326* 


17.  2a*  +  27o6»-81M 
2a* +  60*6 


a  +  36 


-6a»6  +  27a6»-816* 
-6a86-18a«62 


2a»-6a»Z>+18a62.-276' 


18a2  62  4.27aZ>»~816* 
18a'y  +  54ay 

-27a68-8U* 
-27a6»-81&* 


18.  a?*-5ar»  +  lla:»-12a;  +  6 
a?*-3ar»+    3a^ 


X 


2 -3a: +  3 


a;2_2a;  +  2 


-2ar^-{- 
-2a:8  + 


8a:» 
6a!» 


23^ 

2^ 


\2x 
6a:  +  6 


19.  a:*+    ar»-   9a:* -16a; -4 
a:*  +  4a:'+    4ar^ 


a:*  +  4a:  +  4 


X*  — 3a:  —  1 


-3a:»-13a;2 
-3ar'~12a:» 

-7^ 


-16a:-4 


16a: 
12  a: 

4a: 

4x 


4 
4 
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20.  j*-13x«  +  36 


g'-i-Sg  +  e 


-5ar»-25a^-3Qg 

63^^  +  30  a;  +  36 
6x^4- 30a; +  36 


21.  x*  +  64 


a:*  — 4a;  +  8 


a*  — 4x  +  8 


-4x»-  8r'  +  64 
-4g»-16g'-32a; 

8««  +  32a;  +  64 
8«»  +  32a;  +  64 


22.  ar*+    a:»-24ar --35x  +  57 
3^  +  2q^-    3a;» 

-    a:»-21a:*-35« 

-  19x2  _  33a.  ^57 
-19ar»-38x  +  67 


x*  +  2x-3 


a;»-x-19 


23.   1-    x-3x>-x» 

1  +  2x  +    x' 

—  3x  — 4x*  — x* 
-3x-6x»-3x» 


1  +2x  +  x' 


l-3x  +  2x»-x» 


2x«  +  3x»-x* 
2x»-h4x»  +  2x* 

-  x'-2x*-x* 

-  x»-2x*-x> 


24.  x»-2x»+l 
a^— 2a;*+a^ 


x2-2x+l 


x*+2x»+3x2+2x+l 


26.  4x*-  x»+4x 
4x*+6x*+4ar' 


2x*+3x+2 


2x»-3x^+2x 


2x5-x*  -2x8+1 
2xS-4x*-f2x» 

3x*-4x*+l 
3x*-6r»+3x» 

2x»-3x2+l 
2r»-4x2+2x 

x2-2x+l 
x2-2x+l 


25.  a*+2a26H96* 
a*-2a36+3a«62 


a«-2a6H-36» 


aH2a6+36« 


2a86-  a262+96* 
2a86-4a^6H6ay 

3a262-6a68+96* 
3a262-.6a68+96* 


— 6x*— 5x'+4x 
-6x*-9r'-6r' 

4ar'+6x*+4x 
4x'+6x*+4x 


27.  a5-243 
a5-3a* 


a-3 


a*+3a»+9aH27a+81 


3a*-243 
3a*-9a» 


9a»-243 
9a'-27a« 


27a«-243 
27a2-81a 


810-243 
81a-243 
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28. 

18aj*-45a!»4-82x»-67x4-40  3x»-4a?  +  5 

18a!*- 24x3  4- 30 x»                      6x«~7x  +  8 

-21r»  +  52x2-67x 
-21x8  4-28x»-35x 

24x»-32x4-40 
24x»-32x4-40 

29. 

• 

a^-.9a;a-6xy-3^ 
X*4-3x'4-x'.y 

x'4-3x4-y 

x*- 3x  — y 

-  3x»  -  9x2  -  a;»y  -  6xy  -  y» 
-3x*-9x»            -3xy 

—  x*y  —  3xy  —  y" 
-x*y-3xy-y' 

30. 

a^-6aj»y  4-9x*x*-4y* 
a^-3x»y4-2x»y2 

-3x»y4-7x2y«-4y* 
-3x»y4-9x2y2-6xy 

-2x«y«4-6xy 
-2x^y*  4-6xy 

x*-3xy +  2y« 

« 

x*-3xy-2y« 

s 

»-4y* 
»_4/ 

31. 

X*  4-  x'y^  4-  y* 
X*  —  7?y  4-  x'y' 

x2-xy  4-y' 

x^  4-  xy  4-  y» 

3?y  +  y\ 
Try  —  sry* 

x*y* 

-xy^  +  y* 

-xyi-\ry* 

82. 

x*  +  x*4-«*y-flj'y'-2xy'4-y' 
a^  4-  x*  —  x^y 

x"  4-x  — y 

x^  4-  xy  -  y  * 

«*y4-x*y-x»y«-^2x3/ 
3^y  +  3^y             -    xy 

^  +  y3 
r2  +  _yS 

—  s^y^—    xy 

—  a^y*  —    xy 

33. 

2x^4-    xy—    X2  — 3y'  — 4y2  — «^ 
2x*  4-  3xy  4-    xz 

2x4-3y  +  « 

x-y-z 

—  2  xy  —  2  X2  —  3  y*  —  4  y  2  —  2* 
-2xy             -3y2-    yg 

-2x 
-2x 

z 
z 

-3yz-. 
.3y2-. 

2« 
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34.   12-38x+82x»-112a:»+106ar*-70a^ 

l2~20x-\-2Sx^ 

-18x+54r'-112a:» 
-18a;-f30j«-  42a:* 

24a^--  TOx-a+lOGa?* 

-  303^+  50a^-70a* 

-  30ar»+  50ar*-70r* 


3-5a;+7a:» 


4-6a;+8aj2-10ar» 


35.  a*  +y* 


ar*  —  a'y  4-  a'y'  —  gy*  -f  y* 


x  +  y 

a^y  —  a^y^  4-  x^y*  —  a;y*  4-  y* 
g*y  —  ai^y^  +  g^y*  —  gy*  +  y^ 


36.   2a?*-7a:3y  +  2ar2y2-2an/» 
2ag*--    ai^y -f    a?^y' 

—  Ga^'y^-    x^y^  —  2xy^ 
-ea^y  +  3x^y^-3xy^ 

—  2a:^y^  +    xy^ 

—  2x^y^+    xy^ 


y* 


23^—xy~y* 


x^—3xy—y^ 


37.  16ar*  +  4aj»y''+y* 
16a:*-8ar»y  4-4a;'y^ 


4a:^~2a?y  +y^ 


4a^  4-  2xy  4-y' 


Sa^'y  4-y* 

8a^y  —  4a;'y^  +  2xy^ 

4a;2y2_2a;y'  4-y* 
4a;2ya  —  2xy^  4-y* 

38.  32  0^6-56  0*624-  Sa^b^-^a^b*-a¥ 
S2a^b-ASa*¥~  SaW 

-  8a*6H16a86»-4a26* 

-  8a*b^+12a^¥+2a^b* 

4:aW-6a^b*-ab^ 
4:a^b^-6a'^b*-ab^ 


-4:a^b+6ab^+h^ 


-8aH2a^b-ab^ 


39.   l4-5ar»-6a!* 
l-a;  +  3a;2 


l-a;4-3a^' 


l4-a;-2a;2 
x-3x^  +  5x^-63* 


X 


X 


+  Ss^ 


-2a;2  4-2ar»-6a;* 
-2a;2  4-2ar»-6ar* 
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40.   l-51a»6»-52a*6* 


l+3a6+   4a«6» 


l_3a6-13a«6» 


Sab  +  4a«Z>*  -  Sia^&a  _  52a* 6* 
Sab-9an^-12a^b^ 

13a«6«-39a»6»-52a*Z>* 
13a=»6»-39a8  6»-52a*6* 


41.  x'y—xjp 


a^y  — 2a^y'-^2a^y'—    a^y* 


g" V  —  2al'y'  4-  2a!y'  —  y* 


a:*  +  2x'y  +  2Qs^y^  +  xy* 


2a^y^  —  2a^y^+    a!^y*—xy'' 
2a;gy«— 4  a^y^ -i- 4  a;*  y*  — 2  ar^y* 

2a*y'-3a;*y*H-2ar»y*-a:y» 
2a;^y^-4a;*.y*-f-4ar*V^-2a;^y* 

a:*  y* — 2  ar*  y*  +  2  a;*  y*  —  jy* 
a?*y*  — 2a^y^  +  2a;'y'— a^' 


42.   a:»-6a*y+15a:*y'-20a?y«4-15a?y*--6a2/»+y* 

g^-3ar^y+  3a;*v^-     a;»y» 

-3ar*y4-12a;*y*-19a:»y»+15a^»y« 
-3g^y+  9a;*y^-  9x^y^+  3a^y* 

3  ar*y«-10  a:»y3+ 12a?y*-6  a^y* 
3a;*y^-  9a.V-f  9a;V-3a:y* 

— a^y^  +  3  a^'y*— 3  xt^-Y'}^ 


3?-Z^y-\-Zxy'^—j^ 


a?—Z  iE^y +3  xy^—y* 


43.   a'-2a«6 
a^-2a«6 


2a*6»  +  2a»6*  -  6a«^»5  -  Za^ 


a*-2a^b-ab* 


o*  +  a2  62-f  36* 


<ifib^-2a*¥  +  2aH*-6a^b^-3ab^ 
a^h^-2a*b^~    a^b* 

SaH*~ea^^-3ab^ 
San^-Gd'b^-Sab'^ 


Slsfiy-64: 3fiy^             -18  ar^y* +18  a;y-18  x^-dy'^ 
Slafiy +27g*y^ 4-27  a?y* 


3a;*+g»y»4-.y* 


27a?y-18a;y«-9y» 


-54ji*y«-27ar*y»-18a!»y*  -  9«*y*-18a;y«-9y» 
-54a^y^ ~18  ar^y* -18  a^* 


-27a;*y» 
-27s*y* 


-9a;«y* 
-9a:^y» 


_9y» 
-9y^ 
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a*  +4a»6» 


a»  +  2a6  +  46» 


2a»A  +  4a262  +  8a^ 
2a»6 +8ay 

4a*6»  +166* 

4a26«  +166* 


46.  -a!«  +  21ar»y»-24jy*  +  8y« 
—  a^  +  3  or^  V  —    ar*y* 


g*  +  3  gy  —  V* 


47.  16  a* 
16a* 


a:*  +  3ar»y  +  8a;*y»-8y* 
-  3a:*y  +    x*y2  +  21iB»y*-  24xy*  +  8y« 
~3ar>y +  9g*y'-    3ar».y* 

-  8ar*y»  +  24x»y»-  24iy*  +  8y« 

-  8a^.v»  +  24x»y*-  8a:^y* ^ 

8ar'y*-24a:y*  +  8y» 
8ar^y*-24a-y^  +  8y* 

4a»-4a6  +  36» 


+    8a«6»  +  96* 
16a»6  +  12a»6« 


16a»6~   4a»6»  +  96* 
16a»6-16a'6'  +  12a6» 

12a»6«-12a6»  +  96* 
12a'6»-12a68  +  9  6* 


4a2  +  4a6  +  36» 


48.  €? 


g'  +  c'6  +  a^c 


—  3  a6c  +  6'  +  c* 


a  +  6  + 


a*6  —  a*c  —  3a6c  +  6^  +  0* 
—  0*6  — a6'  —    a6c 

—  a^c  +  a6*  —  2a6c  +  6^*  +  c* 

—  a^c  —  a6c  —  a(^ 


a^  —  ab~ac  +  b^  —  bc-\-<? 


+  a6*    —  abc  +  ac*  +  6*  +  c* 
+  a6' +  6»  +  h^c 

—  abc  +  a(^         —  6^c  +  c* 

—  abc  -  62g  _  5g» 


ac* 
ac* 


+  6c»  +  c» 


49.  a» 


-6a6c+8  63  4-08 ,  ag-2a6-ac+46^-26c+e« 


a'-2  a'^6-a«c+4  a6«-2  abc+ac^ 


a+26+c 


+2  a«6+a*c-4  a62-4  a6c-ac*+8  bH(^ 

+2a^6        -4a6''-2a6c        +86^-46^6+260=^ 


+a^c 
+a'c 


-2  abc—ac^ 
-2abc—ac^ 


+462c-26cHc» 
+46«c-26c2+<r» 
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50.  a^^SaH  +  3ab^  +  ¥-\-(^ 

a  -4  b  +  c 

a^  +    a^b              -\-  a^c 

a"^  -{■  2  ab  -^  b^  —  ac  —  be  -\- c^ 

2a^b-hSab^-a''c-\-L 
2an  +  2ab'^            +i 

^       ab^-^a^c--2 
ab^ 

-a''c-2 
^a^c  — 

I  abc 

\abc  +  b^-\-(^ 
+  b^-^b^c 

\abc  —  b^c  4-  c^ 
abc           —  a(^ 

— 

abc  —  b^  c  -\-  ac^  -\-  c^ 
abc  —  b^c           —  bc'^ 

ae  ^bc'  +  i? 
a(^-\-b(^  +  <^ 

Exercise  XXIII. 


1.   a2(6  4-c)4-6^(a-c)4-c2(a-6)4-    abc 
a^  (5  4-  c)  4-  b^  (a       )  4-  c^  (a       )  4-  2abc 


—  abc       4-  b"^  ( 

-  abc       4-  h^  I 


c)  +  (^{    -b) 
c)  +  (?l    -b) 


a  +  b  +  c 


a{b  +  c)  —  be 


2.  3:^~{a-\-b  +  c)x^-\-{ab-\-a^-^bc)x-abc 
a^—(a  +  b      )x^-\-{ab )x 


x'^~{a-^b)x-{-ah 


x  —  c 


—  cx^         +(ac  +  bc)x  —  abc 

—  ca^         4-  (ac  +  bc)x  —  abc 


3.   a?-2ax^+{a^-{-ab-b'^)x-a^b-\-ab^  x-a  +  b 
a^  —    ax^  4-  bx^ 


-{a  +  b)x^^{a^^ab-¥)x-a'^b^ab'^ 
-{a-\-b)x^-\-{a^         -b^)x 

4-  CLbx  —  a^b-fr  ab^ 
4-  abx  —  a'^b-^  ab^ 


x'^  —  {a  +  b)x-\-ab 


4.   a:*  — (a^  —  b  —  c)x^  —  {b  —  c)ax-\-bc 

ar*  +( +  c)x^  —  gj? 

a3?—{a^  —  b      )x^  —  {b  —  c)ax  +  be 
ax^—  {a^ Vx^ +  cax 


x^  —  ax  +  c 


x^  -^  ax  -^-h 


-\-bx^ 
4-&x2 


—  bax  4-  be 

—  bax  +  be 
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6.  y*  —  (m  +  n  -f- ju) y*  -f-  {mn  +  mp  4-  np) y  —  mnp  y  —p 


I  y'  —  (m4-  n)y  +  mn 


{m  +  n        )  y^  +  (win  4-  mp  +  np)  y 
(m  ~\-n        )  y^  4-  (       +  mp  -f  7ip)  y 

mny 

mny 


mnp 
mnp 


6.  X*  +  (5  +  a) a:»  -  (4  -  5a  +  6)  0^  -  (4a  +  56)  a;  +  46 

g*  +  (5       )  g»  -  (4 }^ 


x^  +  5a;  — 4 


x^  +  ax  —  b 


aj^  —  ( 


—  da-i-  b)x^  —  {ia-\-db)x 
+  da       )g^  — (4a  )x 


~bx^ 
~ba^ 


—  5bx  +  Ab 

—  5  6x  +  4  6 


7. 


g'— {a+c)x-t-ac 
a^—(b-\-d)x-\-bd 


x*—{a+b+c+d)3r^-¥{ab+ac-^ad-^bc-\-bd-\-cd)x'—{abc+abd+acd-\-hcd)x-\-abcd 
x*—{a     -fc      }.i^H     +ac [ )j^ 

— (  +6      -\'d)Jr^-^{ab       ■^ad-rbc-j-bd^cd)x^—{abc-\-abd+acd-\-bcd)x 

— (  +b     ■^d)x^-hiab       ->rad+bc        -\-c.d)x^~{abc  ■\-acd  )x 


bdj^-{      +abd 
bdx^-(       -\-abd 


8. 

3^—{m—c)x^-\-{n—cm-\-d)3?-\-{r-^cn—dm)x^-\-{cr-\-dn)x-\-dr 

3^~(m     )x*+(n )r^+(r )x^ 

ca^-\-(  —cm-\-d)i^+{  -^cn-~dm)j^-]-{cr-\-dn)x 
cx^+l  —cm      )r^  \-(  +C71         )x^-{-{cr        )x 


■^bcd)x-^abcd 
■\-bcd)x-habcd 


oi^—mx^+nx-\-r 


a^+cx-\-d 


dx^ 
dj^ 


—dnu^ 
—dms^ 


-\-dnx+dr 
-{-dnx-irdr 


9. 

sp^ — mx!^  +  noc^  —  nx'  +  mx  —  1  x  —  1 

x*  —  a^ i.r^+(l— m)ar^-f-(l— m+njg'+Cl— m)a;  +  l 

(1  —  m)x^  +  nx?  —  nx^  +  mx  —  1 
(1  —  m)a;*  — (1  —m):i? 


e 


1 


m  +  7i)  ar*  —  nx^  H-  mx  —  1 
m  +  n)3?  —  {\  —m  +  n)x^ 


(1  —m)x'^  +  mx  —  1 
(1  —  7n)x^  —  (l  —m)x 

x-1 
x-1 

10.   (x  +  y)»  +  3  (a;  +  yfz  +  3  (a;  +  y)z^  +  s^Ux  +  yY  +  2(a;  +  y)z  +  z* 
(a;  +  yy  +  2  (ar  +  yfz  +     (a;  +  y)2'         I  a;  +  y  +  z 
(a;  +  y)22  +  2(a;  +  y)22  +  2S 
(x  +  yyz  +  2ix-hy)z^  +  ^ 
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Exercise  XXIV. 

1.  (y»^l)^(y-l)  7.   (l-8:r»)^(l-.2^) 
=  y*  +  y  +  l-  =l+2a;  +  4a:2 

2.  (&3_125)-(&-5)  8.   (.T*- 32/;*)^  (a: -2  A) 

=  6*  +  56  +  25.  =  ar*+2r»6+4x262+8j:6H166*. 

3.  (a' -  216) -^  (a  -  6)  9.   (Sa^a^- 1) -5- (2ax- 1) 
=  a»  +  6a  +  36.  =  4:a^3^  +  2ax  +  1. 

4.  (ar»  -  343) -4- (a;  -  7)  10.   (1  -  27x3^8)  _j.  (j  .3  ^^j 
=  x^  ^  7a.  ^  49  =  1  +  3xy  +  Ox-^y^ 

6.    (a^_y6)^(a;_y)  11.  (64a»6»-27ar»)  +  (4a6-3a;) 

=  iC*  +  x'y  +  x^y*  +  ay»  +  y*.  =  IQa^b'^  +  12a6x  +  Ox*. 

6.    (a5-l)-f-(a-l)  12.  (243aS- 1) +  (3a- 1) 

•     =a*  +  a»  +  a2-f  a  +  1.  =  81a*  +  27a»+ 9a«  +  3a  +  l. 

13.   (32a*-24365)-^(2a-36) 

=  16a*  +  24a36  +  36a«62  +  54a68+816*. 


Exercise  XXV. 

1.  (x»  +  3/')^(x  +  y)  7.   (aS  +  32i5)^(a  +  26) 

=  sc^-xy+y^.  =  a*-2a36+4a262-8a6-H166*. 

2.  (a:*+y*)-(x+t/)  8.   (512x»7/ +  r')^(8xy  +  2) 
=  ar*  —  ar^y  +  x^y^  —  xy*  -^  y*-  =  64x*y*  —  8 xyz  +  z^. 

3.  (1 +8a»)-4-(lH-2a)  9.   (729a' +  2166=')  h- (9a  +  66) 
=  1  _  2a  +  4a2.  =  81  a^  -  54a6  h  306^. 

4.  (27a3  +  63)-^(3a  +  6)  10.  (64a»  +  10O06-^)-(4a  +  106) 
=  9a«-3a6  +  62.  =  16a2  -  40a6 -f- IOO62. 

5.  (8a»x3^i)^(2aa;+l)  11;   (64a»63  +  27r'')^(4a6  +  3x) 
=  4a2x2_2aj;  +  l.  =  16a262- 12a6x  +  9x2. 

6.  (a^  +  27y»)-5-(xH-32/)  12.  (^a  +  343)  -  (x  +  7) 
=  X*  -  3x1/  +  9y2.  =  x^  -  7x  +  49. 

13.  (27x8y»  +  82»)-^(3xy  +  2z) 
=  9x^y2_6x?/z  +  422. 

14.  (1024  a5  +  243  6*)  -s-  (4  a  +  3  6) 

=  256  a*-  192  a3  6  +  1440^62  -  108  ai^  +  816*. 
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Exercise  XXVI. 

1.  {^-y^)^{x-y)  6.   (x*-81.v*)-^(a:  +  3y) 

=  a?  -^  x^y  +  xy^  +  2/*.  =  x^  —  Sx^y  +  'dxy'^  —  21if. 

2.  ( J*  -  y*)  -  (x  +  y)  7.  (IGx*- l)-5-(2ic-l) 

=  3i^  —  x^y  +  xy^-y^.  =  Sa:' 4-4a^  +  2a;  +  1. 

3.  (a«  -  a*) -^  (a  -  »•)  8.   (lOa;*  -  1)  -  (2ar  +  1) 
=  a*+tt*x+aV+aV+a.r*+a;*.  =8ar*— 4a;2_,_2a;  —  1. 

4.  (a«  -  a:«)  ^  (a  +  a-)  9.   (81a*ar*  -  1) -s- (3ax  -  1) 

=  a*-a*a;+aV-a2ar»+ax*-a^.  =  27a3  ar^  +  Qa^a-a  +  Sox-fl. 

5.  (a:*  -  81  y*)  -5-  (a;  -  3y)  10.   (81  a^x*  -  1)  -5-  (3ax  +  1) 

-  ar»  +  3a;2y  +  9a;y2  ^  27y3.  =  27a3ar»  -  Oa^a:^  _^  Sax-  1. 

11.  (64a8-?»6)^(2a-&) 

=  32a5  +  16a*6  +  Sa^i^  ^Aa^b^  +  2a6*  -f  6^ 

12.  (6ia8-68)-f-(2a  +  5) 

=  32as -  16a*6  +  Sa^jz  _  4a2  63  +  2a5*-6*. 

13.  (a*-7293/«)-(a;-3y) 

=  ar^  +  3a;*3/  +  dx^y^  f  27a:2y)  ^  glary*  +  243y5. 

14.  (a:«-729y)-4-(a;  +  33/) 

-  ar^  -  3a:*3/  +  dar^y^  -  27x^y^  +  81  ay*  -  243^5 

15.  (81  a*  -  16c*)  ^  (3a -2c) 

=  27a3  +  ISa^c  +  12 ac^  -f  8cS. 

16.  (81a*- 16c*) -V- (3a  +  2c)  18.  (256a*- 10,000)  -  (4a  +  10) 
=  27a»-18a2c+12ac2-8c^^  =  64a3-160a'^4-400a-1000. 

17.  (256  a* -10,000) -4- (4  a -10)     19.   (625  a;*- 1)  ^  (5a;- 1) 

=  64a34- 160  a2  4- 400  a  4- 1000.  =  125  ar*  +  25a;2  +  5a;  +  1. 

Exercise  XXYII. 

•1.   (.rfi  +  3/«)  H- (x2  +  3/2)  6.   (0-12  +  1) -^  (ar*  +  1) 

=  a;*  —  x2y2  _^  2/*.  =  a^  —  a;*  +  1. 

2.  (a6  +  1)  ^  (a2  +  1)  7.   (64  a;«  + /)  -  (4  a;^  ^  ^2) 
=  a*-  a2  +  1.  =  16x*  -  4a;2  y2  ^  yi 

3.  (a'o  +  2/")  -  (a'^  +  y'^)  8.   (64  +  a^)  ^  (4  +  a^) 
=  a^  —  a^y^  +  a*y*—d^y^  -\-y^.  =  16  —  4  a*  -f  a*. 

4.  (ftio  +  l)- (6=^  +  1)  9.   (729a«  +  &6)-(9a2  +  62) 
=  68_56^54_52^.  1  =81a*-9a2  62  +  54. 

5.  (a"  +  612)  ^  (^4  +  ^4)  10.   (729c«-fl)-(9c2-f  1) 
=  a8-a*i*4- 68.                   .  =81c*-9c2-fl. 
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Exercise  XXVIII. 


1.  5fl;-l  =  19. 

5fl;  =  19  +  l, 
5a;  =  20, 

2.  3a;  +  6  =  12, 

3a;  =  12-6. 
3a:  =  6, 
a;  =2. 

3.  24a:  =  7a; +  34, 
24  a; -7a;  =  34, 

17  a;  =34, 
a;  =  2. 

4.  8a;-29  =26-3x, 
8a;  +  3a;  =  26 +  29, 

11  a;  =  55, 
a;  =  5. 

5.  12 -5a;  =  19 -12a;, 
-5a;  +  12x  =  19-12, 

7a; -=7, 
a;  =  l. 

6.  3x  +  6-2a;  =  7a;, 
3x  — 2a;-7a;  =  -6, 

-6a;  =  -6, 
a;=l. 


7. 


5a;  +  50  =  4a;  +  56, 

5a; -4a;  =  56 -50, 

a;  =  6. 


8.  16x-ll  =7ar  +  70, 
16a;-7x=70  +  ll. 

9x  =  81. 
a;  =  9. 

9.  24x-49  =  19a;-14, 
24  a; -19  a;  =  49 -14. 

5a;  =  35, 

a;  =  7. 

10.  3a;  +  23  =78-2ar, 
3a; +  2a;=  78 -23, 

5a?  =  55, 
a;  =11. 

11.  26 -8a;  =  80 -14a;, 
14a;-8a;=80-26, 

6a;  =  54, 
a;  =  9. 

12.  13-3x  =  5x-3. 
—  5a;  —  3a;  =  —  3  —13, 

-8x  =  -16, 
a;  =  2. 

13.  3x-22  =  7a;  +  6, 
3a;-7a;  =  6  +  22, 

-4a;  =  28. 
x  =  -7. 

14.  8  +  4a;  =  12a; -16, 
4x~12a;  =  -16-8, 

-8a;  =  -24, 
x  =  3. 


15,  5x  -  (3x  -  7)  =  4x  -  (6x  -  35), 

5x  — 3x  +  7  =  4x  — 6x  +  35, 
—  4x  +  5x  —  3x  +  6x  =  35  —  7, 

4x  =  28, 
x=7. 

16.  ex  -  2(9  -  4x)  +  3(5x  -  7)  =  lOx-  (4  +  16x  +  35), 

6x  -  18  +  8x  +  15x  -  21  =  lOx  -  4  -  16x  -  35, 
.  6x  +  8x  +  15x  -  lOx  +  16x  =  18  +  21  -  4  -  35, 

35x  =  0, 
x  =  0. 
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17.     9a?-3(5a?-6)-f  30 

9a; -15a; +  18  +  30 

9a;  —  15a; 

—  6x 


X 


la. 


x  — 


a;- 7  (4a; -11) 

a;- 28a; +  77 

28  a; -14a; -19a; 

-60  a; 


x  = 


19. 


(a;  +  7)(a;-3) 

a;*  +  4a; -21 

4a; +  20  a; 

24  a; 


x  = 


0,    • 

0, 

- 18  -  30. 

-48, 

8. 

14(a;-5)-19  (8-a;) 

14a; -70 -152  + 19a; 

-70-152-61-77. 

-360, 

6. 

(a;  -  5)  (a;  -  15), 

a;*  -  20a;  +  75, 

75  +  21, 

96, 

4. 


61, 
61. 


20. 


(a;-8)(a;  +  12)  =  (a;  +  lJ(a;-6), 
a;»  +  4a;-96  =  a;»-5a;-6, 
4a;  +  5a;  =  -6  +  96, 
9a;  =  90, 
a;  =10. 


21. 


(a;-2)(7-a;)  +  (a;-5)(a;  +  3)-2(a;-l)  +  12  =  0, 

9a;-14-a;2_^ajj_2a._l5_2a;  +  2  +  12  =  0 

9a;  -  2a;  -  2a;  =  14  +  15  -  2  - 12, 


22. 


5a;  =15, 
a;  =  3. 

(2  -  7)(a;  +  5)  =  (19  -  2a;)(4  -x)  +  229, 
2a;2  _^  3a;  _  35  =  36  _  17a;  +  2a^»  +  229. 
20  a;  =300, 
a;  =15. 


23. 


24. 


25. 


14  -  a;  -  5  (a;  -  3)  (a;  +  2)  +  (5  -  a;)  (4  -  5  a;)  =  45  X  -  76, 
14  -  a;  -  5ar»  +  5a?  +  30  +  5a^»  -  29a;  +  -20  =  45a;  -  76, 
5a;  -  29a;  -  45a;  -  a;  =  -  76  -  20  -  30  -  14 
-70a;  =  -140, 
a;  =  2. 

(a;+5)»-(4-a;)»  =  21a;, 
{x^  +  10a;  +  25)  -  (16  -  8a;  +  ar^)  =  21a;, 

a;*  +  lOa;  +  25  -  16  +  8 a;  -  a;»  =  21  a;, 

10a;  +  8a;  -  21  a?  =  -  25  +  16, 
-3a;  =  -9, 
a;  =  3. 

5(a;  -  2)»  +  7(a;  -  3)2  =  (3a;-7)(4a;- 19) +42, 
5(a;»-4a;+4)  +  7(a^»-6a;  +  9)=12a;2-85a;  +  133+42, 
5a;»-20a;  +  20  +  7ar«-42a;  +  63  =  12a;-85a;  +  133  +  42, 

23a;  =  92, 
a?  =  4. 
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Exercise  XXIX. 

6.  To  the  double  of  a  certain  number  I  add  14,  and  obtain  as 
a  result  154.     What  is  the  number  ? 

Let  X  ==  the  number. 

Then  2a;  =  its  double, 

and  2  a;  +  14  =  its  double  increased  by  14. 
But  154  =  its  double  increased  by  14. 

Therefore,  2  a; +  14  =  154,   2  a;  =  140,   a;  =  70. 

7.  To  four  times  a  certain  number  I  add  16,  and  obtain  as  a 
result  188.    What  is  the  number  ? 

Let  X  =  the  number. 

Then  4  a;  =  4  times  the  number, 

and  4  a;  +  16  =  4  times  the  number  increased  by  16. 

But  188  =  4  times  the  number  increased  by  16. 

Therefore,  4a; +  16  =  188,   4x  =  172,   a;  =  43. 

8.  By  adding  46  to  a  certain  number,  I  obtain  as  a  result  a 

number  three  times  as  large  as  the  original  number.    Find  the 

original  number. 

Let  X  =  the  original  number. 

Then  3a;  =  3  times  the  original  number. 

But  a;  +  46  =  3  times  the  original  number. 

Therefore,  3aj  =  a;  +  46,   2a;  =  46,   a;  =  23. 

9.  One  number  is  three  times  as  large  as  another.  If  I  take 
the  smaller  from  16  and  the  greater  from  30,  the  remainders  are 
equal.     What  are  the  numbers  ? 

Let  X  =  the  smaller  number. 

Then  3  a;  =  the  larger  number, 

and  16  —  a;  =  16  dimmished  by  the  smaller  number  ; 

also,  30  —  3  a;  =  30  diminished  by  the  larger  number. 

Therefore,     16-a;  =  30  -  3ar,    2a;  =  14,   a;  =7,  3a;  =  21. 

10.  Divide  the  number  92  into  four  parts,  such  that  the  first 

exceeds  the  second  by  10,  the  third  by  18,  and  the  fourth  by  24. 

Let  X  =  the  first  part. 

Then  a;  —  10  =  the  second  part, 

a;  —  18  =  the  third  part, 

a;  —  24  =  the  fourth  part, 
and  4  a;  —  52  =  the  whole  number. 

But  92  =  the  whole  number. 

.•.4a;-52  =  92,  4a;=144,  a;=36,  a;-10  =  26,  a;-18  =  18,  a;-24  =  12. 
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11.  The  8um  of  two  numbers  is  20;  and,  if  three  times  the 

smaller  number  be  added  to  live  times  the  greater,  the  sum  is  84. 

What  are  the  numbers  ? 

Let  X  =  the  greater  number. 

Theo  20  —  jt  =  the  smaller  number. 

ox  =  5  times  the  greater  number, 
3(20  —  ar)  =  3  times  the  smaller  number, 
52"  -r  o{'2^)  —  J")  =  5  times  the  greater  -r  3  times  the  smaller. 
But  S4  =  5  times  the  greater  -^  3  times  the  smaller. 

.•.6a;  +  3(20-x}-=M,   5j--r<MJ-3x  =  .*^4,   2x  =  24,   i-=  12,  20-x=8. 

12.  The  joint  ages  of  a  father  and  son  are  80  jears.    If  the 

age  of  the  son  were  doubled,  he  would  be  10  years  older  than  his 

father.     What  is  the  age  of  each  ? 

L<*t  X  =  number  of  years  of  father  s  age. 

Then         80  —  ar  =  number  of  years  of  son's  age, 

2('^0  —  x)  -=  number  of  years  of  father's  age  +  10, 
a;  -  10  -=  niiml^er  of  years  of  father's  age  +  10. 
.-.  2(80-a:)  =  a;  +  10,  1<>0- 2x-x^l0,  -3z  =  -150,  a;=50.  80-x=30. 

13.  A  man  has  6  sons,  each  4  years  older  than  the  next  yoanger. 

The  eldest  is  three  times  as  old  as  the  youngest.     What  is  the 

age  of  each? 

Let  .T  =  number  of  years  of  age  of  youngest. 

Then  a;  +  4  =  number  of  year'^  of  age  of  second, 

X  +  H  --=  nuniber  of  years  of  age  of  third, 
X  4-  12  -=  number  of  years  of  age  of  fourth, 
X  +  K>  =  number  of  years  of  age  of  fifth, 
X  +  20  =  number  of  years  of  age  of  sixth. 
3.r  =  ^  times  age  of  youngest. 
.-.  3x  =  x  +  20,    2.r-20,    x=10,   xV    4  =  14,   x+    8  =  18, 

xn-12  =  22,   x  + 16  =  26,   x  +  20  =  30. 

14.  Add  $  24  to  a  certain  sum  and  the  amount  will  be  as  much 

above  $80  as  the  sum  is  below  $80.     What  is  the  sum? 

Let  X  =  number  of  dollars  in  sum. 

Then  x  +  24  —  80  =  number  of  dollars  above  80, 
and  80  —  X  =  number  of  dollars  below  80. 

.•.x  +  24-80=80-x,    2x  =  136.   x  =  68. 

15.  Thirty  yards  of  cloth  and  40  yards  of  silk  together  cost 

$330 ;  and  the  silk  cost  twice  as  much  a  yard  as  the  cloth.   How 

much  does  each  cost  a  yard? 

Let  X  =  number  of  dollars  one  yard  of  cloth  cost. 

Then  2x  -=  number  of  dollars  one  yard  of  silk  cost. 

30x  -f  80x  =  number  of  dollars  all  cost. 
But  330  ^  number  of  dollars  all  cost. 

.-.  30x  +  80x  =  330,    110x  =  330,   x  =  3,   2x  =  6. 
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16.  Find  the  number  whose  double  increased  by  24  exceeds 

80  by  as  much  as  the  number  itself  is  less  than  100. 

liGt  X  =  the  number. 

Then       2  a;  +  24  =  its  double  increased  by  24, 
2  a;  +  24  —  80  =  excess  over  80, 

100  —  a;  =  difference  between  the  number  and  100. 

.•.2a; +  24 -80  =  100 -a;,   3a;  =  156,   a;  =  52. 

17.  The  sum  of  $600  is  divided  among  A,  B,  C,  and  D.  A 
andB  have  together  $280,  A  and  C  $2G0,  and  A  and  D  $220. 
How  much  does  each  receive? 

Let  X  —  number  of  dollars  A  has. 

Then  280  —  a;  =  number  of  dollars  B  has, 
260  —  a;  =  number  of  dollars  C  has, 
220  —  x=i  number  of  dollars  D  has, 
760  —  2  a;  =  number  of  dollars  all  have. 

But  500  =  number  of  dollars  all  have. 

.-.760 -2a;  =  500,        -2a;  =  -260,  a;  =  130, 

280 -a;  =150,   260 -a;  =130,   220 -a;  =  90. 

18.  In  a  company  of  266  persons  composed  of  men,  women, 
and  children,  there  are  twice  as  many  men  as  women,  and  twice 
as  many  women  as  children.     How  many  are  there  of  each? 

Let  x  =  number  of  children. 

Then  2  a;  =  number  of  women, 

and  I  4a;  =  number  of  men, 

7  a;  =  whole  number. 
But  266  =  whole  number. 

.•.7a;  =  266,   a;  =38,   2x=76,   4a;  =  152. 

19.  Find  two  numbers  differing  by  8,  such  that  four  times  the 
less  may  exceed  twice  the  greater  by  10. 

Let  X  =  greater  number. 

Then  a;  —  8  =  smaller  number. 

4(a;_  8) -2a;  =  10. 

.•.4a;-32-2a;  =  10,  2a;  =  42,  a;  =  21,  a;-8  =  13. 

20.  A  is  58  years  older  than  B,  and  A's  age  is  as  much  above 
60  as  B's  age  is  below  50.    Find  the  age  of  each. 

Let  X  =  number  of  years  of  B's  age. 

Then         a;  +  58  =  number  of  years  of  A's  age, 

(a;  +  58)  —  60  =  number  of  years  of  A's  age  above  60, 
60  —  a;  =  number  of  years  of  B's  age  below  50. 

.•.(x  + 58) -60  =  50 -a;,   2a;  =  52,   a;  =  26,   a;  +  58  =  84. 
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45. 

a*  +  2c^b  +  8a2  6»  +  8a&»  +  1G6* 

a2  +  46» 

a*               +4o»6» 

a2  +  2o6  +  46» 

2a»6H-4a26-^  +  8a6' 

4a»6«              +166*          ^ 
4a262              ^.  1654 

46. 

-a*  +  21aJ»y»  -  2427*  +  8y«  ^ 

—  a^  +  3a:*y—    ic*y'                ^ 

-3a:*y+    a:*y»  +  21a:»y» 

-3ar^.v  +  9x*.V«-    3a:».y* 

-  0^  +  3  jry  —  y' 

j*  +  3x»y  +  8a^y»-8y* 
-24xy*  +  8y« 

-  8a?*y2  +  24ar»3/*-  24xy5  +  8y« 

-  8a?*.V  ^  24a:»y*- 8a;2y* 

8r'y*-24ay'  +  8y» 
82:^.7*- 24  a^  +  8y« 

47. 

16er*                +    8a»6»  +  96* 
16a*-16a36  +  12o2  6» 

4a»-4a6  +  36» 

4a«  +  4a6  +  36» 

16a»6-   4a»6»  +  96* 
16a»6- 160^62  ^.i2d 

!>» 

12a=»62-12a6»  +  96* 
12a»6»-12a6»  +  96* 

48. 

c?                     —  3a6c  +  6'  +  c 
a'  +  €t'6  +  a*c 

'  a  +  6  +  c 

a^  —  a6  —  ac  +  6*  —  6c  +  c? 

• 

—  aH  —  a^c  —  '6abc  +  6^  +  c 

—  a^b  —  ab^  —    a6c 

s 

—  a'c  +  a6*  —  2a6c  +  6'»  +  c* 

—  a*  c             —  a6c  —  ac* 

+  a6*    —  a6c  +  ac*  +  6^  +  c* 
+  ab*                       +  6»  +  6V 

—  abc  -^  ac^         —b'^c  +  (^ 

—  abc                  —  b^c  —  be* 

ac"                  +6c»  +  c» 

49. 

a'                            — 6a6c+863+c 
o'-2  a*6-a»c+4  a6^-2  a6c+ac* 

^  a*-2a6-ac+462-26c+c« 

a+26+c 

6»+c8 
63-462c+26c» 

+2  a»6+a'c-4  a62-4  o6c-a<^ +8 
+2a26         -4a62-2a6c         +8 

-\-a^c           —2ahc—ac^         +4  62c-2  ftc^+c* 
+a'c              2a6c   ac^         +46*c   26c2+c* 
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50.   a^  +  Sa'b  +  Sab^  +  b^-hc' 

a  +  ft  +  c 

a^  +    a^b               -^-a^c 

o2  +  2a6  +  62_ac-6c  +  c2 

'ZaH-hSab^-a^c  +  b^  +  c" 
2a^b  +  2ab'^            +  2abc 

^       ab^^a'c-2abc +  P  +  <? 
ab^                        +b^-\-b^c 

—  a^c  —  2abc  ~b^c  +  (? 

—  a^c—    abc           —  a(? 

abc  —  b^c->ca<?-^<? 
abc  —  b^c           —  bc^ 

ac^  +  b<?  ^(? 
a<?  +  b<?-^(? 

Exercise  XXIII. 

1.   a^  (6  +  c)  +  &2  (^  _  c)  ^.  c2  (a  -  6)  +    abc 
a^  (5  +  c)  +  b^  (a       )  +  c^  (a       )  +  2abc 


a  +  6  +  c 


a{b  +  c)  —  be 


-abc       +b^    -c)  +  c'{   -b) 
-abc       +&M    -c)  +  c'(    -b) 


2.  a:^  —(a  +  b-\-c)x^-\-{ab-\-ac-\-bc)x-abc 
oi?—(a-\-b      )a?-\-{ab )x 


x^—{a  +  b)x-\-ab 


x  —  c 


—  ca?         +  {ac  +  be)  x  —  abc 

—  ca?         +  {ac  +  bc)x  —  abc 


3.   a?-2ax^-\-{a^-^ab-b'^)x-a^  +  ab^ 
a?—   ax^  +  bx^ 


X  —  a  -\-  b 


{a-^b)x^^{a^-\-ab-b^)x-an-\-ab^ 
-ia-hb)a?  +  ia^         -b^)x 

+  abx  —  a'^b  +  ab^ 
+  abx  —  a^b-\-ab'^ 


x^  —  {a-\-b)x->rab 


4.   a^  —{a^  —  b  —  c)  x^  —  (b  —  c)  ax  +  be 


a^  +( 


-\-  c)x^  —  aa? 


x^  —  ax-\-c 


x^  +  aa;  +  6 


aa?—  (a.2  —  b      )x^  —  {b  —  c)ax  +  be 
aa^—ia^ )x^ +  cax 


4- 6x2 


—  bax  -j-  be 

—  bax  +  be 
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6.  y^  —  (m  +  n  -\-p}y^  +  {mn  +  mp  -f  np) y  —  mnp  y  —p 


{m  -i-  n        )y^  +  {inn  -f  mp  +  np)  y 
(m  -f-  n        )y'^  +  (       +  mp  +  7ip)  y 

mny 
mny 


y"^  —  {rn  +  n)y  -\-  wn 


mnp 
mnp 


6.  07*  +  (5  +  a)  ar»  -  (4  -  5a  +  6)  a:»  -  (4a  +  56)  X  +  46 

g*  +  (5        )x^-(4 l^ 

aj^  —  (    —  5a  +  6)  J*  — (4a  +  56)x 
aa^-^l    +5a       )a:'  — (4a         )x 


X*  +  5a:  — 4 


x'  +  ax  —  b 


-bx' 

~b3^ 


—  5  6x  +  4  6 

—  5  6x  +  4  6 


7. 


1 3^—(a-k-c)x-\-ac 
\3^—(b-\-d)x-\-bd 


Qe*—(a-\-b+c+d)a^+(ab-\-ac+ad-\-bc-{-bd+cd)3^—{abc+abd+a^d-{-bcd)x+abcd 

— (  -f6     +c?)j:^4-(a6       ■j-ad-i-bc+bd-^cd)x^—{abc-\-abd-hacd-\-bcd)x 

— (  +6      -fc^)a;^^(a6       +ad+bc        -i-cd)x^~{ahc  -\-acd  )x 


bdx'^—{      -\-abd 
bdx^-i       +abd 


S. 

a:^—{m—c)x^+(n—cm+d)3!^-\-{r+cn—dm)x^-j-{cr-\-dn)x+dr 

a^—{m     )x^+(n )j^+(r )x^ 

cX^+(  —c7n-\-d)r^+{  -^cn—dm)x^-^{cr+dn)x 
cx^-rj  —cm      )i^+(  +cn         )x^+{cr        )X 


+bcd)x+abcd 
■^bcd)x+abcd 


3^—ma^+nx-^r 


a^+cx-\-d 


dj^ 
dx" 


—dmx^ 
—dmx^ 


-i-dnx+dr 
+dnx-\-dr 


9. 

sd^—mx^-hna^  —  rix^-^mx  —  l 

3^  —  3^ 


X- 


j;*4-(l— m)a-^-f(l— m-fn)g'+(l— m)x  +  l 


(1  —  m)  ar*  +  rue^  —  nx^  +  mx  —  1 
(1  —  m)a;*  — (1  —m)a^ 

(1  —  m  +  n)x^  —  nx'  +  mx  —  1 

(1  —  m  +  n)  ar^  —  (1  —m-irn)x^ 

\        (1  —m)x^  -\-  mx  —  1 
(1  —  m)x''  —  (1  —  m)x 

x-1 
x-1 

10.  (x  +  y)'  +  3  (x  +  yyz  +  3  (x  +  2/)2^  +  !^Ux +  yf  +  2{x  +  y)z  +  2» 
(x  +  yf  +  2  (x  +  y)^z  +     {x^-y)z^         |  x  +  y  +  z 
(x  +  2/)22  +  2(x  +  y)22+2' 

(X  +  v)'2  +  2(x  +  .V)2^  +  2^ 
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Exercise  XXIV. 

1.    (y3_l)^(y_l)  7.    (l-Sx^)^{l-2x) 

2-   (63  - 125) -*- (6  -  5)  8.   (x^  -  32  6*)  -  (a:  -  2  A) 

=  i''  +  56  +  25.  =  a^+2  jr»6+4x262+8j?6'+166*. 

3.  (a' -  216) -^  (a  -  6)  9.   (8aM- 1)  ^  (2ax- 1) 
=  a^  +  6a  +  36.  =  4:a^a^  +  2aa;  +  1. 

4.  (a;3  _  343)  ^  (3.  _  7)  ^q^   {1 -27x'f)  ^  (1  ~Sxy) 
=  ar»  +  7a?  +  49.  =  1  +  3a:i^  +  Qx^y^. 

5.  (0^5  _  2/5)  ^  (a;  -  y)  11.  (64a»&»-27ar») -*-(4a6-3a:) 
=  x*  +  a^Sy  +  a;2y2  4.  yj  4.  y*.  ^  16a2  6«  +  12a6a:  +  9a^». 

6.  (a5 _  1) -f.  (a  - 1)  12.  (243a5- 1) -(3a- 1) 

=  a*  +  a»  +  a^  +  o  +  1.  =  81a*  +  27a»  +  9a*  +  3a  + 1. 

13.   (32a5-24365)-^(2a-3&) 

=  16a*  +  24a3&  +  36a2  62  +  54a63+8l64 


Exercise  XXV. 

=  x^-xy-\-y\  =  a*-2a36+4a262_8a6-''+166*. 

2.  (ic*  +  2/^)  -  (aj  +  2/)  8.   (512ar».?/3  +  zS)-(8xy4-2) 
=  jc*  —  ar^y  +  ar^y*  _  ^^  ^  ^4  ^  64a;=^3/2  —  8 .ryz  +  z^. 

3.  (l+8a«)^(l  +  2a)  9.   (729a3  +  21663) -^  (9a  +  66) 
=  1  -  2a  +  4a2.  =  81  a^  -  54a6  +  306^. 

4.  (27a»  +  63)  ^  (3  a  +  6)  10.   (64  a» -f- 1000  6=^)  -  (4  a  +  10  6) 
=  9a2  -  3a6  +  62.  =  16a2  -  40a6  +  100  6^. 

5.  (8aV  +  l)-(2aa;  +  l)  11.   (64 a363  +  27ar^) -^ (4 a6  +  3 a;) 
=  4a2a:2_2aa;  +  l.  =  160^6^  -  12a6a;  +  9a;2. 

6.  (a^-h27f)^{x-\-3y)  12.   (a^  +  343)  ^  (a;  +  7) 
=  a^-Sxy-\-  9y\  =  a;^  -  7a;  +  49. 

13.  (27x^^3 +  823)-^  (33:3/ +  2^) 
=  9  x^y^  —  6  xyz  +  42*. 


14.   (1024  a5  +  243  6^)  ^-  (4  a  +  3  b) 
=  256a*  -  192a36  +  1440*6*  - 


108a63  +  816*. 
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7.  (35m3y  +  2Sm^y^  -  Umy^)  -s-  -  7my  =  -  5m^  -  4my  +  2y«. 

8.  (4a*6  -  6a862  +  Ua^b^)  -s-  2a26  =  2a=»  -  3a6  +  66^. 

9.  (12ic3y8_  i5a^y2  _  24a:Sy)  -«-  -  Sx^y  =  -  4a;y«  +  5ar»y  +  8a^. 

10.  (12ar^y*~24ic*y2^36i^3/«-12a;y)-*-12a;y==ic3y2_2ic2_|.3a;y_l. 

11.  {3a*-2a^b~aH^)-^a*=^S-2ab-an\ 

12.  (Sic^yga  +  6ic*y23  _  iSa^SyS^s  ^  iSa^SySg)  --  _  Ss^yz 
=  —  2  —  2a;2^  +  ba^yz^  —  6a^y^. 

13.  (-16a8  6V  +  8a*6V-12aS6V)^--4a2  62c» 
=  4ac»-2a2c2  +  3a»6c. 


Exercise  XXII. 


6. 

«*-7a;  +  12 
s^-Sx 

x- 

3 

11. 

7ar»-24a;3+58aJ-21 
7ar»-  Ss^ 

7x-S 

X-4: 

x^-Sx+7 

-4a;  +  12 

-21ar*+58a;-21 

-4a; +  12      . 

4 

*      -21ar»+  9a; 

49a;-21 

7. 

0^-]-    a? -72 
aj^  +  9a; 

X  +  d 

49a;-21 

x-S 

-8x-72 

-8a; -72 

8. 

2a;»-    ar^  +  3aj-9 
2ar»-3a:» 

2a;-3 

12. 

afi-1 

a;-l 

a^'+aj  +  S 

a;*  +  a;*+ar*  +  ar^  +  a;  +  l 

2ar»  +  3a;-9 

a^ 

-1 

2a;»-3a; 

a^-3^    . 

6a;-9 

a^-1 

6a;-9 

a^  —  3? 
a;»-l 

9. 

Qct^+Ux"-  4a;+24 
Sar'+lSa^' 

2a;+6 

'^-1^ 

3ar»-2a;+4 

a?»-l 

-  4a;2-  4a;+24 

a?  —  x 

-  4a;2-12a; 

x-\ 

8a;+24 

x-\ 

8a;+24 

10. 

9ar»+3ar^+   x-l 
9a;-3a;2 

3a:-l 

13. 

a^-2a¥  +  h^ 

a  —  b 

3a;2+2a;+l 

a"- 

hab-b^ 
6» 

.   6xH   x-l 

m 

a:^h-2ah^^ 

6  3^-2  X 

an-    ab^ 

.    3x-l 

-  ab^  +  6» 

Sx 

-1 

—  al 

>^-h 

6» 
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14.  0^-81  y* 

a;  — 3y                           15.  a:*-y* 

x-y 

aj*-3ar»y  a^+3x2.v+9xyH2V 

a^—3^y  aj^+a^'y+ajy+a^y'+y* 

Zx^y 

-81y* 

a;*y 

-y" 

3ar*y  —  9ar*.v'                                       ^  —  ^V^ 

9a:»y»-81y*                                      ar»y»-y* 

9  x^  y*-27a^                                    ar»y«  -  xV 

27ay»-81y*                                       o^^y*  - 

-.V* 

27a;v'   81y*                                      a;«V»- 

-xy* 

. 

xy*-y^ 

xy^-y^ 

16.  a»  +  326* 

a  +  26 

as  +  2a*6 

a*-2a»6  +  4a«6*-8a6»  +  166* 

2a*6 

+  32&5 

2a*6-4a»6» 

4a3  6«  +  326* 

4a3  6»  +  8a2  6» 

-8a2  68  +  32&5 

.      -8a«6»-16a6* 

16ai*  +  32&5 

16a6*  +  3266 

17.   2a*  +  27a6»-816* 

a  +  36 

2a*  +  6a»6 

2a»-6a26+18a62._2'3 

'68 

-6a86  +  27a6»-816* 

• 

-6a»6-18a=»6» 

18a2  6«H-27a6»-816* 

18a2  52  +  54a68 

-27a&»-816* 

-27a63_816* 

18.  a?*-5a;'  +  llar»-12aj  +  6 

a;*-3a;  +  3 

ic*-3a:»+    3a:» 

a;3-2x  +  2 

-2ar»+    8a;»-12a; 

-2ar»+    Qt?-   6a: 

2a;2-    6a;  +  6 

2r«-    6a;  +  6 

19.  a?*+    jc»-   9x2-16a:-4 

a;*  +  4a!  +  4 

a^  +  4a!'+    4a:* 

a^»-3a;-l 

-3ar»-13ar»-16ir-4 

-3ar»-12a:*-12a; 

—  a;*—   4a?  — 4 

-a:»-   - 

ia?-4 

20  ALGEBRA. 

35.  x-\-  a 
x+2a 


a:*  +      cLx 

+    2ax    +    2o» 

a^+    3aaj    +    2a* 
X  —   3'a 

0^+    3aar*   +    2a*ar 

-  3aa»   -   9a'^g  -6a» 

a*                 -    ld}x  -So* 
a?  —   4o 

+28a»a?  -4aa^+    24a* 

a?*-    7a»iF2+22a'a;  -400^8+    24a* 
X  +   ba        

sfi-   7a»ic»  +  22a»a:»-4aar*+    24a*a; 

-  20  a»a:»- 35  a»g«  +  5aa;*+110a*a;  +  120q^ 
a!*-27aajc»-13a»a»+    aa:*+ 134  a*  a;  +  120  o^ 

or     a:*+    aa?*- 27 a^ar^- 13 a«a:»  +  134a*a;  +  120a^ 


36.     81c*-9a»ft»  +  6*  37.  y^~yz^2^ 

9  a*  +  ^'^ y^-\-yz~-2^ 

729a»  -  81  o*6»  +  9a*6*  y*  _  ^g  _  2v'z« 

-f81a*6»~9a«6*  +  6«  "^   +5^2-.    y222_2y2» 

729a<^  4-  6»  -  2.v*2^  4- 2,v2»  + 4g* 

.        2Ta'+6»  y*  -^y'^'  +^^ 

27a^-y  ya  -2yz-^ 

729a»  +    27a«6»  y'  +  2.v2-2« 

-    21an^-b^  y*'-2fz-    y'^z^ 
729a«                    -6«  2y»2-4y222_2y2« 

729a«  +&« -    yV  +  2y2»+    z* 

531441a"- 729 a*6*  y*  -Sy^z*  +   2* 

+729a«6<^-y»  y*  -5y^2«  +4z* 

531441a"  -6"  -    y^z*  ..s^* 


38.   3a'    -aJ-362 
3a*5-a5  6a-3a2  6» 


-6a«5«  +  2a6»  +  66* 


3a*6-  a»62-  3a2  6S-  6a2  62  +  2a58  +  66* 

-2a6*-6y 

3a*6-a3  62-3a2  68-6a«6»  +  2a6*-2a6*  +  66*-665 
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39.   a  +  b—e 
a  —  b-^-c 


c?-\-ab—aG 
—ab       — 6H   be 
•\-(jbc      +  be—<? 

—a-fb+t 

+a26-6»        +26»c-  b<? 
-fg'c-  yc-f25c»~c» 

_a*+  o252_2fli26c+  a^(^Wb-ab^Wc-{-  ab^c-^r  abc'-a^ 

~a^+2a^b^  +2a^c^  -b*-       +26»c»       -c* 


40.   a-\-b  c-h  d  a-{-c 

b  +c  <i-\-d  b  —d 


ab  +  1^  ac  +  ad  ab  +  bc 

-^a^  +  bc  +cd  +  d*  —ad  —  cd 

ab  -^b^  +ac  +  bc  ac  +  ad -{- cd  +  d*  '  ah  -^bc  —  ad  —  cd 

(ab  -{-b*  -\-  ac  +  be)  —  {ac -^  ad -{■  cd  +  d^)  —  {ab  +  bc  —  ad—  cd) 
=  ab+'b'^-{-ac  +  be  —  aG  —  ad  —  cd  —  d*—ab  —  bc  +  ad  +  cd 
=  b^-dK^ 


41.   (24-  6  +  c  +  c? 
a-\-b  ■h-c  +  d 


ct'  +    ab  -\-    ac  +  ad 

+    a&  +b^+    bc+    bd 

+    ac                     +    be  •{■  c^  -^    cd    ' 
+  ad +    bd         -h    cd+  d' 

a'  +  2ab-h2ac  +  2ad  +  b^  +2bc  +  2bd -{■(?  + 2cd  +  d» 

a—b—e + d 
a—b —c+d 


c?  —    ab—    ac+  ad 

—   ab  -^b^  -^    be—    bd 

^    ac                    +    he  +  c^—    cd 
+  ad       —    bd        —    cd  +  d^ 

a*  —  2ab  -  2aG  +  2ad  -\- b^ +  2bc-2bd-\-c^-2ed  +  d^ 
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a—b +c—d 
a  —  b-{-c  —  d 

o*  —    a6  +    ac—    ad 

—    ah                       +h^—    bc-{-    bd 

+    oc                    —be            +c* 
—    ad                   -\-    bd 

-  erf 

-  cd-\-d* 

rf« 

a« -  2aZ>  +  2ac -  2arf  -f  6«  -  26c  +  2M  +  c* 

a  +  b  —  c—d 
a  +  6  — c— d 

0"+    a6—    ac—   ad 

■¥    ab                       +    5»-    be-    hd 
—    ac                     —be            + 
—    CK?                         —     bd 

-  2cd  +  d* 
<^-\-    ed 

€?'\-2db-  2ac~  2ad  +    l^-2bc~2bd-\- 
c^  +  2ab-{-2ac  +  2ad'{'    b^  +  2bc  +  2bd  + 
«*-2a6-2ac+2arf+    6»  +  26c-26(f  + 
a^-2ab  +  2ac-2ad-{-    6»-26c+ 26</  + 

c*  +  2cd  + 
c»-2cd  + 
c*-2crf  + 

d' 
d- 

4a* 


+  46= 


+  4c»  +4rf» 


42.  (a  +  6  +  c)*  —  a  (6  +  c  —  a)  —  6  (a  +  c  —  6)  —  c  (a  +  6  —  <j) 
=  a*+6*+c*+2a6+2ac+26c— ai--ac-Hi?-a6— 6c+6»--ac— 6c+<^ 
-2a»+26H2c'. 


4a.  (a-6)»-(6^c)a-{(6--aj)(6-a)-(6-c)(6  +  c^l 
oa?  —  6a?  —  a6  +  ac  —  f  6*  —  6x  +  oar  +  a6  —  6^  +  c*} 


oar— 6ar— a6'  +  ac--{(6*— 6ar  +  aa?-f  a6)— (6* 

=  aa?— 6a?— a64-ac  —  6*  +  6a:— oo?  —  a6  +  6*  —  c* 
=  ac  —  (^. 


44.  (m  +  ri)m  — {(m  — n)*  — (rj  — m)nj 

=  m*  +  mn  —  {m*  —  2mn  +  w*  —  n^  +  mrC^ 
=  m*  +  mTi  —  m*  +  2mn^  —  r^^-^v^  —  mn 
=  2wn,» 


45.  (a  — ^  +  c)»  —  {a(c  — a  — 6)  — [6(a  +  6  +  c)  —  ff(a  — J— c)]} 
=  a»  -  2a6  +  2  ac  -  26c  +  6*  +  c*  - {(oc  -  a*  -  a6) 

-[ra6-|-6»4-6c)-(ac-6c-c»)]} 
=  o*  —  2a6  +  2ac  —  26c  +  6*  +  c*— {(ac  —  a*  —  a6) 

—  'a6  +  6*  +  6c— ac  -f  6<?  -f  c*]} 
=.  a»-  2a6  +  2ac-  26c  +  6»  +  c» 

—  {ac  —  €^  —  ab  —  ah  —  h^  —  2bc  -^  ac  —  <^} 
=  a*  — 2a&  +  2ac  — 26c  +  6*  +  c*  — ac  +  a' 

+  a6  +  a6  +  6*  +  26c  — ac  +  c* 
=- 2<^  +  26*  +  2c». 
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46.   {f  +  q^)r-{p-^  q){p{r -q}-q{r  ~p}) 
^p^r  +  q^r  —  {p  +  q)  ({pr  —pq}  —  {qr  —pq}) 
=p^r  4-  q^r  —  (p  +  q)  {pr  —pq  —  qr  +pq) 
=p^r  +  q^r  —  (p  +  q)  {p'r  —  qr) 
=p^r  +  q^r  —  (p^r  —  c^r) 
=p^r  +  q^r  ^p^r  +  q^r 

=  9a^y2_i3a.2y4_^4yj_r3a,2,_2i/2U3a^^.3a^2_2ySl6a.y2+2a;2^^ 
=  9ar*3/2-13a;2yH43^-t3aw-2y4l3ajV+3ay-2y*-6xy*+2xy^ 

=  9aj*2/2-13ic2y*+43/»-9ar*yHi3aJJy*_4yr 


-0. 


48. 


49.  {ac-(a-&)(6  +  c)}-5{6-(a-c)} 

=  \ac  —  {ah  —  6*  +  oc  —  6c)}  —  6  (6  —  a  +  c) 
=  ac  —  ao  +  6^  —  oc  +  6c  —  Z>^  +  a6  —  6c 
=  0. 

50.  5 {(a  —  6)  a;  —  cy}  —  2{a (a;  —  y)  —  6ic}  —  {3 aa?  —  (5c  —  2a)  yj 
=  5{aa;  —  6a>  —  o'}  —  2  \aux  —  ay  —  hx}  —  {3aa;  —  Scy  +  2ay} 
=  bax  —  5hx  —  6cy  —  2ax  +  2ay  +  26a;  — 3aaj  +  bey  —  2ay 
=  —  Sbx. 

61.  (a;-l)(a;-2)-3a;(a!  +  3)  +  2{(a;  +  2)(a?  +  l)-3} 
=  ar*-3a;  +  2-3a;2-9a;  +  2{r»  +  3a;  +  2-3} 

=  ar»  -  3aj  +  2  -  3ar«  -  9a;  +  2a;2  +  6a;  +  4  -  6 
=  -6x. 

62.  {(2a  +  6>  +  (a-26)2}{(3a-26)2-(2a-36)2} 

=  {(4a2  +  4a6  +  62)-f(a2-4a6  +  462)}{(9a=»-12a6-f462) 

-(4a2^12a6H-96«)} 

=  {4a2  +  4a6  +  6=^  +  a^  -4a6  +  462}{9a»-  12a6  +462 

-4a2  +  l2a6-962} 

«{5a24-662}{5a2-562} 

=  25  a*- 256*. 

63.  4(a-36)(a  +  36)-2(a-66)2-2(aa  +  662) 

=  4(a2  _  962)-  2(a2  -  12a6  +  366''')-  2a2  -  126^ 
=  4a2  -  366*  -  2a2  +  24a6  -  726^  -  20^  - 126* 
=  24a6- 12062. 
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54.  x^  (a;2  +  y'^f  -  23?y^  {x  ^  y){x-y)-{ai?  -  ff 

=  a;6  _f.  2a;*y2  +  x^y*^  -  2x^y^+  2x^y*  -sfi-}-  2a^v«  -  y« 

55.  16(a2  +  &2)(a2  _  h^)  _  (2a  -  3)(2a  +  3)(4a2  +  9) 

+  (26-3)(26  +  3)(4&2  +  9) 
=  16(a*  -  &*)  - (4a2  -  9)(4a2  +  9)  +  (4^2  -  9)(462  +  9) 
=  16a*  - 166*  -  16a*  +  81  +  166* -  81 
=  0. 


Exercise  XV. 

7. 

=  3r  +  zxy  +  3/^ 

19. 

{Sabc-bcdf 
^dan^c'-Gab^c^d-^-b^c^dK 

8. 

=  2/2  -  2yz  +  z^. 

20. 

(4aj8_a;y2)2 

='16af^-S3^y^-\-x^y*. 

9. 

{2X  +  1Y 

=  4a;2  +  4a;  +  1. 

21. 

(x  +  y){x-y) 
=  x^  —  y^. 

10. 

(2a +  56)2 

=  4a2H-20a6  +  2562. 

22. 

(2a  +  6)(2a-6) 
=  4a2-62. 

11. 

(1  -  x'f 

=  1  -2x^  +  x^. 

23. 

(3-a;)(3+a;) 
=  9-x2. 

12. 

{Sax -4:3^)^ 

=  9a2a;2_24ax3  +  163^ 

24. 

(3a6  +  262)(3a6-26») 
=  9a2  62-46*. 

13. 

(l-laf 

=  l-14a  +  49a2. 

25. 

(4r»-33/2)(4a;2  +  3y2) 
=  16a;*-9y*. 

14. 

{bxy  +  2f 

=  25a;2y2^20icy  +  4. 

26. 

(aJ'x^-by*){a^x'  +  by*) 
=  a®£c*  —  6^3/^. 

15. 

(a6  +  cdy 

=  a^b^  +  2abcd  +  c^d\ 

27. 

(6icy-5y2)(6an/  +  5y2) 
=  3'6a;2y2_25/. 

16. 

(3mn-4)2 

=  9m2n2-24m7i  +  16. 

28. 

(4icS-l)(4a:6^.i) 
=  16a;i0-l. 

17. 

(12+5a;)2 

=  144  +  120a;+25a;8. 

29. 

(l  +  3a6»)(l-3a6S) 
=  l-9a2  6«. 

18. 

{4:xy^-yz^f 

30. 

(ax  +  6?/)  (ax  -  by)  (aV  +  6 Y) 

=  16a?*2/*  —  Sxy^z^  +  y^s^. 


=  a'^x*  —  b*y*. 


Exercise  XVI. 

1.  {x  +  y  +  zf  =  x^  +y^  +  z^  +  2xy  +  2xz  +  2yz, 

2.  (a;  —  y  +  2)2  =  o^  +  3/2  +  2^*  —  2a;y  +  2a;3  —  2y2. 
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3.  {m^-n—p—qf  =  m*+7i*+p^+5^4-2 mn—2 mp—2 mq—2np—2  nq-\-2pq. 

4.  (x2  +  2a;-3)2  =  a;*  +  4ar»-2a^-12a;  +  9. 

5.  (ic> - 6a;  +  7)«  =  a;* -12ic»  +  50a^- 84a; +  49. 

6.  (2a^  -  7a;  +  9)2  =  4a;*  -  28 ar»  +  85ar»  -  126a;  +  81. 

7.  (a;»+y«-z«)2  =  a;*  +  y*  +  0*  +  2ar»y2_2r»22_2y2  2a. 

8.  (a;*  -  4a;2y2  ^y*y  =  a^-^  is a^y*  +  2^-8 a*y*  -  8 s^f. 

9.  (a^  +  63  ^  ^8)2  =  a«  +  6«  +  c«  +  2a3&8  +  2aV  +  26«c». 

10.  (a;*-3r*-z»f  =  a;8  +  /  +  z«-2ar»2/»-2ar»2»  +  22/»2». 

11.  (a;  +  2y  -  32)  =  a?2  -f  4y*  +  92*  +  4a;y  -  %xz  -  12y2. 

12.  {a? -  22/2  +  52*)2  =  a;*  +  4y*  +  25z* -  4a;*y*  +  lOor^z* -  20y2z«. 

13.  (ar»  +  2x-2)2  =  a;*+4ar»-8a;  +  4. 

14.  (a;2  -  5ar  +  7)2  =  a;*  +  39ar»  -  10ar»  -  70a;  +  49. 

15.  (2a;2_3a._4)2  =  4a^_i2irs_7a^»  +  24a;  +  16. 

16.  (a;  +  2y  -f  3z)2  =  a;^  +  4y2  +  92*  -f  4a;3/  +  6x2  +  12y2. 

Exercise  XVII. 

1.  (a;+2)(a;  +  3)  =  ar^  +  5a;  +  6.  12.  {x-A:y){x  +  y)  =  x^-Zxy-Ay^. 

2.  (a;  +  l)(a;  +  5)  =  a;2  +  6a;  +  5.  13.  (a-26)(a-56)=a2-7a6+1062. 

3.  (a;-3)(a;-,6)  =  ar»-9a;  +  18.  14.  {a?  +  2y^){7?  +  y^ 

4.  (a;  _  8)(a;  - 1)  =  a;2  -  9a;;-f-  8.  =^  +  'i^y^  +  2y\ 

5.  (.-8)(.  +  l)  =  a.-7.-8.  ^^-  r^-.'fif.^sf,, 

6.  (a;-2)(a;  +  5)  =  a;2  +  3a;-10.  ^^  (ao;  -  9) (ax  +  6) 

7.  (x-3)(x  +  7)  =  ar«  +  4x-21.  =  a^x^- 3ax-54. 

8.  (x-2)(x-4)  =  x2-6x  +  8.  17.  (x  +  a)(x-6| 

9.  (x  +  l)(x  +  ll)  =  x2+12x  +  ll.  =^  +  {a~h)x-ah. 

m  9  0  ^'^  ^      2^       «  2        IS-  (^-ll)(a;  +  4)  =  x2-7x-44. 

10.  (x— 2a)  (x+3a) = x^ +ax— 6a2. 

-.     ,        w        ,.  19.   (x  +  12)(x-ll)  =  x2  +  x-132. 

11.  {x  —  c){x  —  d)  ^  ^^  ' 

=  ^-\c^■d)x^cd.  20.  (x-10)(x-5)  =  x2-15x  +  50. 

Exercise  XVIII. 

1.  (x  +  a)^=arJ-f3x2a  +  3xa2+a3.     3.   (x  +  1)3  =  x^  +  3x2 -f  3x  +  1. 

2.  (x-a)«=x8-3x2a4-3xa2-a3.     4.  (x- 1)3  =  x^- 3x2  +  3x-l. 

6.  (x  +  a)*  =  X*  +  4x3a  +  6x2 a2  ^  43,^3  ^  ^4^ 
6.  (x  —  a)*  =  X*  —  4x3 Q^  ^  53,2 0^2  _  42;a3  +  a*. 
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7.  (a;  +  l)*  = 

8.  (a;-l)*  = 

9.  {x^yf 

10.  {x-yf 

11.  {x-^lf 

12.  («-iy 


a?* +  43^  + 6a;*  +  4a;  +  1. 
«*  —  4a;' +  6a;*  —  4a;  +  1. 
■■  a^  +  5a;*y  +  lOa^'y*  +  lOsi^y^  +  dxy*  +  y*. 
»  »*  -  5ar*y  +  10ar»y«  -  lOs^y^  +  5ay* -y*. 
>  a;*  +  5ar*  +  10a;»  +  10ar»  +  5a;  +  1. 
.a;*-6a;*  +  10ar»-  lOar'  +  5a>  - 1. 


Exercise  XIX. 


1.  ±26^  =  66. 


2. 


4. 


5. 


+4 

-4648 
-8 


=  581. 


3.  ±3840^.128. 


-30 


-2568 
+  12 


=  -214. 


-21.7 

-49.)  1063.3 
98 

83 
49 


343 
343 


11. 


6.     -1.23 

345)-424.35 
345 

793 
690 


1035 

1035 


7. 


-11 


+  24)- 264 
24 

24 
24 

8.    +43t-V 

-85)- 3670 
340 

270 
255 


9.    -.1123 
-61)6  8503 

75 
61_ 

140 
122 

183 
183 


H  =  A 


.31831+ 


12. 


-314159.)-100000.0 

942477 

575230 
314159 


10.      -.022A 
+  324)- 7.1560 
648 

676 
648 

.0101321+ 


-314159)- 3183.10 
314159 


2610710 
2513272 

974380 
942477 


415100 
814159 

1009410 
942477 


319030 
314159 

4871 


669330 
628318 

410120 
314159 

95961 
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Exercise  XX. 

5.  ^^  =  3m.  18.  30^  =  ^6;^'. 

2x  —5a^y  x 

6.  i2«!  =  -4a».  19.  1^^212^,4^. 
—  3a  ba^m^x       ba? 

7.  15^^^.  20.  ^^^^Q^z, 

2hG        c  7xy^^ 

8    -^     -1  21    -3a'g>'c*cfV^35c»rf» 

^    —  12am_Q  22    ^^f'^^^'>^*P^(f'  ^  Sam'n 

iA    35a6c<?     ^  23.  {^ aH;^ x  10 a' b^z)-^ 5 a^b^z^ 

=  806*2^ 

12.   ^I«!-  =  _9«4.  =-14a^y*2«. 

25.  104a&VH-(91a86VH-7a*6*a!) 
=  104a68ic9^13a&2a^. 


-3a3 


13.  ZLi&m^ ^  _  36m^  _ g  j^^ 

4aiB*  4a» 

26.  (24a*58ir-i-3a2  5») 
14    «^_ft^  +(35a«62a^^-5a»6a;) 

a&c  ~  =  (8  a«  6a;)  +  (-  7  a^  5a;) 

=  a^  6aj. 

^i>  ^  -  17o4«+i-(4»-2) 

12  a2 
17.  225?7i»y_9m  =  7on-4-2 

25my2        y  =7a«-« 

Exercise  XXI. 

3.  (18amy - 27 Jny  +  36cpy) -^ - 9y  =  -2am  +  36n -4<3). 

4.  (21aaj-186aj  +  15car)-s--3a;  =  -7a  +  66-6c. 

5.  (12a^^-8a^»  +  4x)-^4a;  =  3a;*-2a;»  +  l. 
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8.  49m*  +  llOm^w^  +  81n*  =  (Tm^  +  477m+  97i2)(7m»-4mn+  97i'»). 

9.  9a*  4-  21a2c2  +  25c*  =  (3a«  +  3ac  +  5c»)  (Sa^  -  3ac  +  5c»). 

10.  49a*-15a*6*-f  1216*  =  (7a»  +  13o&  +  116»)(7a«-13a6  +  116«). 

11.  64a:*  +  128a:23r*  +  81?^  =  (8a^  +  4ay  +  93/*)(8a!» - 4a;y  +  9y2). 

12.  4a?*  -  37a^y*  +  9y*  =  (2a:»  +  5ay  -  3y*)  (2ic>  -  5iry  -  33r»). 

13.  25aj*--41a:2y«  +  16y*  =  (5aj*  +  xy-4jr*)(6a^-a;y-4y*). 

14.  81a;*-34x"y»  +  y*  =  (9aj*  +  4ay-y»)(9a:»-4icy-y*). 


Exercise  XLIII. 

1.  12ir»-5a;-2  13.   6a'a^  +  aa;-l 

=  (4a;  +  l)(aa;  -  2).  =  (2aa;  +  l)(3aa;  - 1). 

2.  12a;»-7x  +  l  14.  66»-7&a?-3a;* 

=  (3aj-l)(4a?-l).  =(35 +x)(2&-3a;). 

3.  12a:»-a?-l  15.  4a?»  +  8a;H-3 

=  (4a?  H-  l)(3a?-  1).  =  (2a?  +  l)(2ar+  3). 

4«  3a?*-2a?-5  16.  a^-ax-Qs? 

=  (a?  +  l)(3x  -  5).  =  (a  +  2ar)(a -  3a;). 

6.  3a?*  +  4a?-4  17.  8a»  +  14o&- 15&» 

=  (a?  +  2)(3aj -  2).  =  (2a  +  5  ft)(4a -  36). 

6.  6aj*  +  5a?-4  18.  6a*- 19ac4- 10c» 

=  (3a?  +  4)(2ar-  1).  =  (3a -  2c)l2a-bc). 

7.  4a?»  +  13x  +  3  19.  8a?2  +  34a:3/ h- 21/ 

=  (4aj  +  l)(x  +  3).  •    =(4a?  +  3y)(2x  +  7y). 

8.  4a;»+llar-3  20.   8aj»- 22a;y-21y» 

=  (a:  +  3)(4ar-lX  =(4a?+ 3y)(2x-7y). 

9.  4aj*-4a?-3  21.   6a?2  +  19a;y- 7y» 

=  (2a?  +  l)(2a;-3).  =(2ar+ 7y)(3x-y). 

10.  a!*-3aa?  +  2a*  22.   lla»-23a&  +  2&8 
=  (x-  a)(a? -  2a).  =  (11a -  J)(a-26). 

11.  12-a*  +  a»a?*  -  a?*  23.  2c^  -  13cc?+ 6rf» 
=  (3a«  +  ar»)(4a2  -  3^).  ={2c-d)(c  -6d), 

12.  2aP-\-5xy+2y^  24.  ey*  +  7y2-3z» 

=  (2a?  +  y)(a?  +  2y).  =  (2y  +  32)(3y-2). 
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14.   0?*   Sly* 

a;  — 3y                           15,  a*- 

y 

aJ-.V 

a?*-3a^y  ar»+3a^V+9a^H27y* 

a^—x^y  a:*+ar'y+x*y'+a^+y* 

3ar»y 
3^y 

-81y* 
-9a?.v2 

9ar»y»-81y* 
9x'y^-21xy^ 

27xy^-Sly* 
27V   81v* 

xi*y 
xh/ 

a^SyS-yfi 
a^.v'-icy* 

a^-y6 

16.  a5  +  326» 

a  +  26 

a5  +  2a*6 

a*-  2a»6  +  4a2  6»-  8a6»  +  166* 

2a*6 
2a*6 

+  326* 

-4a»6« 

4a3  6«  +  326» 
4a?6«  +  8a«6» 

-8a2  63  +  3265 
«      -8a26»-16a6* 

16a6*  +  326* 
16a6*  +  326* 

17.  2a*  +  27a6»-816* 

a  +  36 

2a*  +  6a«6 

2a^.-6an  +18a62.-276» 

-6a»6  +  27o6» 
-6a»6-18a2i 

-816* 

2 

18a2  62  +  27a6»-816* 
18a2  6a  +  54a6» 

-27a63-816* 
-27a63-816* 

18.  a?*-5ar»  +  lliB2-12a;  +  6 

a;2-3a;  +  3 

a^-3a!3+    3a^ 

a;2-2ic  +  2 

-2ar»+   Sa^-12x 
-2ar»+    6ic2-    6a; 

2a;2-    6a;  +  6 
2a^-    6x  +  6 

19.  a?*+    ib5-   9ar»-16a:-4 

a;^  +  4a;  +  4 

a;*  +  4(r»+    4a?2 

ir»_3a;-l 

-3a^-13ar«-16ar-4 
-3ar»-12a?»-12a; 

la;-4 
la;-4 
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20.   a:*-13aj»  +  36 


a^  +  5a;  +  6 


-dx^-ldx^  +  Se 

6x*  +  30a;  +  36 
6:E»-f30ar  +  36 


21.  ar*  +  64 


8a^ 


«*-4ar  +  8 


a;»-4a:  +  8 


-4a;»-  8x»  +  64 
--4g»-16a»-32g 

8a:»  +  32x  +  64 
8«*  +  32x  +  64 


22.  ar*+    a?-24ir-35x +  57 

a*  +  23^-   3g« 

-  a»  -  21  a:»  -  35a; 

-  ar»-   2a:»-   3a? 

-iyx»-38a;  +  57 
-  19x2  _  38  a- +  57 


«*  +  2x-3 


a*-a;-19 


23.   1-    a:-3a:»-a* 

l  +  2x+    X* 


l  +  2ar  +  «* 


l-3a;  +  2a*-a:» 


_3x-4i2-a* 
—  3x  —  6x*  —  3ar 


2a:*  +  3ar»-a:* 
2a!«  +  4a;»  +  2a;* 

-  a:»-2ar*-a* 

-  a:»-2a;*-a* 


24.   a!«-2a;»+l 

a*-2x*+ar* 


a;*-2a;+l 


a?*+2ar»+3a^»+2a;+l 


26.  4a!»-  a:»+4a; 
4x*+6ar*+4ar» 


2a:*+3x+2 


2ar»-3:E»+2x 


2ar^-ar*  -2ar^+l 

2a:^-4a;*+2r^ 

3a:*-4r»+l 
3a:*-6a:»+3a:» 


2ar»-3a:»+l 
2j^-4a:'+2x 

a:2-2a;+l 
a^-2a;+l 


25.  a*+2a'6»+96* 
a*-2a«6+3a»&« 


a»-2aJ+3&« 


a2+2a6+36« 


2a86-  a»6*+9&* 
2a»&-4a^62+6a6» 

3a*6*-6aZ>»+96* 
3a*6*-6ai»+96* 


— 6a:*— 6ar*+4x 

4a:'+6a:'+4x 
4a:'+6a:*+4a; 


27.  a*-243 
a*-3a* 


a-3 


a*+3a»+9a*+27a+81 


3a*-243 
3a*-9a» 


9a»-243 
9a»-27a' 


27a»-243 
27a«-81a 


81a-243 
81a-243 
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28.  18a?*-45a^  +  82a:»-67a;  +  40 

18a?*-24ar»  +  30g' 

-21ar»  +  52a;2-67a; 
-21a^  +  28a:2_35a. 


3x*-4a;  +  5 


6a:«--7a;  +  8 


24  a* 
24aj» 


32a; +  40 
32a; +  40 


29.  a;*-9a;*-6a;y-3/« 
gg*  -t-  3a;^  +  g^y 


a;*  +  3a;  +  y 


a;^  —  3  a;  —  y 

—  32;"  —  9aj*  —  ar'y  —  6a!y  —  y' 
-3ar»-9a;'  --3a;y 

—  a;*y  —  3a;V^V* 
^:^^,3aj/-^ 


80.  a^-6a;»y +  9a;*a;»-4y* 

a^-3ar>y  +  2a;»y^ 

-3a;»y  +  7ar»y»-4y* 
-3ar>y  +  9a^'y'-6gy» 

-2a;*y*  +  6ay^-4y* 
-2a:'y'  +  6ay*-4y^ 


a;'-3ayy  +  2v« 


3^  —  3a;y  —  2y' 


31.  a;*  +  a;»y2  4- y* 

aj*-a^+y' 

jc*  —  ar'y  +  s^y^ 

ar»  +  xy  +  y« 

a^y+y^ 
a^y  —  x^j^ 

82.  sfi '\' a^ '\- ii^y  ^ 
a;^  -j-  a;*  —  x^y 

-l-ajy» 

-xy^-^y* 
-sey^-^y*- 

(r»y«-2a;ya+y» 

^  +  a?-"y 


a^  +  xy  —  y^ 


a^y  -\-  Q^y  —  a^y'^  —  2a;y*  +  y* 
^y  +  ^.V ~    xy^ 

—  a;*y^  —    a;y'  +  y® 

—  ^y^  —    xy^  -f  y8 


33.   2a;'+    xfy  —    xz  —  ^y^  —  ^yz 
2ar^-h3ary+    gz 


—  2' 


2a;  +  3y  +  i 


a;  — y  —  2 


—  2xy  —  2072  — 3y*  — 4y2  —  z* 


-2ayy 


3^ 


yz 


—  2a;z 

—  2xz 


-'iyz 
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34.   12-38a;+82iB2-112ar«+106a?*-70iB6 
12-20a;+28(c« 

-18a;+54a:2-112a:8 
-18a;+30x^-  42ar> 

24ar2-  70a:3+106a:* 
24g»~  40ar'+  56a7* 

-  30aj8+  50a^-70ar» 

-  30a;3^  50a:*-70a:5 


3-5a;+7a^ 


4-6a;+8a;2-10a;8 


36.  a!^ 

0^ 


a^y  -t-  g*.v^  —  a^y^  +  xy^ 


a;*  —  a'y  +  g'y'  —  ary^  +  y* 


a;  +  y 


g*y  —  a^y^  +  a;^.v^  —  ary*  +  y^ 


86.  2a;*-7a;2y  +  2a^y2_2a;2/3-y* 
2  a;*--    a;^y  4-    a;^y^ 

—  6a;^y+    x^y^  —  2x}^ 
-6ar^y  4-3a!=^y^-3a?y' 

—  2a;^y2+    iPy*— y* 

—  2  g'y^  4-     a^/  —  y* 


2a;^— gy— y* 


a^—Sxy—y^ 


37.   16ar*  +  4a^»y2+y* 
16a;*-8g»y  4-4a^'y^ 


4g^  — 2a?y  +  y* 


4ar*  +  2a;y -f  y3 


8^y  +y* 
8a?»y-4a;^y^-h2ayy» 

4:a^y^  —  2xy^  +  y* 


38.  32a5&-56a*6H  8a368-4a26*-a&6 
32a56-48a*5^-  8a868 

-  8a*bH16a^b^-4:a^b* 

-  8a*b^+12aW+2a'^b* 

^aW-6a''b*-ab^ 
4:aW-Ga^b*-ab^ 


39. 


-Aa^b+eah^+h^ 


-Sa^+2d'b-ah' 


1-f  Sar'-Gar* 

l-a;  +  3a;2 

l~a;  +  3a:2 

l+a;-2a;2 

a;-3a:2^ 
X—    x^  + 

Sar^-Gaj* 
3a;3 

-2x^  +  2a^-6x* 
-2x^-{-23(^~6x*- 
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40.   l-51a»6»-52a*6* 


-l+3a&+    4q«y 


-l-3a6-13a''6» 


3a6  +  4a«6»  -  Sia^ft^  -  52a*b* 

13a»6*-39a»6»-62a*6* 
13a^y-39agy-52a*6* 


41.  x'y—xy^ 


7?y  —  2a^y'  -f  2ay/  --  y* 


ar*  +  2a^y  +  2ic*y'  +  a:y» 


2afiy^  —  2a^y^-^    a^y^  —  xy'' 
23^7*— 4a^y^4-4a;*V*  — 2ar^V* 

2a*3r»-3ar*y*H-2ar»y*-ay 
2g^y'-4a:*y*  +  4a:3y5_2a;2ye 

a:*  y*  —  2  ar*  y*  +  2  ai*  y*  —  ay 


42.   a*-6a^y+15aj*y'-20a:y+15al*y*-6a?3/*+y» 

-3ar^y+12a^y*-19a:»y»+15ar»y* 
-3a:*.y+  9a;V''-  9ar^.y*+  3arV 

3  a^y2-10  a:»y3+12aJ*y*-6  a^ 
3a^.y^-  9aV+  9a;V-3a^y* 

— a?y'  +  3  a^^y*— 3  xy^-{-i^ 
— a:V  4-  33^^^— 3ary^+y* 


a:^— 3  a^y  4-3  xy^—y^ 


a^— 3  x^y + 3  xy^~y* 


43.   a?^2(3^h 
2a^h 


a 


T_ 


2a*6»  +  2a»6*  -  6a«&*  -  3aA« 


a*~2an-ah^ 


a*  +  a2  62  +  36* 


a6&»  -  2a*&'  4-  2a3  6*  _  Qd}}^  -  3a6« 
<isy-2a*6^-    a»6* 

3a3M-6a2  65-3a6« 
3o3  6*-6a*65-3a^>« 


44. 

81a;«y-54a:5yi  _i^  ^^  ^\^  xV-18  a;y«-9y^ 

81a^jy 4-27aV 4-27  a:V 


3a;*+a:^y'4-y* 


27aj2y-18ay«-9y» 


--54j^y«-27ary-18  a;»y*  -  9  3^2^5-183^-9  y^ 
— 54a^y2 -18  ar>y^ -18a^/ 


-27a^y» 
-27a^y» 


-9a?«y* 
-9acV 


-9y» 
-9y^ 
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45. 

a*  +  2a«6  +  Sa^b^  +  Sab^  -f-  IGM 

a2  +  463 

o*               +4a«63 

a2  +  2a6  +  46» 

2a»6  +  4a2  6-^  +  8a6» 
2an               +806* 

4a«6*             +16&*          *' 
4a262              +I6&* 

46. 

-  a!«  +  21a:»y»  -  24ay^  +  8y«U 
—  Za^y-\-    a;*y2_|.2laJy» 

-a^'  +  So^-y' 

i;*4-3ar»y  +  8a;2y»-8y* 
-24icy*-f  8y« 

-  8a;*y»  +  24a;»y»  -  24ay  +  8y« 
-8a?*.v2-f  24a;».V*-8x2y* 

8ar«y*~24a:yS  +  8y» 

47. 

16a*                +    8a»&»  +  9&* 
16a*-16a8&  +  12a3&« 

4a»-4a6  +  3&» 

4a«-|-4a6  +  36» 

16a«6-   4a»6»  +  96* 
16a?&-16a2  6«  +  12a/ 

^» 

12a»6»-12a6»-H96* 

48. 

a*                     —  3  a&c  +  i*  -h  c 

0*  +  0*6  +  a*c 

'  <!  +  6  +  c 

a^  —  a6  —  ac  +  6*  —  6c  +  c* 

• 

—  a^J  —  a^ c  —  3 abc  -\-b^  +  c 

—  c^b  —  ab^—    abc 

s 

—  a^c-}-  ab^  —  2abc  -h  6^  -h  c* 

—  a*c              —abc  —  a<^ 

-f  a6'    —  a&c  -\- a(?  +  V^  -\- (? 
-f  a5>                        +  6'  +  &V 

—  abc  -v  a(?         —bH-\-(? 

—  abc                  —  h^c  —  b(? 

a(?                   +  5c«  +  c» 
a(?                   ^h<^^(? 

49. 

a^-2  (z*6-a'c+4  a5'-2  a6c-f  ac* 

» ,  a2-2a6-ac+4J«-2&c+e* 

a4-26+(? 
&3_4  2^c-f26c» 

+2  a*6-f-a'c-4  a62-4  a6c-ac*+8 
•f2a26        -4a62_2a&c        +8 

■^-a^c           -2  a6c-ac2         +4  b^c-2  b<P^-^c^ 
■\-a^c           -2  abc-a(?         -1-4  &2c-2  6c*-f-c* 

< 
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50.  a^-f  3a26  +  3a62  +  63  +  c3 

a  +  b 

+  c 

a^  -h    a^b              +  a^  c 

a2  +  2 

ab  +  b'^  —  ac—  be  -^c^ 

2a^b  +  Sab^-a:'c  +  b^-^c' 
2a^b  +  2ab^            +  2abc 

^       ab^-^a^c-2abc  -^ 
ab^                        + 

—  a^c—  2abc  — 

—  a^c—    abc 

b^  +  c"       • 
63  + 62c 

62c +  c» 
—  ac^ 

— 

abc  — 
abc  — 

b'^c-\-ac^  +  d* 
62  c           -6c2 

ac2  +  602  +  ^* 
ac2  +  b(^-}-(^ 

Exercise  XXIII. 

1.   a2(6  +  c)  +  62(a-c)  +  c2(a-6)+    a6c 
g^  (6  +  c)  +  62  (g       )  +  c^  (g       )  +  2a6c 


g  +  6  +  c 


g  (6  +  c)  —  6c 


-g6c       +62(    -c)  +  c2(   -6) 
-g6c       +62(    -c)  +  (^i    -b) 


2.   3^  —{a-\-b-\-c)a:^-^(ab  +  a^  +  bc)x-abc 
0^— (g  +  6      )x^-\-(ab )x 


a;2— (g  +  6)g  +  g6 


x~c 


—  cx^         •\-{ac-\-bc)x  —  abc 

—  cx^         +  (gc  +  6c)  a;  —  g6c 


3.    ar»-2gir2+(g2  +  g6-62)a;-g26  +  g62 
ar*  —    g.'c2  +  bx^ 


X  —  a  -\-b 


a;2  —  (g  +  6)  ic  +  g6 


-(g  +  6)a;2  +  (g2-fg6-62)a;-g26  +  g62 
-(g-H6)a;2  +  (g2         -62)a; 

+  g6a;  —  g2  6  +  g62 
+  g6a7  —  g2  6  +  g62 


4.   a;*  — (g*  —  6  —  c)  a;2  —  (6  —  c)  ga;  +  6c 


a^  +( 


+  c)  a?2  —  gy? 


x^  —  ax  •\-  c 


x^  ■\-  ax  +  b 


aa?—  (a^  —  b      )  x*  —  (6  —  c)  ax  +  be 
aa^—(a^ ]^ +  cax 


+  6a;2 
4-6a;2 


—  6ga;  +  6c 

—  6ga:  +  6c 
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7.  (a;  +  l)*  =  a?*  +  4a^  +  6a;*  +  4a;  +  l. 

8.  (a;-l)*  =  a?*-4ar^  +  6iB2-4a;  +  l. 

9.  {x-\-yf  =  a^  +  5ai^y  +  lOa^y^  +  lOx^y^  +  dxy*  +  y*. 

10.  (x-y)*=-»5-5ar*y +  10ar»y»-10ar»y«  +  5ay-y*. 

11.  (a;  +  1)5  =  a:^  +  5aj*  +  lOar^  -h  lOar*  +  5a;  +  1. 

12.  (a5-l)*=-«*~5ar*  +  10ar'-10ar'  +  5»-l. 

Exercise  XIX. 


1.  1^  =  66. 

+4 

2.  Ili§48  ^  581. 

-8 


3.  ±3840^^128. 

-30 

4.  Zl^^  =  -2U. 

+  12 

6.  -21.7 

-49.)  1063.3 
98 

83 
49 


343 
343 


6.  -1.23 

345)- 424.35 
345 

793 
690 


9. 


1035 
1085 


7. 


+  24)- 


-11 

-264 
24 

24 
24 


8.  +43  A 

-85)- 3670 
340 


270 

255 


-.1123 

61)6.8503 
61 

75 

5L 
140 
122 


183 
183 


H  =  A 


T 


10.  -.022JV 

+  324)- 7.1560 
648 

676 
648 


11.  .31831+ 

-  314159.)-100000.0 

942477 

575230 
314159  ■ 


f 


2610710 
2513272 

974380 
942477 

319030 
314159 


12.  .0101321+ 

-314159)- 3183.10 
314159 

415100 
814159 


1009410 
942477 

669330 
628318 


4871 


410120 
314159 

95961 
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EXEBCISE   XX. 

6.  6^=3m.  18.  30^. -§J?. 

7.  12^  =  ^.  20.  i2^=-6:^.. 

g    _^__j-  21  -3a'&'c*<^*     35c»rf« 

*  -a*         a?*  *  -a*6»cd»   ^      a« 

Q    —  12am_  g  22  1 2 am^n* ;)*(;*  ^  Sam^n 

—  2m  4im^n^p*g^  pj* 


irt    35a6c<?     ^  23.  (4a2628xlOa26»2)-5-5a»6V 

"5^5~''       •  =40a*6*2*-*.5a3  6223 

=  8052^2. 

12.   ^I-!-  =  -9a^.  =-14a-y*^. 

-3a»  25.  104a6V-f-(91a56V-^-7a*6*a;) 

Q ,  01  =104  a&V  -^13  a6V. 

4aar*  4a» 

26.  (24a*5«a;-5-3a2&2) 
,.     a&V_,o  +(35ae62aJ^_5o8ja.) 

■^~  =(8a3  6a:)  +  (-7a3  6a;) 

=  a^  bx. 

16.  ^^^'^^.m^gg.  27.  85a*«+i-^6a4«-» 

^i>  a^  =17a4m+l-(4»»-2> 

^^-  -S^r^"^^"^^-  28    84an-> 

12a2 

17.  225771^  ^9m^  =  7a'»-'»-2 

25wy2        y  =  7a«-« 

Exercise  XXI. 

3.  (18amy - 276ny  +  SQcpy) -r--9y  =  - 2am  +  Shn-'^cp. 

4.  (21aaj-186aj  +  15car)-^-3a;=.-7a  +  6&-6c. 
6.  (12ar^-.8ar»  +  4ic)-j-4a;  =  3ar*-2a;2  +  l. 
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6.  (3a^  -  6a:»  +  9a;T  -  12x9)  -5-  Sic"  =  a?  -  2ar»  +  Sic*  -  43.7 

7.  (35m^y  +  28m*y*  —  l^my^)  ^  —  7my  =  —  5m*  —  4my  +  2y'. 

8.  (4a*6  -  6a862  +  12a2  6»)  ^  2a26  =  2a-'  -  3ai  +  6b\ 

9.  (12ar^y8 _  153.4^2  _  24:X^y)  -5-  -  Sx^y  =  -  4xy«  +  5x^y  +  8a:». 

10.  (12a;5y*-24xy  +  36ar»y»-12xy)-^12a^'y»  =  ar'y»-2ar»  +  3a;3/-l. 

11.  (3a*  -  2a*6  -  aH^)  -?-  a*  =  3  -  2a6  -  an\ 

12.  (3ic't/z2  +  6a:*yz«  -  15a:*y«z»  +  ISafifz)  -i-  -  3ar^y«r 
=  — z  — 2x2*  +  bx^yz^  —  6a^y^. 

13.  (-  16a»6V  +  8a*6V  -  12a5  6V)  ^-  -  4a*6*c» 
=  4ac»-2aV  +  3a8  6c. 


Exercise  XXTT. 


6.  «*-7a;  +  12 
a:*  — 3a: 


a;-3 


a;-4 


11.   7ar»-24x«+58a;-21 
Tar^-  3x» 


7a;-3 


a:*-3aj+7 


-4a;  +  12 
-4a;  +  12 

7.  a^+    a; -72 
a;*  +  9a; 


x  +  9 


-21a;*+58a;-21 
-21a»+  9a; 

49aj-21 
49a;-21 


a;-8 


-8a; -72 
-8a;-72 


8.   2a;»-    a;*  +  3a;-9 
2ar»-3a;* 


2a;-3        12.  a*-l 
sfi  —  a:^ 


a^+a;  +  3 


a;-l 


a;*  +  a;*  +  a;^  +  a;*  +  a;  +  l 


2a;*  +  3a;-9 
2a;»-3a; 

6a;-9 
6a;-9 


a;*-l 
a^  —  7^ 


9.   6ar»+14a;*-  4a;+24 
6ar'+18a;» 


2a;+6 


3a;*-2a;+4 


-  4a;*-  4a;+24 

-  4a;*-12a; 

8x+24 
8x+24 


a;*- 

-1 

a;*- 

-a;* 

-1 

flC*- 

-1 

-X 

X- 

x- 

-1 
-1 

10.   9ar^+3a;*+   x-l 
9a;-3a;* 


%s^-\-  a;-l 
6a;*-2a; 

.    3x-l 
3a;-l 


3a;-l 


13.  a«-2a&*  +  &' 


3ar»+2a;+l 


a 


^-a^h 


a  —  b 


a^-{-ab-  6* 


a' 
a/ 


b- 
b- 


2a6*  +  6» 
a6* 


-  a6*  +  6» 
-a6*  +  6» 
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14.  a?*-8l3/* 


a?-3y 15.  a^^-yS 


3ar»y-81y* 

9a^y2-81y* 
9a^.V^-27a?v» 

27aj3/»-81y* 
27a^yg-81.v* 


a?-.V 


16.  a»  +  32&6 

a^  +  2a*6 


a  +  26 


a:2yS_y6 


a' 


2a86  +  4a2  6»-8a68  +  166* 


2a*6  + 326* 
2a*6-4a»6» 


4a»6«  +  326» 
4a»y  +  8agy 

-8a2  68  +  326» 
•      -8a«6»-16a6* 

16aZ>*  +  3265 
16a6*  +  326'^ 

17.  2a* +  27a6»- 81 6* la+_36 

2a*  +  6a«6  _j2a8-6a26  ■\-\d>a¥.~21h^ 


-6aS6  +  27a6»-816* 
-6a36-18a2  62 


18a2  62  +  27a63-8U* 
18a^y +  54a&8 

-27a63-8U* 
-27a63-816* 


18.   ar*-5a:8^ii3j2_i2a;  +  6 
ar*-3ar'+    3a» 

-2ar^+    8a;2_12aj 
-2a:8+    6a;»-    Qx 


a:2-3a;  +  3 


a;2-2a?  +  2 


2a;2 
2a? 


6a; +  6 
Qx  +  Q 


19.  a;*+    a;3-   ^x^-lQx-'4: 
a?*  +  4ar*+    4ar2 


-3ar»-13ar2 
-3ar'-12a;2 


«^  +  4a;  +  4 


x^-Zx-\ 


-a? 

-aP 


16a;-4 
12a; 

4a;  — 4 
4a;  — 4 
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20.   a:*-13r»  +  36 


a?  +  5a;  +  6 


-5r»-19a;«-f36 
-5a^-25a^-30a? 

6a^4-30a;  +  36 
60^  +  30x4-36 


21.  a:* +  64 

iB*  +  4aj"  + 


8af* 


x^-^x  +  S 


ic»-4«  +  8 


-4ar'-  8ar»  +  64 
-4ar>-16a:'--32g 

8a:«  +  32a;  +  64 
8«*  +  32a;  +  64 


22.  a;*+    a:»-24ar-35x  +  57 

a;*  +  2ar'-    3g« 

-  a:»-21a:»-35a: 

-  g»~   2a^-   3g 

-19ar'-38a;  +  57 
-19a:*-38aj  +  57 


x^  +  2x-S 


sc^-x-ld 


l  +  2g  +  g» 


l-3a;  +  2a:»-jB» 


23.   1-    x-Sa^-a^ 

1  +  2a;+    a» 

-3a;-4a:*-x* 
-3x-6ar»-3ar* 

2a^  +  3ar»-a:* 

2g»  +  4{g»  +  2g* 

-  «»-2a:*-a:» 

—  ST  —  2g*  —  sfi 


24.  iB«-2aj»+l 


a:*-2a;+l 


ar*+2x3+3a^+2x+l 


26.  4x*-  ar'+^r 
4ic*+6a?*+4ar' 


2x«+3aj+2 


2a:»-3x»+2a; 


2ar»-a?*  ^2ar»+l 
2a:^-4a;*+2ar> 

3a?*-4ar»+l 
3ar*-6ar»+3x2 


2r»-3aj«+l 
2ar*-4x'+2a; 

aj2-2a;+l 
x2-2a;+l 


25.  a*+2a«6H96* 
a*-2a86+3a«62 


a«-2a6+36* 


a2+2a6+362 


2a»6-  a26a+96* 
2a»6-4a^6H6ay 

3a262-6a63+95* 
3a2&«-6a68+96* 


— 6a;*— 5ic*+4a: 
-6g*-9ar»-6a;^ 

4x'+6a:'+4a; 
4a:'+6ar'+4a; 


27.  a5-243 
a5-3a* 


a-3 


a*+3a8+9a*+27a+81 


3a*-243 
3a*-9a» 


9a»-243 
9a»-27a« 


27a«-243 
27a»-81a 


81a-243 
81a-243 
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28.   18ic*-45a^  +  82a^-67a;  +  40 
18a;*-24ar»  +  30g;=» 

-21ar>  +  28a;^-35a? 


3a^-4a  +  5 


6x^-7x  +  S 


24  ic^ 
24aj» 


32a; +  40 
32aj  +  40 


29.   ai^-9a^-6xy-y^ 
a?*  +  3ic*  +  a;*y 


a:*4-  3a;  +  y 


a^  —  Sx  —  y 

-3ar*~-9ir»  -Sxy 

—  jc*!/  — 3a?y  —  y' 

—  g'.V  — 3ayy  —  y' 


30.  a^-6«»y  +  9aj2a;»-4y* 

g*~3r»y  +  2a;'.v' 

—  3ar*y +  7x^y'  — 4y* 
-Sar^y  +  9a^y^-6xy^ 

-~2x^y^-\-6xy^-^y* 
-2ar'.V^  +  6(gy»-4y* 


x*-3xy  +  2y* 


a^  —  3xy  —  2y'* 


31.  ai^  +  a^y^^y* 
a^  —  a^y  4-  fc'y^ 


r»  ~  xy-^-y^ 


jc^  +  rcy  +  y* 


a?y  +  y*' 

s^y  —  x^y^  H-gy* 

a^y^^xi^  +  y* 
a^y^  —  xi^  -f  y* 

82.  a!*  +  ar'  +  a?*y-^fl5*y»-2an/'+y» 
g^  -f  ar^  —  g^y 


a:»  -f  g  — y 


a5^  +  «y-y" 


a*y  +  ic*y  —  a^y^  —  2a;y*  +  y^ 
a^y  +  ar'y —    xy^ 

—  a^y^—    xy^  +  y^ 
r-a^y^-    xy^-\-y^ 


33.   2a?  +    xy-    xz^Sy* -4:yz^z^ 
2x^  +  Sxy  ■}■    xz 

—  2xy  —  2xz  —  Sy^  —  4:yz  —  s? 

—  2xy —  Sy^  —    yz 

—  2x2  —  3yz  — 2^ 

—  2xz —3yz  —  z^ 


2x'\-Sy  +  z 


x  —  y  —  z 


34.   12-38i+82a^-n2jJ+10ftr^7ar=|3-5j:+7i' 

12-2ai+28x"                                  \i-~6x+Sx'- 

lOi" 

-  301^+  50:iT'-70:c' 

SB.  a*                                     +V'|^-^V  +  2'V' 

-^+y. 

3^y  —  3:',v'  +  I'y'  —  3^  +  .v' 

-63^"?/+    x'y'-2xf 
-ea^y  +  Sx'j/'-Sxry' 

-2y'y'+    V-y* 


37. 

16i* 

+  4j?/ 

+  ¥* 

143^- 

2=^4 

y" 

163^ 

-M^V 

+  4^V 

J4x'  + 

"i^y^ 

•/■ 

a^v 

«*^ 

43?  y' 

-2^ 

ti 

+16aW-4a'i' 
+12a'y+2a'i' 
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40.   l-5la^¥-d2a*b* 
1-Sab-^an^ 


-l+3a6+    4o«6* 


l_3a6-13a«6» 


Sab  +  4a* &*  -  5iaH^  -  52a*6* 
3o&-9a*y-12a8  6» 

13a«6«-39a»6»-52a*6* 
13a«6»-39a»6»-62a*6* 


41.   x^y—xy^ 


a^ V  -  2a^y^  +  2xy^-f^ 


a^  +  2r*y  +  2«*y'  -|-  xy* 


2a^y*  — 2a:*y^+    a?*y*  — ay' 
2a;gy»-4a:^y»4-4a;*y^-2ar*.V* 

2a!*3/»-3a;*y*-l-2ar»y*-ay^ 

2a:^y^-4a?*.v*  +  4ar»y^-2a:».V< 

iC*y*-2ar»y*  +  2a?3/«-ay 
^  y*  —  2  ar'y^  +  2  g*  y^ — gy' 


42.   a:"-6a*y+15ir^2_20ary+15a?y*-6a;y»+y* 
a!^-3rg^.V+  3a:*y'-     a»y» 

-3  ar*y + 12  ar*y*-l  9  a^y»+15  a:*y* 
-Sa^y+  9a;V-  9ar>.v»+  3a;V 

3  xy-10  a:»y3+12aJ*y*-6  ay* 
3a;*.V*-  9xV+  9gV-3ay* 

—3^y^  +  3  a:*y*— 3  ary^+y* 
— ary  +  3  ar'y— 3  gj/^-t-y* 


a^— 3  z^v  -f  3  ay*— y* 


a^— 3  x*y +3  xy^—y^ 


43.    a''- 


a 


7  _ 


2a*6  -  2a»6'  +  2a»6*  -  6a»65  -  3ay|a»-2^i»6-q5* 
2a^b-a^b^  a*  +  a*6*  +  36* 


a? 6*  -  2a*&»  +  20^6*  -  6a^b^  -  3ai« 
Qsy-2a*6»-    an* 

3a3  6*-6a2  65_3a6« 
3a3  6*- 6a* 65  _3o66 


44. 

81a^y-54a;5yj  _i^  ^^  ^18  xy-18  ay«-9y'^ 

81a^y +27a;*y» -f27z*y* 


3a:*+a;V-fy* 


27a?y-18ajy*-9y» 


-54iB«y*-27ar*y»-18aj»y*  -  9a:*y5-18ay-9yT 
— 54g*y* -18g»y* -18a;y* 


-2Wf 
-21x^y^ 


-9aj*y* 
-9a;*y* 


-9y» 
-9y' 
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a*  +4a^63 


a»  +  2a6  +  46* 


2a36  +  4a2  6'^  +  8a63 
2a»6 +8a^>» 

4a«6«  +166* 

4a26«  +  166* 


46.  -a^  +  21a^y»-24jy*  +  8y« 
—  a^  +  3g^y—    a:*v^ 


—  cr*  -f  3  gy  —  y  * 


47.  16  a* 

16  a* 


a?*  +  3a;'y  +  8a:ay»-8y* 

-  3ic*y  +    y^y^  +  21a:»y«-  24xy*  +  8y« 
-3a:^y-f9a?*y'-    3g»y* 

-  8ic*y2  +  24ar»y»-  24ay  +  8y« 

-  8a;*y'  -f  24ar»y^-  8ar^y* ^ 

8a!2y*-24an/*  +  8y» 
8a^y*--24a^  +  8y^ 

4a»-4a6  +  36» 


+    8a»6»  +  96* 
16a»6  +  12a^6' 


16a36-   4a»6»  +  96* 
16a»6-16o^6^  +  12a6» 

12a»6»-12a6»  +  96* 
12a^6»-12a6»  +  96* 


4a«  +  4a6  +  36» 


48.  0? 


c?  +  0^6  +  a^c 


—  3  a6c  +  6*  +  c* 


-a»6-a2c-3a6c  +  63  +  c» 
—  c^b  —  ab^  —    abc 


a  +  b  +  c 


a" 


ab  —  ac  +  b^  —  bc-\-c? 


-a" 


a2c  +  a6*-2a6cH-63  +  c3 


0*0 


—  abc  —  ac* 


+  a6'    —  a6c  +  ac*  +  6*  +  c* 
-f  a6«  +  ja  +  52^ 


—  a6c  +  ac^ 

—  abc 


-  b^c  -  be' 


ac' 


+  6c«  +  c» 
+  6<r'  +  c» 


49.  c?  -6  a6c+8  b^+(? ,  a2-2a6-ac+46»-26c+c* 

a«-2  a26-a*c+4  a6'-2  a6c+ac» 


a+26+c 


+2a«6+a^c-4a6»-4a6c-ac2+8  ¥^(? 

-i-2a^b        -Aab^-2abc        +8  6^-4  6^0+2  6c» 


-^-a'c 
■i-a'c 


—2abc—ac^ 
—2abc—ac^ 


+462c-26cHc» 
+462c-26c2+c» 
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50.  a3  +  3a26  +  3a62  +  63  +  c3 


a?  -\- 


a  +  6  +  c 


a?  -\-  2ah  ->r  h^  —  ac  —  he  -\-  c^ 


2a26  +  3a6'^-a2c  +  63^c3 


\ 

ab^^a^c  —  2abc  +  ¥-^(^       • 

—  a^  c  —  2  abc  —  b^c  +  c^ 

—  a^c—    abc           —  ac^ 

—  abc  —  b^  c  +  ac''  -{-  (^ 

—  abc  —  b^c           —  6c* 

ac2  +  6c2  +  c* 
ac^  +  bc^  +  (^ 


Exercise  XXIII. 

1.   a^{b  +  c)  +  b^{a-c)-\-c^{a-b)+    abc 
a^  (6  +  c)  +  y^  \a       )^e\a       )  +  2a6c 


a  +  6  +  c 


a{})  -\-  c)  —  bc 


-abc       +62(    -c)  +  c2(   -6) 
-abc       +b'^l    -c)-\-(?{    -b) 


2.   o:^—{a  +  b-\-c)3?-\-{ab  +  ac-irbc)x-abc 
a^  —  {a  +  b      )x^i-(ab )x 


x^—(a  +  b)x  +  ab 


X- 


—  coc^         -\-{ac-\-bc)x  —  abc 

—  cx^         -{- (a^  +  be)  X  —  abc 


3.    x^-2ax^-^{a^  +  ah-h^)x-a^b  +  ab^ 
3?  —    ax^  +  b7^ 


x  —  a  +  b 


-{a  +  b)x^  +  {a^  +  ab-b^)x-a^b  +  ab'^ 
-(a  +  b)x^  +  {a^         -b^)x 

+  abx  —  a^b  +  ab^ 
+  abx  —  a^h-\-ab^ 


x^  —  {a->rb)x-\-ab 


4.   jB*  — (a^  —  6  —  c)  a;2  —  (6  —  c)  ax  +  be 

a^  +( -^  c)x^  —  adt^ 

a3i^—(a^  —  b      )x^  —  {b  —  c)ax-\-be 


x^  —  ax-\-c 


a^  +  ax  -\-b 


aa^—(d 


K 


+  cax 


+  bx^ 
+  bx^ 


—  hax  +  be 

—  bax  +  6c 
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6,  y^  —  (m  -\-  n  +  p)  y^  -{■  (mn  +  mp  ■+  np)  y 


mnp  y  ^p 


(m  +  71 
{m  -\-n 


+  {mn  +  mp  +  Tip)  y 
•f  mp  4-  ytp)  y 


y^  —  {m  +  n)y  +  mn 


mny  — 

mny  — 


mnp 
mnp 


6.  a^  +  (5  +  a)  a*  -  (4  -  5a  +  6)  ^2  _  (4cn-  56)  a;  +  46 
a;*  +  (5       )  a^  -  (4 )i^^ 


a::*  +  5a;  — 4 


a;^  +  aa;  —  6 


03? 


—  ba-^h)3?  —  (4a  +  56)  a; 


gg^  +  (    +5a       )g^  —  (4a 


a; 


-6x2 
-6a:=« 


—  5  6a;  +  4  6 

—  5  6a;  +  4  6 


7. 


3?—{a-{-c)x->rac 
x^—(b-\-d)x-\-bd 


a;*— (a+6+c+<Z)a;'+(a6+ac+acf+6c4-6c?+crf)a;*— (a6c+a6c?+ac(f+6c(f)a;+a6cc? 
a;*— (g      +c      )x^-\-{     +ac )j^ 

— (  4-6     ■j-d)j^-\-{ab       -{-ad-\-bc-]-bd+cd)x^—{abc-\-abd-\-acd-\-bcd\x 

— (  +6     4-c?)a;^4-(a6       +ad-\-bc        -\-cd)x^—{abc  -\-acd  )x 

-\-abd         -{■bcd)x-^abcd 
+abd         ■\-bcd)x+abcd 


bdx' 
bdx^ 


8. 

3?—{m—(^a^+{n--cm-\-d)3?-\-{r-\-cn—dm)x^-\-{cr-\-dn)x-\-dr 

a^—jm     )x*+(n )3?-{-{r )^ 

ca^-{-(  —cm-\-d)x^-\-{  ■i-cn—dm)x'^+{cr-\-dn)x 
cx*+l  —cm      ).r^-f(  4-cyi         )x'^-\-(cr        )x 

dj?  —drru?  +dnx-\-dr 

dj?  —dmx^  -\-dnx-^dr 


si^—mx^-i-nx+r 


xf^-^cx+d 


9. 

a;* — ma;*  +  na;*  —  na;^  +  ma;  —  1 


x-l 


X*  +(1  — m)a;^+(l  —m  +  n)a?  +(1  —  m)a;  + 1 


(1  —  m)  a;*  -f  na?  —  nx^  +  mx  —  1 
(1  —  m)a;*  — (1  —m)3? 


[1  —  m  -f  «)  a;*  —  na?  +  mx  —  1 
4-n)a;^  — (1  -m  +  n) 


m 


X' 


(1  —  m)x^  +  mx  —  1 
(1  —  m)  a;'^  —  (1  —  m)  a; 

x-l 
x-l 


10.   (x  +  yf  +  S{x  +  yfz  +  3  (a;  4- y)z^  4-  2^|(a;  4-  y?  4-  2(x  +  y)z  +  z» 

(x  4-  y)^  4-  2  (a;  4-  yfz  +     (x  -\-y)z^        I  a;  4-  y  +  2 

(a;  4-  3/)^  2  4-  2  (a;  4-  3/)  s^  4-  2® 
(x  +  yYz  4-  2  (a;  4-  y)z^  4-  ^ 
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Exercise  XXIV. 

1.  (y8-l)^(y-l)  7.    {\-Sj^)^{\-2x) 

=  y^  +  y  +  i.  -l+2x  +  4a^. 

2.  (&*  - 125) -5- (&  -  5)  8.   (.r5-32/;*)H-(.r-26) 

=  62  +  55  _^  25.  --=  a,-*+2r»6  f 4x^62 -r-8a-63+166*. 

3.  (a' -  216) -5- (a  -  6)  9.  (Sa^jS- 1)  +  (2ax- 1) 
=  a«  +  6a  +  36.  =  ^a^x^  +  2aa;  +  1. 

4.  (a^  -  343)  +  (ar  -  7)  10.   (1  -  27r»y») -4- (1  -  3ary) 
=  ic^  +  7a;  +  49.  =  1  +  3a;y  +  9x2y2. 

5.  {2fi-y^)-^(x-y)  11.  (64a»6«-27ar»)-^(4a6-3ar) 
=  a*  +  ar»y  +  ar^y^  ^  ^yi  ^  yi  ^  IGa^b^  +  12a6x  +  9x». 

6.  (a5-l)-(a-l)  12.  (243^5  _  i)  ^  (3a- 1) 

•     =a*  +  a»  +  a2  +  a4-l.  =  81a*  +  27a='4- 9a2  +  3a  +  l. 

13.   (32a*-24365)-^(2a-3&) 

=  16a*  +  24a36+36a2&2^54a63+816*. 


Exercise  XXV. 

1.  (x'  +  f)^{x  +  y)  7.   (a*  +  32&'^)^(a  +  2i) 

=  a;*  -  xy  +  y^.  =  a*-2a3i+4a262-8a63+166*. 

2.  (a:*  +  y*)  -  (a:  +  y)  8.   (512X*.?/' +  r')^(8a'y  +  2) 
=  a:*  —  i^y  +  a;^i/^  —  a^y*  +  3/*-  =  64ar^2/''^  —  8  .tt/z  4-  z^. 

8.   (l+8a-')  +  (l+2a)  9.   (729a3  +  oiOJS)  -  (9a  +  66) 

=  1  -  2a  +  4a2.  =  81a2  -  54a6  +  306^. 

4.  (27a' +  63)  ^  (3  a  +  6)  10.   (64a» -f- 100063)-(4a  +  106) 
=  9a''-3a6  +  62  =  IGa^  -  40a6  +  lOOi^. 

5.  (8a'ar'  +  l)-4-(2aa;  +  l)  11.   (64 a'js  +  27a:«) -f- (4 a6  +  3 a;) 
=  4:a^x^-2ax  +  l.  =  16  a^i^- 12  a6a;  +  9  a;2. 

6.  (ar»  +  27y3)-^(a:  +  3y)  12.   (x*  +  343)  ^  (x  +  7) 
=  a^-3xy-\-  9y2.  =  a;*  -  7a;  +  49. 

13.   (27ar»y +  82S)H-(3a;y  +  22) 


14.   (1024  a*  +  243  6^)  -^  (4  a  +  3  b) 
=  256a*  -  192a^6  +  144a2  62  _ 


108a63  +  816*. 


66 


ALGEBRA. 


Exercise  XLVII. 


1.   18a5«c»rf=3«x2a6Vd, 
36o»6cd»  =  3«x2»a«6crf«. 

.'.R.C.F.  =  IS  abed. 

3^p^q  =  17  X  2oY 
51^^  -  17  X  3  »Y- 

/.  H.C  J'.  =  llpq. 


3. 


12ar»yV  =  2«x3a^y«2». 
20aJ*y»2»  =  2«x5a:*y»2«. 

.•.H.C.F.  =  4(r»y»2«. 

30a?y5  =  2  x3  X  Saj^y*, 

90a,-«y»  =  2  x3»x5a;V» 

120ar»y*  =  2»  X  3  x  5ar»y*. 

.-.  H.C.F.  =  30a:»y». 


a»  -  6»  =  (a  -  &)  (a«  +  a&  +  5^. 
.'.  H.C.F.  =  a  —  o. 

6.  a*  —  a;*  =  (a  +  a;)  (a  —  aeX 
(a— »)*=  (a  —  :ci  (a  —  a;). 

.*.  H.C.F.  ^  o  —  X, 

7.  a^  +  a^  '^{a-\-x){a*—ax-\-x^) 
{a+xf={a-{-xf. 

.*.  H.C.F, 


a+  a?. 


8.  9a;«-l    =(3a;  +  l)(3a;- 1) 
-    +l)«=(3a;        - 

.•.H.C.F.  =  3aj  +  l. 


(3  a? 


+  1)«. 


9.  7a!»-4a;     =a;(7a;-4). 
7o«a;-4a«=a«(7ar-4). 

.-.  H.C.F.  =  7a?  ~  4. 


10.  12a»a:»y~4a'a^'  =  4a»xy(3a;-y), 
30a»ar»y«  -  10a*a;V  =  lOa^a^y^  (3a;  -  y). 

.-.  H.C.F.  =  2a«ay(3»-y). 

11.  8a»i«c-12a«6c»  =  4a«ic(2a5-3c»), 
6ai*c  +  4a6»c*=2a6»c(36+2c). 

.-.  H.C.F.  =  2abc. 


12.  a;«-2a;»-3 


a;«-2a;»-3  =  (a;-3)(a;  +  2),    13.  2a^-2ab^=2a(a  +  b)(a-b\ 
a«-a?-12   =:(aj-3)(ar  +  4).  46(a  +  6)«  =  46(a  +  6)(o  +  6). 

.-.  H.C.F.  =  a?  -  3.  .-.  H.C.F.  =  2  (a  +  b), 

14.  12a:»y(a;-y)(a;-3y)  =  2«x3aJ'y(a;-y)(a;-3y). 
lSx^lx-y){Sx-y)    =  2x33a"(a;-y)(3a?-y). 

.-.  H.C.F.  =  6aVaj-v). 


16.  3a»  +  6ar»-24a;  =  3a;(a,-»+2a;-8) 


=  3a;(: 

=  3a;(a;  +  4)(aj-2), 
6a;»-96a;  =  6a;(a;»-16) 

=  6a;(a;  — 4)(a;  +  4). 

.-.H.C.F.  =  3  a;  (a? +  4). 


16.  ac {a  —  b)  {a—  c)  ==  ac (a  —  b)  (a  —  c), 
6c  (5  -  a)  (6  -  c)  =  5c  (a  -  5)  (c  -  6). 

.*.  H.C.F.  =»  c  (a  —  b). 

17.  10a:»y-60a;»y«  +  5a?y»  =  5a!y(2a;»~12a«/  +  yn 
5a;»y«~5ay»-100y*  »5y«(a;«-a!y-20y^) 

-5y«(a;-5)(a;  +  4). 
.-.  H.C.F. -5y. 
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18.  a;(a;  +  l)»  =  a;(x  +  l)*, 
x'(x^-l)  =  x'{x  +  l)(x-l), 
2x(a;*-a;-2)=  2a;(a;-2)(a;+l). 

.-.  H.C.F.  =  a;(a;  +  1). 

19.  3a;»-6a;  +  3=3(a;-l)«, 

6  a;»  4- 6  a;  - 12 = 6  (a;+2)  (x'-l), 
12a;»-12  =  12(a;-l). 

.-.  H.C.F.  =  3(a;-'l). 


20.   6(a-i 
10(0* 


(a-i)*  =  6(a-5)*,  23.  a;»-l  = 

(a'  ^b^y  =  S{a  +  by(a-b)\  a;»-l- 

[)  (a*-6*)=10(a«+&^)(a+  bXa-b).      sc'-^x- 


.-.  H.C.F.  =  2(a- ft). 


21.  a;*-y'  =  (a;  +  3/)(j;-y). 

(aJ  +  y)'  =  (?+yA 

a;»  +  3a;y  +  2y»=(x+y)(x+2y). 

.-.  H.C.F.  =  (a;  +  y). 

22.  a^-'y*'°(x  +  y){x  —  y), 
a;»-y«  =  (x-y)(a;«  +  ary  +  y»), 
05*— 7a;y+6y'  =  (»— y)(a;— 6y). 

.-.  H.C.F.  =  (a;-y). 


(a;-l    a;  +  l), 

(a?  -  1)  (a;*  +  a;  +  1), 

2»(a;-l)(a;+2). 

.•.H.C.F.  =  a:-l. 


Exercise  XLVm. 


1. 

5x«  +  4a;-l 
boc^  —    X 

5a;-l 
5a; -1 

20a;»  +  21a;-5 
20a;*  +  16a;-4 

4 

5a;-l 

a;  +  l 
1 

.-.  H.C.F.  =  5a;-l 

2. 

2aJ»-4a;»-13a;-7 

2a;»4-4a;»+    2a; 

-8a;»-15a;-7 
-8a;»-16a;-8 

6a;»-lla;*-37a;-20 
6ar»- 12a;* -39a; -21 

3 

a;*-h    2a;-h    1 
a;*+      X 

2x-8 
a;  +  l 

.  a;  +  l 

x+    1 
x+    1 

.-.H.C 

LF.  =  a;+l 

3. 

a)  6  a*+25  a«-21  a«+4  a 

6a«+25a2-21a  +4 
6  a'—  5a2+     a 

2a)24a*+112a»-94a*+18a 

Reserve  a. 

12a3+  56a*-47a  +  9 
12aH  50a*-42a  +  8 

2 

30aa-22a  +4 
30a2-25a  +5 

6a^-  5a  +  1 
6a*-  2a 

a  +  5 
2a-l 

3a -1 

-  3a  +  1 

-  3a  +  1 

.'.  H.C.F.  = 

• 

=  a(3a-l) 

4. 

9ar»  +  9a?-4a;-4 
9ar»           -4a; 

9a;»          -4 
9a;*          -4 

45a;»  +  54a;*-20a;-24 
45a;»  +  45ar»-20a;-20 

5 

9a;*            -   4 

a;  +  l 
1 

.-.  H.C.I 

?^.-9a;*-4 
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6. 

3a;')27a;«-3a;*  +  6a;»-3a;' 

9a;*-   a;"+2a;  -1 
9a;*  +  6a;»  +  3a; 

-6ar»-    a;»-a;-l 
~6a;»-4a;«       -2 

3aJ-a?  +  l 


6a;)162a;*+48a!»-18a;»+6a; 

27a;*  +  8a;»-3a;  +1 
27a;^-3a;»4-6a;»-3a; 


3a;»  +  2a;«       +1 


3a;2_a.  +  i 
3a;*-a;  +  l 


BeserveSa;. 
3a; 

3a;^2 

«  +  l 


.-.  H.C.F.  =  3a;(3a;»-x  +  l). 


6. 


10)20aJ»-60a;» 

+  50x- 

20 

4a;)32a;*~92a;»+68a;»- 

24  a; 

Reserve  2. 

2a;»-   ex" 
2ar»-    Gx" 

+   6x  — 
+    4a; 

2 

8ar»-23a;«+17a;-  6 
8ar»-24a;»+20a;-  8 

a;«-  3a;  +  2 
a;*-  2x 

4 

X  — 
X  — 

2 
2 

2a; 
x-\ 

-     X  + 

2 

.-.  H.C.F 

.-2(a;-2). 

7. 

4a;*-   8a;-5 
4a;«-10a; 

12a;»-   4a; -65 
12a;«-24a;-15 

3 

2a;-6 
2a;-5 

. 

10)20a;-50 
2a;-   6 

2a; +  1 

• 
•   • 

H.C. 

F.«2a?-6. 

8. 

d)Za^  —  5a^x  — 

2  03? 

a)9a»-8a«a;- 20  aa;* 

Reserve  a. 

So* -baa:   - 
Sa^  —  6ax 

2a? 

9a=»-   8ax-20a;" 
9a'-15aa;-   6a;* 

3 

ax  — 
ax  — 

27? 
23? 

7  a;)  7  oa;  — 14  a;* 
o   -   2a; 

3a-|-a; 

.-.  H.C.F. -a(a- 2a;). 


9. 

10a;»+    3? 
\03?-bx^ 


9a;  +  24 
+  15 


3)6a;'-9a;+    9 
2a;»-3a;+   3 


20a;*-17a;»-l-48a;-3 
20a;*  +  2ar>-18a;'  +  48a; 


-2a;» 
->2a;» 

+ 

+ 

a;* 
3a;2- 

3a; 

-3 

• 

^_ 

2a;*  + 

2ar»  + 

3a;- 
3a;- 

-3 
-3 

2a; 

«5 

-a;-l 


H.C.F.  =  2a;*-3x  +  3. 
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10. 

2)8ar>~4a;»-32a?-182 


4ar»-2a:«-42a; 


-   91 


13)26g-   91 
2a?-     7 


3)36g»-84g'-llla?-~126 


12a:»-28a:«-  37x-   42 
12ar»-   Bx^-  48a;-273 


-ll)-22a»+  11  a; +  231 
2x2-  X-  21 
2a;«-     7x 


6x-   21 
6x-  21 


2x 

x  +  Z 


.'.  H.C.F.  =  2a;-7. 


11. 

5a»(12a*  +  4a;«  +  17a?-3) 

12ar»  +  4a:*-Hl7a?-3 
12ar^  +  4ar'-      x 

3)18g-3 

6a;-l 


.-.  H.C.F.-5a;(6aj-l). 


10fl?(24a?-52a:«  +  14aj-l) 

24a»-52a;»  +  14a;-l 
24a;»+   8g»  +  34a;-6 

-5)-60a:'-20x  +  5 

12x»+   4a;-l 
12a;»-   2a; 

6aj-l 
6a;-l 


Reserve  6x. 
2 


2x  +  l 


12. 


2.v)  18ar*y-18a;'y'-2gy»-8y* 


da^—dic'y—xy^—  4^* 
9a;»  -ary'-20y» 

y)-9a;^         4- IV 

-9a;»  +16y» 

-9a;«+12ary 

-12a:y+16y2 
-12a^+16.v' 


fl;y)9a;*y  —  g'y'—  20a;y* 

9ar»-      ar5/«-20y» 
9ar^-16a;y» 

5.v^)15ayy'-20y' 

3a;    —  4y 


Reserve  y. 

1 

—  a? 

-3a;-4y 


•.  H.C.F.  =y(3a;-4y). 


13. 

6ar» 
6a;» 


»^15 
lOx 


9a; -15 
9a?-15 


9a;* 
2 

-3a;- 

20 

18a^'- 
18a;*  ■ 

-6a;- 
-3x- 

40 
45 

- 

-3a;  + 

5 

-2a;-3 
.-.  H.C.F  =  3a;-5. 


1 
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14. 

12a!>-   91*+   5x  +  2 
2 

24i'  +  10x  +  l 
241*+    61 

x  +  7 

6i  +  l 

24i'  +  10i'+      X 
-282'+   9r  +  4 
-6 

4i  +  l 

4j  +  X 

168^-   54a:-24 
168^+    70z+    7 

-31)-mi-31 

lx+    1 

.-.  H.C.F.-41E  +  1. 

15. 

3)Gx>  +  15x>-fix  +  9 

3)9i"  +  6i'-51i  +  36 

Beserve  3. 

2x'+   5i'-2i  +  3 
11 

3aJ  +  2x'-irx  +  12 
2 

22i'  +  55i'-22ir  +  33 
22x'  +  56.t'-30i 

6iJi+    42'-34i+    24 
6j?  +  15s?~    6a'+     9 

3 

-2x 
11 

~x  +  ll 

-!>+    8i  +  33 

-llx'-28!i:+    15 
-lli'  +  e8i  +  363 

ll»  +  33 
Hi +  33 

-116)-116x-348 

1+      3 

16. 

.-.  H.C.F.  =  3(x+3). 

4i»-    x'y-    !ty'-5)^ 
4^  +  4r'v  +  4V 

71*+   4a^+   4iy'-  3y> 

7 
4e-5j, 

-5i'¥-5™'-5y' 

28i:>  +  16x'y  +  16iv'-12j^ 

23v)23x»v  +  23a^'  +  23v» 

I*   +      xy  +     y' 

17. 

.■.H,C.F.  =  3?  +  xy+y'. 

2o'-2a'-3a-   2 

Sn*-   a' -2a -16 

3 

-9 
4a +  13 

4o'-4a'-   6«-4 
4o'  +  5a'-26a 

ea»-2a'-4a-32 
6a«-6o'-9o-    6 

-9a'  +  20a-4 
4 

4a'- 8a 

-30a'  +  8Oa—  16 
-36a>-45a  +  234 

Isa-is 

125)  125a -250 

.-.  H.( 

.F.-a-2. 
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18. 

2)12y»-t-2.v«-94.v-60 
6y3^  y*-47y-30 
8    ■ 

48y»+  8y*-376y-240 
48.v»-42,v«-405.v 

50y«+  29y-240 
8 


19. 


400y»  +  232y-1920 
400.v«-350y-3375 

291)582y-4-1455 

2y+       5 

9  J- (2  ar*  -  6  a:* -«»  + 15;» -10) 

2ar*-6a^-a:*  +  15a;-10 
_9 

18a;*-54a;»-  9a;»+135a;-90 
18  a;*-  2ar^-45g«-4-    5g 
2)-52ar^+36a^+130a;-90 

-26a^+18a;»+  65ar-45 
9 

-234a:»+162  a;*+585  a?-405 
-234a:»-4-  26g»+585g-  65 

68)  136  a:^-  340 

2a;*-  6 

20. 

15a;*  +  2a:»-75a;*+   54»  +  2 
15a;*  -75a:»  +  15a; 


2)48y»-24y«-348y+   30 


24y»-12y»-174y+    15 
24v»+  4y«-188y-120 


-16y«+   14y  +  135 
-16v'-   40y 


54y  +  135 
54y4-135 


Keserye  2. 
4 

-3y-25 
-8y  +  27 


.-.  H.C.F. -2(2^  +  5). 


6  a;*  (4  a;*+6  a«-4  a;*-15  a;-15) 

4a;*+    6ar»-4a;*-15a;-16 
4a;*-12a;»-2a;»  +  30a;-20 


18a;»-2a;»-45a;+  5 
18a;»  -45a; 


-2a:» 
-2a;» 


+  5 

+  5 


Reserve  3a;. 
2 

ir-13 
9a;-l 


.-.  H.C.F.  =  3a;(2a;«-5). 


2a;» 
2a^ 


-10a; +  2 
-lOx  +  2 


.-.  H.C.F.  =  a;»-5a;  +  l. 

21. 

21r»-32a;»-54a;-7 
5 

105ar»  -  160aj»  -  270a; -35 
105ar»4-    99a;2+    12fl; 


35a;*+  a?-175a;»+30aj+  1 
3 


105a;*+  3ar»-525aj»+90a;+  3 
105a;*+14a:»-525a:»+35a;  +14 


-ll)-llr'  +55a;-ll 

a*  —  5a!+  1 


7 

15a; +  2 


-259  a;* -282a; -36 
5 


-1295a;»-1410ar-175 
-1295  a!* -1221  a; -148 


-27)- 189a;-    27 
7a;  +     1 
H.C.F.«7»4-1- 


21a;*- 
21a;*- 

-  4a;»- 
-32^- 

15a;* -2a; 
54a;* -7a; 

28ar»  + 
3 

39a;*  +  5a; 

84  a;* 
84  a* 

+  117aj* 
-128aJ» 

+  15a; 
-216a;-. 

28 

. 

7)  245  a;* 

+  231a; +  28 

35  a^ 
35  a;* 

+  33a;  + 
+  6x 

4 

28  a;  + 
28  a;  + 

4 
4 

3a; -37 

5»  +  4 
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22. 

9aj*  -22a:*y«-3ay+10y* 
_2 

18a;*-  9a:»y«4-105ary»-69a:»y 


y)69r^y-35a^y«-l  1  lgy»+2(V 


2 


138a^-  70a5»y-222a;y«+  4(y 
138r^-529ar'y-  69xyH80V 


153y)  459a:»y-153ayy»-765y» 


3»*  —      «y  —     5y' 


gy)  9a:;^y— 6j*y*4-g*y'~25gy^ 
9aj*-6a;»y+Ai  -25y* 

9jr*       -22a:V-3ayy»+l(>v* 

-y)-6ar>y+23a;*yH3arv*-35y* 

6i^  -23x*y  -3ary2+36y» 
6ar»  -  2ar^y  -10.Ty« 

-7y)-21a?»y  -H7a?y«+35y3 
3x^  —  xy  —  5y* 
Sg*    —  a^  —  5y' 


Bes.y. 
1 


3a; 
23 

2x 


.-.  H.C.F.  ^yCSa^'-a^y-Sy"). 


23. 


4ar*  +  2a;»-18«*  +  3a?-5 

4g*-8g»+    2a'-2a; 

10a:»-20a;*  +  5x-5 
10a:»-20««  +  5a-5 


6a;*-4a;*-ll»»-  Sa"-  3x-l 
2. 


12ar*-8 a;*-22 ar»-  6a;«-.  6aj-2 
12ar*+6ar*-54ar»+  9a;»-16a? 


-14a;*+32ar'-15a;»+  9a;-2 
2 


-28aj*+64x8-  30a^+18a;-  4 
-28aj*-14a^+126a^-21a?+35 


39)  78g»-156a:^+39a;-39 


2ar»-    4a:^+     a;-  1 


3a; 


-7 


2x-^5 


H.C.P.-2«>-4«»+a;-l. 


24. 


3a»-7ax*  +  3a*ar-2a* 
2 

a^—  aaj*—  d'ai* —  a'x — 2o* 
3 

6r»-14aa;*+    6o«a;-4a' 
6a^-    9aa^-    6a*x 

3  aj*-3  aar»-3  a*ar*-3  a^x-Q  a* 
3a?*-7(SKc8-f3aV-2a8ar 

a; 

-a)-5oa:»+12a»a;-4a» 
5a*— 12aa;  +4a* 

4aa!»-6aV-  a*a?-6a* 
3 

2 
10a»-24«x-f    8a* 

12 03:^-18 a*x*-  3a»a;-18a* 
12axa-28a*ir*+12a«K-  8a* 

4a 

lOaj  -15aar-10a* 
-9a)-9aa;  +  18a* 
a?-   2a 

5a*)10a*r'-l5a3x-10a* 

2x^-  Sax-  2a« 
2a;*-  4oa: 

ax-  2a* 
ca;—  2a^ 

.-.  H.C.F.- 

3x 
5 

2x-f  a 
=  a:-2a 
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Exercise  XLIX. 


1.  2a^+x-l  =  (a?+l)(2a;-l), 
a'+5a;+4  =  (a;+l)(a;+4), 
a:»+l  =  (aj+l)(a^-a;+l). 

.-.  H.C.F.  =  (x+l). 


3.  aj»-4a!»  +  9a;-10 

-2a:'  +  4aj-10 
-2aj»  +  4a;-10 


a:*-2aj  +  5 


.-.  H.C.F.  =  (a?-2aj  +  5). 


2.  y»-y»-y+l  =  yVy-l)-(y-l) 
-(y*-i)(y-i). 

3y«-2y-l=(y-l)(3y+l). 

y'-y'+y-i  -r(y-i)+(y-i) 
»(y+i)(y-i). 
.-.  H.C.F.«(y-l). 


a!»  +  2a^-  3* +  20 
a^-4a;*+   9a;-10 


6)6a^-12a;  +  30 
a^-    2x+    5 

aj"4-5a:'~   9a; +  35 
a^-2a:*+    5a: 


7ar»~14aj  +  35 
7a:»-14aj  +  35 


aj-2 

«  +  7 


4.   a^-    7a:»+    16a;- 12 

_7 

7ar^-49»»  +  112x-84 
7aH>-32a;'+    36a; 

-17ar2+    76aj-84 

7 

-119a;»  + 632a? -588 
-119a;«  + 544  a; -612 

-12)-    12a;  +    24 
a;-     2 


.-.  H.C.F.  =  («-2). 


3a;»-14a;'  +  16a; 
3a;»-21a;2  +  48ar-36 


7aj*-32a;  +  36 
7a;»-14a; 

-18X  +  36 
-18a; +  36 


5a;»-10ai»+  7a; -14 
5ar»-10a5» 


7a; 
7a; 


14 
14 


3 

x-17 
7a; -18 


5»*+7 


6.   y»-5y«  +  lly-15 
y*—    y'+    3y  +    5 

-4)-4.v»+    8.V-20 
y'-   2y+    5 

y«-2y  +  5 


•.  H.C.F.»y»-2y  +  5. 


^ 
ii 


y«  +  3y  +  5 


-  2y«  +  5y 


y2_2y  +  5 

^    •2y  +  5 


tL 


2y»-7y*  +  16y-15 
2v»-43/=^  +  10y 


-3y2+    63/ -15 
-3y+    6y-15 


1 

y  +  1 


2y-3 
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6.   2x^  +  Sx-5  =  (2x  +  b){x~l). 
3x^-x-2  =  (Sx  +  2)(x~l\ 
2a;"  4-  a;  -  3  =  (2a;  +  3)(a;  -  1). 

.-.  H.C.F.  =  j 


-1. 


7.  aJ»-l 

a^  -{-a^  +  x 


—  aj*  —  X 

—  a^  —  x 


1 
1 


s^-\-x-^  1 


aJ»- 
x' 

■X^  —  X- 

-2 
-1 

— 

■x'  —  X- 

-1 

2a;» 
2ar» 

-  x"- 
+  2a;2  + 

X- 

2x 

-3 

-3a;«- 
-3a;2- 

3a;- 
3a;- 

-3 
-3 

-a;  +  l 


2a;-3 


.-.  H.C.F.  =  a?  +  a  +  l. 


8.   a;»-3a;  -2 

a;*  +  2a;'  +    x 

-2ar»-4a;-2 
-2a^'-4a;-2 


a^*  +  2a;  +  l 

g'  +     X 

x-\-\ 
x  +  \ 


2a;'  +  3a^  -1 

2a;»  ~6a;--4 


3)3ar»  +  6a;-{-3 
a;"  +  2a;  +  l 


aJ»  +  l 

ar^  +  2a;'  +    a; 


-2ar»-    a;  +  l 
-2a;'-4a;-2 

3)3a;  +  3 

a;  +  1 


a;-2 


a; -2 


x+l 
H.C.F.  =a:  +  l. 


9.   12(a;*-y*) 

8  (a;*y  +  xy*) 

10.        3^  +  xy^ 

a*  +  a;*y'  +  y* 


'12(a;«4-3/«)(ar»--y«) 

10(a;'  +  y*)fr*  — y«) 

10(a;  +  y)(a;^  -  a;y  +  y^){x  - y ) (a;*  +  ajy  +  y*) r 

Sxy{a^  +  y^) 

Sxy{x  +  y)(o^-xi/-\-y'). 

.-.  H.C.F.«2(aj+y). 

a;  Tar*  +  2/^) 

a;(a;  +  1/)(a^»-a^y+y2); 


y(ar»+y3\ 

y{x-\-y)(a^-xv-\-y^); 
lai^-^2a^y^-\-y^)-'X^y^ 


Jx^  +  y^y^  —  xh/^ 
« (a;"  +  a;i/  +  y^){s?-xy  +  y«). 

.-.  H.  C.  F.  =  (ar»  -  ay  +  y«). 
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11.   2{x^y  -  xy^)  =^  2xy  {x  -  y\ 

H^y  -  ay*)  =  ^xy{x  +  y\{x-y\ 
4i{xry  —  an/*)  =  4xy{x  —  y){!j!^  -{■  xy  +  y'), 
5(a^y  -  xy^)  =  5xy{x  +  y){x-y)(x^  +  y^). 

.%  H.C.F.  =  iBy(a;  — y). 
Exercise  L. 

1.  4a»aj  =  2«Xo»Xaj,  10,  or*  -  1  =  (a;  +  1)  (a?  - 1), 
ea'ar*  =  3  X  2  x  a«  X  a:*,  x^  -  x  =  x(x -\- 1), 

2ax^  =  2xaxx^.  or*  -  1  -  (a;  -  l){a:»  +  «  +  1). 

.-.  L.C.M.  =  12a'a*.  .-.  L.O.M.  =  x(a;  +  l){ar^-l). 

2.  18aa!»  =  32x2xaXa^,  11.   2a+l=2a  +  l, 

72ay2  =  3*  X  2»  X  a  X  y',  4a^  -  1  =  (2a  +  l)(2a  - 1), 

12a:y  =  3x22xajXy.  8a»  +  l  =  (2a+l)(4a«-2a+l). 

.-.  L.C.M.  =  72 aa^y«.  ...  L.C.M.  =  (8a»+l)(2a-l). 


(a2_6«)  =  (a+6)(a-J). 


3,  a'  =  a;Xa?,  X2 
aa?  +  a'  =  a;(a  +  a!). 

.-.  L.C.M.  =  a!*(a  +  a;).  '  .-.  L.C.M.  =(a  +  6)«(a-i). 

4,  a?-l  =  (x  +  l)(x-l),  13,  4(1+ a?)  =  4(1+ a;), 
{x'-x)=x(x-l).  4(1 -a;)  =  4(1 -a:), 

.-.  L.C.M.  =  a:(a;  +  l)(a;-l).  2(1 -jr*)=  2(1 +ar)(l -ar). 

K      2     j^     /    ^7.\f       h\  .-.  L.C.M.  =  4(l  +  a;)(l-x). 

5,  a'  — 6*  =  (a  +  6)(a— o), 

a^-^ab  =  a{a  +  b).  ^^  a;-l  =  a;-l, 

.-.  L.C.M.  =  a{a-{-h){a-b).  ^a  ^x +  l=-x* +  x  +  l, 

a:3_i  =  (^_l)(^  +  a.  +  l). 

4r«-l  =  (2a;+l)(2a;-l).  ..L.UM.-ar'     i. 

.-.  L.C.M.  =  (2a;+l)(2a;-l).  15,   r^  _y2=.(x +  y)(x-y), 

-         T          T  (x  +  v)'*  =  (a;  +  y?. 

7.  a  +  i  =  a  +  6,  L  -  ?^{«  =  (a;  -  v)< 

.-.  L.C.M.  =  {a+b){a^-ab+n  "  ^- ^'  -^^^  -  (^  +  2/>  A^     ^/j  • 

^-i:&:l)(a^  +  l)(-l).  I2(a^+y3f=12(.+y)r^^^^^ 

...  L.C.M.  =  (.'«+l)(a:+l)(.--l).  •'•  L.C.M.  =  12(a^+y»)(.-3/)'. 

9.   a^-a;  =  a;(a;-l),  17.   6(a:» +  a^)  =  6a;(a;  +  y). 

5-l  =  rx-lW>+a;  +  l)  8an/-y2)  =  8va;-y). 

^  +  l  =  g  +  l^(^-:  +  i:  lo(^^-y^j  =  l6(.  +  y  (;-y. 

.-.  L.C.M.-a;(a:8  +  l)(a:»-l).  .'.  L.C.M.  =  120arj/(a;  +  y)(a;-y). 
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18.  a;2  +  5a;  +  6  =  (a;  +  3)(a;  +  2),     20.   a:* 4- 11  a; +  30  =  (a; +  6) (a; +  5), 
ar«  +  6a;  +  8  =  (a;  +  2)(x  +  4).  a:2  +  12a;  +  35  =  (a;  +  5)(a;+  7). 

.  •.  L.  C.  M.  -  (a;  +  2)  (x  +  3)  (x  +  4).        .  •.  L.  C.  M.  -  (»+5)  (ar+6)  (a;+7). 

19.  a«-a-'20=(a-5)(a+4),     21.  aj»-9a;-22  =  (a:  +  2)(ar-ll\ 
a^  +  a  - 12  =  (a  +  4)(a  -  3);  ar»  -  13a;  +  22  =  (a;-  2)  (a;-ll). 

.-.  L.C.M.=(a-3)(a+4)(a-5).    .-.  L. CM. -(a; +  2) (a; -2)  (a; -11). 

22.  4a5(a»-3a64-26)  =  4a6(a-2&)(a-5), 
5a2  (a*  +  a6-  66«)  =  5a«  (a  +  36)(a  -  26). 

.-.  L.C.M.-20a«6(a-&)(a--26)(a+3&). 

23.  20(a;»-l)  =  20(a;  +  l)(a;-l),    26.   (a-h)(a-c)=^  {a-h)(a-c\ 
24  (a^-a;-2)  =  24  (a;-2)  (a;  + 1),  (b-a)  {b-c)  =  -  (a-b)  (6-c). 
16(x3+a^2)  =  16(x-2)(a;+l).  (c-a)(c-6)  =  (a-c)(6-c). 

.-.L.C.M.  =  240(a;+l)(a;-l)(a;-2).     .-.  L.C.M.  =  (a-6)(a-c)(6-c). 

24.  12a^(a;»-y«)=12a^(a;+y)(a;-3/), 
2  ar*  (a;+y)»  =  2  ar»  {a;+y)  (x-\-y\ 
Zy\x-yf=^y\x-y){x^).      ^    ^_4^+3x  =  x(x«-4a;+3) 

.-.  L.C.M.  =  12xy(x-yf{x-\-yy-  =  a;(a;-3)(a;-l), 

a^-|.ar»-12a;2=  a:2(a^_^a._12) 

25.  (a  -  J)  {h  -e)  =  (a  -  6)  (5  -  c),  =  x"  (x-^4)  (a;-3), 


^a_J)(6-c)  =  (a-6){&-c\ 
(6— c)(c— a)=  — (a— c)f6— CK 
(c—a)(a—h)  =  —  (a—b)la—c). 


ar*+3a*-4a;»=  ar»(a;2+3x-4) 
=  ar»(a;-l)(a;4-4). 

.-.  L.C.M.  =  (a- J)(6-c)(c-a).    .-.  L.C.M.  =  a;»(a^-l)(a;-3)(ar+4). 


28.  a^y-xy^  =  xy{x-yl 
Sx(x  —  yY  =  3x(x  —  yy , 


.-.  L.C.M.  =  12ay(a!-y)» 


).  (a  +  6)»  -  (c  +  rf Y*  =  (a  H-  6  +  c  +  rf Va  +  6  -  c  -  rf), 
{a^-cf-lb^-df  =  {a  +  b-\-c-\-dVa  —  b-^c  —  d\ 
(a  +  (?)*-  (6  +  c)*  '='(a-\-b-\-c-\-  d)(a- 6  —  c  +  rf), 

.  %  L.  C.  M.  =  (a+&+c+c?)  {a-*rb—c-d)  {a-b+c—d)  (a— 6— c+c?). 


30.   (2a;-4)(3a;-6)  =  2(a;-2)x3(a;-2), 
(a;  -  3)(4a;  -  8)  =  (a;  -  3)  X  4(a;  -  2), 
(2a?-  6) (5 a; - 10)  =  2(x-  3)  X  5(a;- 2). 


.-.  L.G.M.  =  60(a;-2)«(a;-3). 
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Exercise  LI. 

• 

1.  6a!»  -  a;  -  2  i- (3a;  ~2)(2a;  4-1), 

21  x^  -  17aj  +  2  -  {3a:  -  2)  (7a;  -  1), 
X4a;*  +  5aj-l-(2a;+l)(7a;-l). 

••.  L. C.  M-.  -  (3a?  -  2)  (2«  + 1) (7a!  - 1). 

2.  a;»-l  =  (a;+l)(a;-l). 

a;»  +  2a;  -  3  =-  (a?  +  3)(a;  - 1), 
6a;2  _  aj  _  2  =  (3a;  -  2)(2a;  +  1). 

.-.  L.C.M. -(2a;  +  l)(3a;-2)(x-l)(a;+l)(a;  +  3). 

3.  a;»-27  =  (a;-3)(a^  +  3a;  +  9), 
a;*  -  15a;  +  36  =  (a;  -  3)  (x  -  12), 

a;»  -  3ar»  -  2a;  +  6  =  ar»  (a; -  3)-2(x -  3) 

=  (a;»-2)(a;-3). 

.-.  L.C.M.  =  (a;  -  3)  (a;  -  12)  (a;*  -  2)  (a;"  +  3  »  +  9). 

4.  5a:»  +  19a;-4  =  (5a;-l)(a;  +  4), 
10a«  +  13a;  -  3  =  (6a;  -  l)(2a;  +  3). 

.-.  L.C.M.  =(5a;-l)(a;  +  4)(2a;+3). 

6.   12a;*  +  a;y-6y'  =  (4a;  +  3y)(3a?-2y), 
18a;»  +  18a;y  -  20y^  =  (3a;  -  2y)(6a;  +  lOy). 

.-.  L.C.M.  =  (4a;  +  3y)(3a;- 2y)(6a;  +  lOy). 


6.   a;)a;*— 2a;^  +  ag 

ar»-2a;«  +  l 
s^-2x  -1 

-2)-2a;'  +  2a;  +2 

x^—    a;  — 1 


Hence,        a;* 
and  2  a;* 


2)2a;*-2a;«~2a;  -2 

a;*—    a;*—    a;  —  1 
a;*  — 2a;'  +    x 

X 

ar^-2x  -1 
a^  —    a?  —  X 

X^  —     X   —1 

ar«-    X  -1 

1 

a;  +  1 

23;*  4-  a;  =  (a;*  —  a;  —  1)  X  a;(a;  -  1), 
2s^-2x-2  =  {x^-x-l)x2{x  +  l). 

.-.  LC.M.  =  2a;(a;»-a;-l)(a;  +  l)(a;-l). 


7.   12a;*  +    2a;--   4  =  (6a;  +  4)(2a;-l)- 2(3a;  +  2)(2a;- 1), 
12a;»  -  42a;  -  24  »  (6a;  +  3)(2a;  -  8)  =  6(2a;  +  1)  (x  -  4). 
12a;»  -  28a?-  24  =  (6a;  +  4)(2a;-  6)  =  4(3a;  +  2)  (a;-  3). 

.-.  LC.M.  =  12(3a;  +  2)(2a;  -  l)(2a;  +  l)(a;  -  4)(a;  -  3). 


8.  ^-6i>  +  lli-6 

J!'-5sf'+     til 

-  3?+    5i-e 

-  x'+   5e-6 

i'-9j?  +  2fii-24 

-3)- 31'  + 151-18 
x'-   5z+   6 

i»-8i'  +  ]9e-12 

1^ 

2){i 

1 

X       1 

r'-bx  +  e 

1-3 

-2i  +  & 
-2x  +  e 

-31" +  131 -12 

-33^  +  151-18 

-2)-   2i+   6 

I-   3 
ii-<x^l)(x-2){x- 

«-2 
-3)(i-4). 

!a)(. 


-2.1 


-(;^  +  4a')(.+2A 

*-8a'  =  a»(»-2o)+4o'(3-2o) 

.(^-Ho')(.-2.). 

.-.  L.C.M.  =  (^  +  2a)(j-2o)(i'  +  4a'). 


-2j/"-^(H.2!,)-j^(.  +  2s) 


■.  I.0.M.-(i'-j^)(,  +  2j)(.-2j). 


ip+p'.            12.  l-o  =  l-a, 

-p  +  »'.  (l-.)'_(l-„)n_a), 

i+i.')(l-p+p').  (1— )'-il-")il-")(l-«)- 

tf.  =  l+p'+p'.  .-.  L.C,M, -(l-o)'. 


a  +  S+clla  +  i-c), 
a  +  i+cSi-otS  +  t). 

C.M.  =  (a  +  6  +  «)(a+&-c)(o. 
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14.   c)4c^-c^-3cy« 

A<?  —  cy  —  3y' 
_9 

36c»-    9cy-27y» 
36c«-52cy+16y' 

43y)43cy-43y» 


3c»-3c*y +  cy*-y8 
4 


12c»-12c»y+    4cy«-4y» 
12c»-    3c».y-    9cy« 


—  y)-9c^y  +  13cy'  — 4;/ 


9c«    -13cy  +4y« 
9c»    -   9cy 


—  4cy  +  4y* 

—  4cy  +4v' 


3c 

4 
9c-4y 


Hence  4c^  — c'y— 3<^'='(c  — y)(4c'  + 3cy), 

3c»-  Sc'^y  +  cy''^f  =  (<?- y){3c»  +  y«). 

.-.  L.C.M.-c(c-y)(4c  +  3y)(3c»  +  y*). 

15.  m»-8m  +  3  =  (m+3)(m'-3m+l), 
m*  +  3m*  +  m  +  3  =  w*  (m  +  3)  +  (m  +  3) 

=  (m*  +  l)(m  +  3). 

.-.  L. C. M.  =  (m  +  3)(m« ~  3m  +  l)(m»  +  1). 

16.  20n*  +  n«-l  =  (5n«-l)(47i'  +  l), 
25n*+5n8-n-l  =  (57i«-l){5n»  +  n+l) 

.-.  L.C.  M.  =  (5n«  -  l)(4n«  +  l)(5n«  +  n  +  1), 


6+1 


17.   46»-126»  +  96-l 
7 

6*-26»  +  6«-86+8 
4 

286»-   846*+    636-7 
286»- 1606* +  1326 

4M-  86»+  46*-326+32 
46*-126'+  96*-     6 

766*-  696-7 
7 

46»-  56*-316+32 
46»-126*+  96-  1 

532  6«-   4836-     49 
5326* -30406 +  2508 

76*-406+33 
76*-  76 

2557)25576-2557 

-336+33 
-336+33 

6-        1 

46  +  76 
76-33 


Hence,  46» -  126*  +  96-  1  -  (6  -  1)(46*  -  86  +  1), 

j4_9^^+52_86  +  8«(6-  1)(6»  -  6*  -  8). 

.-.  L.  C.  M.  =  (6  -  1) (4  6*  -  8 6  +  1)(6»  -  6*  -  8). 


18. 

2r)2r*-8r*+12r»-8r*+2r 

r^-4r»+  6r*-4r  +1 
r*         -  2r«         +1 

^4r)-4r^+  8r»-4r 

r*-  2r  +1 


3r)3r*-6r»  +  3r 
r*-2r*  +  l 


2r8-3r*  +  l 
2r'-4r*  +  2r 


r*-2r+l 
r*-2r+l 


Reserve  r. 

1 

r*  +  2r+l 


Hence,  2r*  -  8r*  +  121^  -  8r*  +  2r  =  2r(r  -1)*, 
3r*-6r«+3r»3r(r*-l)*. 

.-.  L.C.M. -6r(r-l)*(r+l)*. 
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Exercise  LIT. 


1. 


4a;(a;  +  1) 
_(x^l)(x-l) 
4aj(aj  + 1) 

4«  * 


2    0^-90?  + 20 
a^-lx +  12 
_(a;-5)(a;-4) 
"(.'c--3){a;-4) 
^g—  5 


8. 


a^~2x~3 
a«  -  lOor  +  21 
_(g-3)(g  +  l) 
(a.-7)(a;-3) 


4. 


g*  +  g'  +  1 
aj*  +  g  4-  I 
_  (g'  -f  g  +  l)(g*  —  g  -f  1) 

g'+g  +  l 
—  g*  — g  +  1. 


6. 


a* 


+  1 


a»  +  2a»  +  2a  +  l 

(a  +  l)(a«-a+l) 
"(a  +  l)(a«  +  a  +  l)* 


a'  —  a  +  1 
a'*  +  a  +  1 


6    ^  +  2g'y'4-.v* 
g»-y« 
(g»-f.v»)(g»  +  y») 
{g»  +  y»)(g»-y») 
^  g*  +  y* 
g»-y» 


7. 


a 


,«~a-20 


a«  +  a  - 12 
^(a-5)(g  +  4) 
°°(a-3)(a+4) 

"a- 3* 


8.  g»-4g«+   9g-10 
g'  +  2r'-   3g  +  20 

~6)-6g»  +  12g-30 

g«-    2g+    5 


.•.  H.C.F.-g«~2g  +  5. 


g»  +  2g'-3g  +  20 
g»-2g2  +  5g 


4g«-8g  +  20 
4g"-8g  +  20 


1 

X 


g»-4g«+9g--10_(g«-2g  +  5)(g-2)_g-2 
*  '  g»  +  2g*  -  3g  +  20     (g»  -  2g  +  5)(g  +  4)  °  g  +  4 
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9.   a?-5x^  +  11X-15 
jg*  — 2a:»+    5x 


—  Sa^+    6a; -15 
-3a;*  4-    6a; -15 


x^-    x^+   Sx+    6 
a;»-5ar»  +  lla?-15 


«  — 3 


4)43?*-   8a; +20 
a;*—   2a;  +    5 
.\  H.C.F.  =  a;2-2a;-f  6. 

flJ  -  5a;*  +  11  a;  -  15  _  (a;  -  3) (a;*  -  2a;  +  5)  ^  a;  -  3 
a;»-a^'  +  3a;  +  5        (a;-»- l)(a;»-2x  +  5)     a;  +  l' 


10. 

ar*  —  a^i/  —  x^  —  y* 

a;*  H-  a^y^ 

—  a^y  —  af*y*  —  x^  —  y* 

— gy     .. ~"^ 


zJt 


a;*  +  a;'y  +  a;y'  —  y* 

2a:y)2ar^y +  2a^ 
a;»  +  y« 


I^ 


.-.  H.C.P.=  a?+y«. 

g*  —  ar'y  —  ary*  —  y*  _  (a;*  +  y*)  (a?*  +  ^  —  y*)  ^  g*  +  ay  —  y* 
Q^  —  ^y  —  xj^  —  y*     (a;*  +  y')  (a;*  —  a:y  —  y*)     3^  —  xy—y* 


11. 


fl?-3a+2 
4 


4a»  -12a +  8 

4a»  +  3a*-    7a 

-Sa*-   5a  +  8 
-3a*+   3a 


-    8a  +  8 
--8a +  8 


a'+  4a'—  5 

a»-  3a  +  2 

4ii«  +  3a  -  7 
-3 


-12a«-   9a  +21 
-12a' -20a  +32 


-3a 

-8 


ll)lla  -U 
a  -    1 
.-.  H.C.F.  =  a-l. 

.   q'  +  4a'  -  5  ^  (g  -  1)  (g*  +  5a  +  5)  ^ g'  +  5a  +  5 
'  "  a?  -  3a  +  2        (a  -  1)  (g'  +  a  -  2)  '^  a'  +  a  -  2 


12. 


a?  +0?*- a;  — 1 

3 

3a;»  +  3x'-3a;-3 
3a;'  +  2a;'-    x 

jB2_2a;-3 

a;*  +    x 

—  Sx  —  3 

—  3a;  —  3 


3a?  +  2a;-l 
3a;'-^6a;-9 

8)8a;  +  8 

a;  +  l 


X 

3 


a;-3 


H.C.R=a;  +  l. 

3a;'  +  2a?-l 

ar»+a;'-a;-l      (a;  +  l)(a!'- 1)      a;'-l 


(a;  +  l)(3a;-l)     3a; -1 
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13.  a»-    a:* -2a; +  2 
g»  — 3g»4-2a? 

2a;"-4a;  +  2 
2a»-6a;  +  4 


14. 


2)2g-2 

.-.  H:.C.P.=-a?-l. 
.  a*~3a^  +  4a;--2 

4a»-12aa;  +  9a* 
8ar»-27cF» 
(2ag-3a)(2ar-3c) 
"^  (2x  -  3a)(4  a*  +  6a»  +  9a*) 
«       2g--3tt 
4»*+6aBe  +  9tt* 


a:'-3a!»  +  4x-2 
a'-    g»-2a?  +  2 

2)-2a:»  +  6g-4 

a:»--3a?  +  2 

g*—    a; 

-2ar  +  2 
-2x  +  2 


1 

X 

12 
x—2 


(a?~l)(a»~2a?-f-2)_^a^-2a;  +  2 
(ar-l)(ai«-2).     ""      x«-2 


16. 


,g    15o'-f  o&-25« 
'  9a»  +  3a^>-26» 
(5g  +  25)(3a-.5y 
(3a  +  26)(3a--6) 
^5a  +  25 
3a +  26 


17. 


a?  +  2a6  +  6»-c« 
^gi^(5>  +  25e-fc^ 
°*(a»  +  2a&+6*)-c» 
^(a  +  5  -t"C)(a~5~c) 

(a  +  6  +  c)  (a  +  6  —  c) 

a  — 5--C 

a  +  6  — c 

a?*-a?*--2ar  +  2 

2ar'  — »-l 
(ar-l)(ar^  +  g^~2) 

(x-l){2a^  +  2x  +  l) 
__   g»-fg»-2 

2x*  +  2arH-l' 


18.  a» 

«* 


2a«-    a? +  2 
So*  +  2a? 


»*-3ar  +  2 
a* -3a? +  2 


a!»--6a:»  +  llar-6 
aj*-2a;»-      ar-f2 


-4)-4a:^  +  12a?-8 

a^-    3x  +  2  »  +  l 

H.aF.  =  a»--3ar  +  2. 

a:»-6a;'  +  llx-6^(g'--3ay  +  2)(ar-3)^ar~3 
a»-2a:»-ar  +  2    "(a^-3a;  + 2)(a;  + l)"'ar  +  l 


19.  60^^17x^  +  11x^2 
Gar'—    5  a?' +      a; 

-12ar»  +  i0a?-2 
-12g»  +  10ar-2 

.   6g'-23a»+16ay 
'*6a:»-17a»+lla: 


6ar»-23aj*  +  16a?-3 
6a*-lTg^  +  llar-2 

-1)-    6g'+    5a?-l 

Qx^-   5x  +  l 

3_(6a:>-5ar-fl)(r-3) 

(Sa:»-5ar+l)(ar-2) 


[1 


X  — 


X  — 


2 
3 


-2 


ar-2 
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20. 


g*  —  g*  —  a;  +  1 

"(g»  +  x  +  l)(g2-3aj  +  l) 
(r'-l)(a;~l) 

°"(g*  +  aj  +  l)(a:*-3aj  +  l) 
_(x-l)(x'^x  +  l)(x-l) 

«»-3a  +  l 


21.   a)a*-o»6-o«6«  +  a&» 


22. 


a'  +  J« 


.-.  H.C.F.  =  a»-a«6-o5«  +  i». 


(g  +  5)' 


^  (a4-5)(aHh5) 
'"(a^26)(a  +  6) 
^  g  i-6 
a -2b 

■   4(a26_a6«)» 

Sab(a-^b){a-b) 

3(a  +  6) 
4a5(a  — 6) 

a'  +  aZ>  —  ac 
^(a^  +  2ab  +  b^-c* 

a*  +  ab  —  ac 
_(a  +  b  +  c)ia-hb  —c) 
a{a  +  b  —  c) 
a  +  b  +  c 
a ' 


26    6a^  — llg'y -f^an/* 
6a^y  —  Sjcy'  — By* 
_x(6x^-lljn/+Sy^) 
y{6a^  —  5ajy  —  6y^) 
_  x(2x-3y)(Sx-y) 
y(2a;-3y)(3a;  +  2y) 

y(3a;  +  2y) 

a*-(5  +  c+/^)' 

(a_6)2_(c  +  c?)2 

^  (a  +  b  +  c-^d)(a—b—c—d) 

{a—b-{-c-\-d){a—b—c—d) 

a  +  b  +  c  +  d 


26. 


27. 


a  —  b  +  c  +  d 

6a^-5x-6 
8ar'»-2x-15 
_(3a;  +  2)(2a;-3) 

(4a?  +  5)(2a;-'3) 

3x  +  2 

sa^      ■■■.     I  • 

4aj  +  5 
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^  a'  —  gy  4-  y' 


29. 


oi'H-.V* 


0?*  —  a;"y^  +  y* 
(g'-t-y')(a;*~g'y'  +  y*) 
a?*  —  x^y*  +  y* 


(o+6)(a«-a5+6«)(a«+o&+y) 

a  +  6 
a  — 6 


Exercise  LUI. 


1.  »'-2»  +  l-»-l. 

«—  1 

2.  3aJ*+    2a;+    1 
3a;«  +  12a; 


aj  +  4 


3a; -10 


-10a;+    1 
-10a? -40 

+  41 
3aj"  +  2a;  +  l 


a;  +  4 


=  3a;-10  + 


41 


a;+4 


3,  Sx^-\-   Qx+   5 
3ar'  +  12a; 


a;  +  4 


3ic-6 


-6aj+    5 
-6a;-24 

+  29 
3x«  +  6a!  +  5    q^     a^  29 


a!  +  4 


aj+4 


6.  2a;»  +5 

2a:»-6a: 


aj-3 


2aj  +  6 


6a;+    5 
6g-18 

+  23 

2£±5^2«  +  6+^. 
a;  — 3  a;  — 3 


6.   10a2-17aa;  +  10a;» 
10a*-   2aa; 


5a  — X 


2a-3a; 


— 15  aa;  +  lOaj* 
—  15aa;+    3^^ 

+  7a:* 
10a«-17ax+10^2a-3a;+  ^"^ 


6a  — X 


5  a— X 


4.  o*  —    ax  +    a^ 
a'  +    ax 


a  +  x 


a  —  2x 


—  2ax+    x^ 

—  2ax  —  2x^ 


+  3ar» 

•'. ! —  =  a  —  2  a;  + • 

a-Vx  a  +  a 


7.  48ar^  +16 

48ar*-12a; 


4x-l 


12a; +  3 


12X  +  16 
12g;-   3 

+  19 

48^±i6_2x  +  3+— ^. 
4a;— 1  4«  — 1 
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8.    2ar»- 

bx-    2 

-8a; 

a;-4                    9. 

c?  —  ah 

a  —  h 

2x«- 

2a;  4- 3 

a  +  6 

3x        2 
3a;-12 

ah-h' 

2^- 

•      • 

X 

+  10                                                      +26» 
_4                           a;— 4              a  — 6                    a  — 0 

10.   5a;»-  ^         +5i5ar*  +  4a;-l 

5ar»+4a;*-  x 

x-\ 

— 5a^»+   x  +  5 
-5a^'-4x  +  l 

■ 

+5a;  +  4 
5ar»-a;«  +  5_^ 

"  '  5a;»  +  4a;-l 

^        5a; +  4 
5a;»+4a;- 

■1 

1. 1-^^ 

a;+y 
_a;  +  y-(a;-y) 
x-\-y 
x-k-y  —  x  +y 
x  +  y 

x-^2/ 


EXEBCISE    LIV. 

4.  a  —  a;  + 


a*-ha^ 


a  —  x 

a«-2aa;  +  a;'  +  (a»  +  g*) 
a  — a; 

2(a'-aa;  +  a^) 
a  —  x 


5.  5a -26 


3a«-462 


2.   1  + 


x-y 


x-\-y 

_x-\-v-h(x-y) 

x+y 

_x-\-y  +  x-y 

x&y 
2x 


5a  — 66 
25  a»-40a6+12  6M3a'-4  6^) 

5a  — 66 
22a'-40a6  +  166» 


6.   a  +  6- 


5a  —  66 
a«  +  6« 


x+y 


3.   3aj- 


l+2a;» 


X 


3a'-(l+2a^ 

X 

3aJ-l-2a;« 

X 

x 


7.  7a- 


a  +  6 
aa  +  2a6  +  y-(a«  +  y) 

a  +  6 
2a6 
a  +  6 

2-3a  +  4a* 


5-6a 
35a-42a''-(2-3a  +  4a^) 

5 -6a 
38a -46  a' -2 
5-6a 
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8.  3a;- 


5aa;  — 3 


2a 

Bag  — (5aa; 

~  2a 

aa;  +  3 

2a 


zJ) 


9.  ^  +  1 

a  —  0 

_  g  +  &  +  (a 

2a 
o  — 6 


10.  £Lz|_i 


zi) 


0  +  6 

a  -  &  -  (g  +  6) 
a  +  6 
_-26 

a  +  6 

11.  -^-(aj  +  y) 

x  +  y 

a;^-2a^-y« 
oj  +  y 


12.  5a-12a?^g^^3^. 
4 
5a-12a;  +  24a  +  12x 


29  a 


14.  a;  +  5- 


2a;-15 


a;-3 
2^  +  23; -15 -2a +  15 


X 


aj« 
a;  —  3 

15. 

2a  — 0 r 

a  +  & 

2g«  +  g6-6*- 

-2g& 

g  +  & 

2g«-g&-J» 

0  +  6 

16. 

a;  +  4 

• 

3a^  +  2a;-40  +  41 

a;  +  4 

3»«  +  2a;  +  l 

a;  +  4 

17.  a;»  +  a;  +  l+-^ 

a;  — 1 

g»-l  +  2 

a;-^l 
_ar^+l 

aj-1* 

18.^-3.-^3^ 

x^-  ^ 

a^-2  ar^-3  ar»+6  ar-9  a?+3  a^ 

a;-2 
jc*_2a;»-3a 

a;-2 

_a;(a;»-2a;'-3) 

aj-2 


13.  g-l  + 


g  + 1 


a' 


1  +  1 


g  +  1 


o^ 


a  + 1 


19.  a«-2aa;+4a?- 

_g8  +  8a^-6^ 

g  +  2« 
_g»  +  2ar> 

g  +  2a; 


6a!» 
g  +  2a; 
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20.  g-g+y  +  ^'-^y+y' 

x  +  a 
_  a^  —  g*  -f  ay  H-  oy  H-  o*  —  fly  H-  y* 


«  +  a 


«  +  g 


EXSBCISB  LV. 


6  18 


L.C.D.«18. 

The  multipliers  are  3  tad  1 
respectively. 

6     ""      18      ' 
4a;-9     4a;-9 


18 


18 


3    4g  — 6c    3g  — 2c 
6ac    '     12g*c' 

L.C.D.-60g«c, 

The  nmltipliers  are  12g  and  6 
raspectively. 

4g— 5c^48g»-60gc. 
6flc     ""       60g«c      ' 
3g-2c     15a -10c 


12a*e 


60g*c 


o    2a;  — 4y    3a;—  8y 
5»*     '       10* 

L.  C.  D.  -  10a». 

The  multipliers  are  2  and  x 
respectively. 

2x  —  4y  _  4a;  —  8y  . 

5x*  lOx* 

3a;-8y^3g»-8ay 

lOx     "      lOx* 


6 


1-ar    l-a» 

L.C.D.  =  l-a:». 

The  multipliers  are  l+a;and  1. 

5  5  4-5a;. 
l-aj""  l-o*  ' 

6  6 


5. 


(a_6)(6-<)    {g_6)(g^c) 
L.C.D.  -  (a  -  6)(g  -  c)(b  -  c). 
The  moltiplifliB  are  a  —  e  and  h  —  c, 

1 ^ g  — c . 

{a-h){b-c)^  {a~-b){a-c){b-cy 

1  b-c 

(a--b)(a-c)     (a-b)(a^c)(b-c) 
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6. 


4a^ 


xy_ 


3  (a +  6)    6(a»-6«) 

L.C.D.  =  6(a»-6»). 

The  multipliers  are  2  (a 
and  1. 

4g'     _8a^(a-5). 


3(o  +  5)      6(a«-6«)' 

xy       _       xy 
6(a»  +  6«)"6(a'-6«)' 


&) 


7. 


8a;  +  2    2x-l      3a:  +  2 


a; -2     3.T-6     5aj-10 

L.C.D.  =  15(a?-2).. 

The  multipliers   are    15,   5, 
and  3. 

8a;  +  2^30(4a?-f  1). 
.x-2        15(a?-2)  ' 
2a;-1^5(2g-l). 
3a; -6      15(a;-2)' 
3a? +  2  _  3(3ar+2) 
5a:- 10      15  (a; -2)" 


8    a  —  ftm    1     c—  6n 
•  1    A,    . 

L.C.D.  =  OTna?. 

The  multipliers  are  n,  mnXf  and  ok 

a  —  hm     an  —  hmn 

• » 

mx  '  mnx 

mrix 


1  = 

e  —  bn     cm  —  hmn 


nx 


mnx 


Exercise  LVI. 

J    3a;-2.v  ^  5a; -Ty  ^  8a;  +  2y^ 
5a;  10a;  25 

L.  CD.  =  50  a;. 

The  multipliers  are  10,  5,  and  2a?. 


16a;» 


30  a;  —  20y  =  first  numerator, 

25  a;  —  35y  =  second  numerator, 

-h4ayy  =  third  numerator. 


16a;*  +  55a;  +  4a!y  —  55y  =  sum  of  numerators. 

a         fit     4.-           IGa;"  +  55a;  +  4an/  — 55v 
,*.  Sum  of  fractions  = — ^ -f* 

50  X 
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2    4a:'-7.v'      3x-8y     5-2y 

3x»  6x  12 

L.C.D.  =  12a:». 

The  multipliers  are  4,  2  a:,  and  as*, 

163:*                           —  28  y*  =  firat  nnmerator, 
6  a:*              —  IGary  =  second  numerator, 

5a^— 2a:*y =  third  numerator. 

273:"  —  2x*y  —  IQxy  —  28 y*  =  sum  of  numerators. 

.•.  Sum  of  fractions  =  ^ — — ^  ""  ,   ^ ^ 

12a:* 

«    4a«-H5y  .  3a  +  2&  .  7-2a 

L.  CD.  =  905*. 

The  multipliers  are  45,  185,  and  10  ft*. 

180a*  +  225  6*  =  first  numerator, 

36  6*  +  54  oft  =  second  numerator, 
706* —  20oy  =  third  numerator. 

180  a*  +  331 6*  +  54a6  —  20  aft*  =  sum  of  numerators. 

o         rr     .■           180a*  +  54aft-20aft*+-331ft* 
.%  Sum  of  fractions  = — — • 

^   4a;4-5     3g-7  ^      9 

3  5x         12x* 

L.  C.  D.  =  60a:*. 

The  multipliers  are  20  a:*,  12  a;,  and  5. 

80  a::*  +  100  X*  =  first  numerator, 

—    36x*  +  84x  =  second  numerator, 
45  =  third  numerator. 

80  a:*  +    64  a;*  +  84  X  +  45  =  sum  of  numerators. 

80x*  +  64x*  +  84x  -f-  45 


Sum  of  fractions  = 


60  X* 


B    4x-3v     3x  +  7y     5x-2y     9x  +  2y 

7  14  21  42     ' 

L.C.D.  =  42. 

The  multipliers  are  6,  3,  2,  and  1. 

24x  —  18y  =  first  numerator, 
9x  +  21y  =  second  numerator, 
—10 X  +    4y  =  third  numerator, 
9x  +    2y  =  fourth  numerator. 

32 X  +    9y  =  sum  of  numerators. 

,'.  Sum  of  fractions  =» — ^' 

42 


i_ 
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6    3gy-4     5y»  +  7  6a;»-ll 

L.C.D.  =  x»y'. 

3  a:*  y'  —  4  a?y  «=  first  nnmerator, 

—  Sic'y'  — 7a!*  =  second  numerator, 


=  third  nnmerator. 
—  8a:*y'  -~  4ary  +.  lly*  —  7a*  «  anm  of  numerators. 

.-.  Sum  of  fractions  -  lly'--^^7-f  ^,y'-7^. 


L.C.D.  =  a«6«c». 


-a*6» 


+ &•  c*  —  first  mimerator, 

+2a^5c         — q'c*  =  second  numerator, 


—  2a6*c+2a'6(;+6'c*— a'c*  =  sum  of  numerators. 
6V  -  2a6*c  +  2a*6c  -  a*c* 


•*.  Sum  of  fractions 


o*6*c» 


8. 


5a»-2     3a»~a 
8a»  8 

L.C.D.  =  8a«. 

5  a'  —  2  =  first  numerator, 
a'  —  3a*        =  second  numerator. 

6  a*  —  3  a*  —  2  =  sum  of  numerators. 

6a»-3a*-2 


••.  Sum  of  fractions  = 


8a' 


c  a  h 

L.  C.  D.  =»  abc. 


ahc 


an 


bU 


-ah^ 


.*,  Sum  effractions 


=  first  numerator, 
—  6(?  «=  second  numerator, 

€Ki*  —  a'.  c*=  third  numerator, 

a&'-i-6c*H'a'c=  fourth  numerator. 

»  sum  of  numerators. 


a*6  4-yc-f  ac* 
a6c 
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10.  _± 1 L-+^^-^+y-^^. 

2a^y     Qy^z     2xz^      4a?^z*       4iX^i/z 
L.C.D.  =  12ic«yV. 

6yz^  =  first  numerator, 

—  201*2  =  second  numerator, 

—  6xyl*  =  third  numerator, 

6a^— 8y*2«*fourth  numerator, 
—  Qyz*  +  3y*z  =» fifth  numerator. 

—  2a^z  «  sum  of  numerators. 

.-.  Sum  effractions  =  —  ^~^  ,  ■  «  —  •---— 

12a»yV         6y*a 

Exercise  LVIL 

1. -i-+  1 


re  —  6     a;  +  5 

L.C.D.  =  (aj-6)(a;  +  5). 

The  multipliers  are  a; +  5  and  «— 6  respectively. 

a;  +  5  =  first  numerator, 
g  — 6  =  second  numerator. 

2  a;  —  1  =  sum  of  numerators. 

2a;-l 


.*.  Sum  of  fractions 


ic2  _  aj  -  30 

2-  -^-^- 

a;  — 7     a  — 3 

L.C.D.  =  (a;-7)(a;-3). 

The  multipliers  are  a;— 7  and  x  — 3  respectively. 

a;  —  3  =  first  numerator, 
—  a?  +  7  =  second  numerator. 

4  =  sum  of  numerators. 
.*.  Sum  of  fractions 


ar» -10a; +  21 


8.^+     1 


1  +  a;     1  — a; 

L.C.D.  =  l-a:». 

Th«  multipliers  are  1— a  and  1  +  a?  respectively. 

1  —  a;  =  first  numerator, 

1  +  a;  ^  second  numerator. 

2  ■=  sum  of  numerators. 

2 

•  •.  Sum  of  fractions  —  ; -• 

1  — ar 
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4. 


1  — a?     1  — a:* 

L.C.D.=  l-iD». 

The  multipliers  are  1+x  and  1. 

1  +  a;  =  first  numerator, 
—2        =  second  numerator. 

— 1  +  a;  =  sum  of  numerators. 
"-(l-x). 

.'.  Sum  of  fractions  =  — ^ ^  =  — 

l-a^ 


l  +  « 


5. 


a; 


a;-y      (x-y)^ 

L.  C.  D.  =  (a;  -  y)«. 

The  multipliers  are  x  —  y  and  1, 

a;  —  y  =  first  numerator, 
a;        =  second  numerator. 

2x  —  y  =  sum  of  numerators. 

Sum  of  fractions  =    ^~y. 

{x-yf 


6. 


7. 


-h 


2a{a-\-x)     2a{a  —  x) 

.  L.C.D.  =  2a(a  ■\- x){a  —  x). 

The  multipliers  are  a—x  and  a+a:. 

a  —  x  =  first  numerator, 
g  +  a;  =  second  numerator. 

2  a        =  sum  of  numerators. 

Sum  of  fractions  =  ^^  ^ 


2a{a-\-x){a—x)     a^—s^ 


a 


(a  +  &)6     (a-&)a 

L.C.D.  =  a6(a2-62). 

The  multipliers  are  a  (a  —  6)  and  6(a  +  J). 

a? —a^h  =  first  numerator, 

—  ah^  —  6^  =  second  numerator. 

a^  —  a?h  —  ab^  —  6®  =  sum  of  numerators. 


Sum  of  fractions 


ab{a^-b^) 


TEACHEKS     EDITION.  93 


8. 


2x{x-l)      4:x{x~-2) 

L.C.D.  =  4a;(a;-l)(aj-.2). 

The  multipliers  are  2{x—2)  and  (»— 1). 

lOjc  —  20  =  first  numerator, 
—3  X  +    S  =  second  numerator. 

7  a:  — 17  =  sum  of  numerators. 
Sum  of  jfractions  ^  ~ 


9. 


4a;(ic*-3a;  +  2) 

1  +  X  1  —  X 


l-\-x  -\-  x^     1  —  x  +  a^ 

L.C.D.  =  l  +  a:»4-a;* 

The  multipliers  are  1  — «  +  »*  and  1  +a:+a'. 

1  +  a;'  =  first  numerator, 
— 1  +  3^  =  second  numerator. 

2ar*  =  sum  of  numerators. 
Sum  of  fractions  = 


l  +  aj^  +  a* 


^Q  2ax  —  Z.hy  _  2ax  +  3fty 
2a^(a;-y)  2a!y(a;  +  y) 
L.C.D.  =  2a;3/(iE2_y«). 

The  multipliers  are  x+y  and  a;— y. 

2aa;*  +  2  aajy  —  3  bxy  —  3  5y'  =  first  numerator, 
2aa:'  +  2axy  —  3 6a^y  +  3 by*  =  second  numerator. 

4  axy  —  6  bxy  =  sum  of  numerators. 

or  2a;y  (2  a  --  3  6)  —  sum  of  numerators. 

2a-35 


Sum  of  fractions  = 


x^  —  y* 


Exercise  LVIII. 


1.  ^+^+    2« 


1  +  a     1  —  a     1  —  a' 

L.C.D.«l-a«. 

The  multipliers  are  1—a,  1  +  a,  and  1. 

1  —    a  «=  first  numerator, 

1  +    a  =  second  numerator, 

2a  =  third  numerator. 

2  +  2a  =  2(l  +  a)  =  sum  of  numerators. 

Sum  of  fractions  =     ^^^  ~^^)     =  -^. 

(l  +  a)(l-a)      1-a 
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2. 


2x 


1  —  x     1  +  x     l  +  a» 

Jj.G.'D.=^(l-x)(l  +  x)(l  +  aP). 

l+a;  +  iB*+    a^  =  first  numerator, 
—l-^x  —  a^+    a^  —  second  numerator, 
2x         ^  2a!*  —  third  numerator. 

sum  of  numerator. 
4a; 


4a;  « 

.-.Sum  of  fractions- 


1-a* 


3. 


x 


+ 


1  — a?     1  — a?     1  +  x* 

L.aD.*(l-«)(l  +  a:»). 

a;  +  a'         « first  numerator, 

—  a^         -'9^'^  second  numerator, 
a?    —  a?  =3  third  numerator. 


2a;  —  2a:*  +  ar*  —  05*  =  sum  of  numerators. 

=  2a;(l-a;)  +  a;»(l-a;). 

.%  Sum  of  fractions  =  {^^  +  ^)[^-^)  ^  2a: +  < 


4. 


y 


+ 


a;" 


a; 

y     a;  +y     ar  +  a;y 

L.C.D.  =  a;y(aj+y). 

a^    +  aj'y  =  first  numerator, 

+  xy^  =  second  numerator, 
+  3^ =  third  numerator. 

a^  +  2a^y  +  xy^  =^  sum  of  numeratorak 

=«a;(a;  +  y)'. 

.-.  Sum  of  fractions  =  i^^+l)"  =  l±y. 

xy{x+y)        y 


5. 


x  —  \  ,  X 

+  — 


2     a;-3 


x  —  2     a;  — 3  '  a;  — 4 

L.  C.  P.  =  (a;  -  2)(a;  -  3)(a;  -  4). 

a;*—   8a;'  +  19a;-'12=«  first  numerator, 
3^—   8ar*+20a;  —  16  =  second  numerator, 
a;*—    8a;2  +  21a;  — 18«  third  numerator. 


3  a;*  —  24  a;*  +  60  a;  —  46  =  sum  of  numerators. 

Sum  of  fractions  =  3^-24^ +  60x -46, 

ar>-9x»  +  26a!-24 
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^       3     ^     4a  5a« 


x  —  a     {x—af     (as— a)' 

L.C.D.  =  (a;-o)». 

Sap*  —  6aaj  +  3a'«=  first  numerator, 

4  CM?  —  4  a'  —  second  numerator, 
—5a'  =  third  numerator. 

3ar'~2aa}-'6a'«»  sum  of  numerators. 

3a:"-2aa;-6a» 


Sum  of  fractious  = 


{x  -  of 


7. 


x-l     x-\r2     (x-fl)(aJ  +  2) 
L.C.D.-(a;-^l)(aj  +  l)(a!  +  2). 

a^  +  305  +  2  =  first  numerator, 
__  a^  +  1  =  second  numerator, 

—  3  a;  +  3  =  third  numerator. 
6  =  sum  of  numerators. 

6 


.'.  Sum  of  fractions  = 


(ic«-l)(a;  +  2) 


'TT' 


{b+c){c+a)     {c-j-a){a-\-b)     (a  +  6)(&  +  c) 

L.  C.  D.  =  (6  +  c){a  4-  by{c  +  a). 

o^  —  l^         =  first  numerator, 
-f  6*  —  c*  =  second  numerator, 
—  g'  +  c*  =  third  numerator. 

0  =s  sum  of  numerators. 
,'.  Sum  of  fractions  =»  0. 


9.  x-a  ^x-b  (a -by 

'  x—b     x  —  a     {x^a){x  —  b) 

L.C.D.  =  (a;-a)(aj-6). 

(E*  —  2  aa;  +  a'  =»  first  numerator, 

(E*  —  2  JjB  +  6'  =  second  numerator, 

-a?  +  2a6  —  6^ •=  third  numerator. 

2a^  —  26aj  +  2a6  —  2aa5  =  sum  of  numerators. 

=-2(a;-a)(a:-6). 

.•.  Sum  of  fractions  -^  /    ~  //^  ~  /  =»  2. 

(a;  —  a)  (a;  —  6) 
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10.   ^ +  - -^ -. 

L.C.D.=y(ar«-y'^). 

a:*  —  a:y*  +    xh/  —  y*  =  first  numerator, 
2xy*  —  2a;'y  =  second  numerator, 

—  a* +    a:'y  =  third  numerator. 

xy^  —  y»  =  sum  of  numerators. 

••.  Sum  of  fractions  =  ^    m~  1  =  — ^. 


11.       «  +  ^       I ^Jl? +      «  +  « 


(&  — c)(c  — a)     (c  — a)(a  — 6)     (a  — 6)(6--c) 

L.C.D.  =  (6  -  c)(c-  o)(a  -  6). 

a*  —  6*         =  first  numerator, 
+  6*  —  c*  =  second  numerator, 
—  g'         +  c*  =  third  numerator. 

0  =  sum  of  numerators. 
••.  Sum  of  fractions  =  0. 


12. 


13. 


g'  —  he  h^  —  ae  <?  -\-ab 

(g  +  6)(g  +  c)     (6  +  g)(6  +  c)     (c+6)(c  +  g} 

L.C.D.  =  (g  +  6)(6  +  c)(g  +  c). 

g'6  —  y^c  +  g^c  —  hc^  =  first  numerator, 
o6*  +  h^c  —  a?c  —  ac^  =  second  numerator, 
g*6  -f  gc^  +  fee'  +  g6'  =  third  numerator. 

2a^h  +  2g6^        =  sum  of  numerators. 

Sum  of  fractions Mi^dnh 2g6 

(g  +  6)(6  +  c)(g  +  c)     (6  +  c)(g  +  c) 

g  a;  g*  4-  ic*     . 


g  — a;     a  +  2x     (g  —  a;)  (g  +  2  ar) 

L.C.D.  =  (g-a;)(g  +  2a;). 

a*  +  2  ax         =  first  numerator, 
—  ga?  +  a:*  =  second  numerator, 
—  g* —7?  =  third  numerator. 

cue         »  sum  of  numerators. 


.*•  Sum  of  fractions  = 


ax 


(g  — a;)(g  +  2aj) 
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14. 


6 


16. 


(a^b)ib-c)     (a-b){fl-^c)     (a-c)(6~c) 
L.C.  D.  =  (a  -  b){a  -  e){b  -  c). 

3a  —  3<?  =a  first  numerator, 

—  4 J  +  4c  =»  second  numerator, 
6-0   —66  « third  numerator. 

9a  —  lOi    +c  =  sum  of  numerators. 

Sam  of  fractions ^a-lOh-¥c 

(a-6)(a-c)(6-c) 

x  —  2y2x-{-y'       2x 


L,G.D,«a;y(aj*-y«). 

iT^y  —  ay'  —  2^*  —  first  numerator, 

—  2  a:*  +    a:*y  +  xy*  —  second  numerator, 
'-2xhf « third  numerator. 

—  2  a:*  —  2y'  e»  sum  of  numerators. 
•%  Sum  of  fractions  -  -2(^ +.y)(^-ay +  y')  ' 

ay(a:-y) 

16.  a-5  0-5       (a-5)(a;  +  y) 

« (a  +  6)     y(o>  ■\-  b)         xy{a  +  b) 

L.dD,  =  ay(a  +  6), 

ay —  by  ■=  first  numerator, 

—    ox  +    6a;  =  second  numerator, 

—  gy  -f  6y  —    gg  +    6a;  =  third  numerator. 

-'2ax-\-2bx  ^  sum  of  numerators. 
=  2a;(6-a). 

••.  Sum  of  fractions  -  M^  =  2(6-a)^ 

ay  (a +  6)     y(a+6) 

17.  3a?         X'^2y  ^      3y 

(aj+y)*     a*-y*     (p^-yf 

L.C.D.-(a:  +  y)2(a:-y)», 

3  aj*  —  6  a:'y  +   3  xy^  -=  first  numerator, 

— x*^  2a;^y  +      a!;y'  +  2y'  —  second  numerator, 
+  3a:^-f    eary'-fSy*  =  third  numerator. 

23^"—  6«^  +  lOxy*  +  Sy*  =  sum  ef  numerators. 
.-.  Sma  of  fractioM  ..  2^-r5^  ^:^0,gy'.+  5.v'. 


98 


itLGBBRA. 


1& 


a  —  b 


L.C.D.  -  (a  +  5  +  c)(a  +  J  -  c)(a  ~  6  +  c). 

o'  —  c*  —  first  numerator, 

—  a*4rac-f&*  —  q6         —  second  numerator, 
oc  +  i*  —  a6  —  c*  =  sum  of  numerators. 

ac  —  ab  +  l^  —  (^ 


•*.  Sum  of  fractions 


{a  +  b  +  c)(a  +  6— c)(a  +  c-6) 


19.     <»  +  ^   _   g— ^   ^.  ah{x  —  y) 
'  ax  -^hy     ax —  by     a  V  —  6y 
L.  C.  D.  =  (oo?  +  5y)  (oa?  -  6y). 

a'a;  +  a6x  —  aby  —  My  *  first  numerator, 
—  a*x  +  ofta;  —  am/  +  6^  =  second  numerator, 
4-  ahx  -  aby  =  third  numerator. 

+  3  ahx — 3  aJby        »  sum  of  numerators ; 

■Gt^  3  a&  (a;  -<  y)  =  sum  of  numerators. 

.-.  Sum  of  fraction  -  ^^^^7/). 
Exercise  LIX. 


1. 


2. 


x  —  y 


X 


x-y 


x—y     y^x     x—y     x—y 
L.C.D.  =  a:  — y. 

X  =  first  numerator, 
y  —  x  —  second  numerator. 

y        =  sum  of  numerators. 

.-.  Sum  of  fiactioDB  s»  — i^ . 

x-y 


3  +  2g     Zx-2     16a;-g» 
2  — x        2  +  x        a?  — 4: 
_Z  +  2x  ,Zx-2     16x-a^ 


4-x» 


2  — a;        2^  a? 

L.C.D.-4-a:». 

^+    7a;  +  2a^  =  first  numerator, 
—■4  +    8  a?  —  3  a:*  =  second  numerator, 
—.16x4-    g*  =»  third  numerator. 

sum  of  numerators. 

2-a;        1 


2     -a? 
Siiin  of  fractions 


4— x*     2  +  x 
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3       ^      I      X X     ^     ^  _  I  _g^         a? 

'  a;»-l     a;+l      l-x     ar»-l     a  +  l     »~l' 
L.C.D.  =  a;«-l. 

aj*        =  first  numerator, 
aj*  —  a;  =  second  numerator, 
g*  +  a;  =  third  numerator, 

3  aj*        =  sum  of  numerators. 

•.  Sum  of  fractions  =         -. 

ar«-l 

3-3y»     2~-2i/     6y  +  6 

-i +  _L_  +  _i_ 

3(l+y)(l-y)      2(l-y)      6(l+y) 
L.C.D.  =  6(l+y)(l-y). 

8  =  first  numerator, 
3y  +    3  =  second  numerator, 
— y  4-    1  =  third  numerator. 

2  V  +  12  =  sum  of  numerators  ; 
or,  2(6  4-  y)  =  sum  of  numerators. 

••.  Sum  of  jfractions  ==       "^^  . 

3(l-y») 

g^  1 2  1 

'  (2-m)(3-7n)     (m-l)(m-3)  "^  (m-l)(m-2) 

= 1 2  ,  1 

(2-m)(3-m)      (l-m)(3-m)     (l-m)(2^m) 

L.C.D.  =  (l-m)(2-m)(3-m). 

1  —    m  =  first  numerator, 

—  4  +  2m  =  second  numerator, 
3—    m  =  third  numerator. 

0  =  sum  of  numerators. 
.*.  Sum  of  fractions  =  0. 

6.  1 + L__ 

(6  -  a){x  +  a)      (a  -  b){x  +  b) 

1 1 

(6  -  a)(a;  +  a)     (6  -  a) {x  +  h) 
L.C.  D.  =  (6  -  a)(a;  +  a)(a;  +  b). 

a+b        =  first  numerator, 

—  g        —a  =  second  numerator. 

6  —  a  =  sum  of  numerators. 

.  •.  Sum  of  fractions  = ^-^ =  ^ 

(6~a)(a?4-o)(aj-f6)     (a;^-a)(a^■f6) 
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gij^h^  ^    2ah'^    ,    2a'6  _  g^  +  6^       2a6'    .    2a26 

■  •    '"^: n  ~r  tt; r  ~r  ~t rr  —  ~t rr  —  ~t      rr  + 


L.C.D.-(a»-6»)(a»  +  5»).      " 

o«  +2  a*&«+2  a^J*  +6«  =  first  numerator, 

— 2a*6^            — 2a&*       =  second  numerator, 
+2a^5 — 2a^5* =  third  numerator. 

c^->r^(j^h  '       — 2a6*+6*  =  sum  of  numerators. 

Sum  of  fractions  -  «''+ 2a^6- 2ay  +  ^ 


A    ^~~Q  _,  0^— 2&  _  3 a; (g  —  5)  ^  h  —  a  __  g  — 26     3a;(g  — 6) 
a;  —  6       6+a;         b^  —  x^        x  —  b       x  +  b         s^  —  b' 

L.C.D.  =  r«-6^ 

—  g6  —  gaj  +    6a;  +    6'  =  first  numerator, ' 

g6  —  ga;  +  26x  —  26^  =  second  numerator, 
3  ga;  —  3  6x =  third  numerator. 

ga;  —  6'  =  sum  of  numerators, 

ga;—  6' 


•••  Sum  of  fractions  =.- 


x'-b^ 


g    3  +  2a;     2--3a;     16x-x^  ^Z-h2x     2~3a;     IQx-s^ 
2-x       2  +  x         ar»-4   "  2-a;        2  +  aj        4-a" 

L.C.D.-4-a;». 

6+    7x4-2 a;' =  first  numerator, 
—  4+    8x  —  3x*  =  second  numerator, 
—  16x+    3^  =  third  numerator. 

2      —  X  =  sum  of  numerators. 

2-x         1 


.'.  Sum  effractions  = 


4-x»     2+x 


jQ    __3 7  4-20x^     3  7      ^  4~20x 

'  1--2X     l  +  2x      4x»-l  °l-2x  ■l+2x      l-4x»' 

L.C.D.  =  l-4x». 

3  +    6x  =  first  numerator, 

—  7  +  14x  =  second  numerator, 

4  —  20x  =  third  numerator. 

0  =  sum  of  numerators. 
.'.  Sum  of  fractions  ■=  0.    ' 
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11         g-f  5        ,         5  -f  c  c-{-a 


{b-c){c-a)     {b-~a){a-c)     (a-b){b-c) 
a  +  b  b  -\-c  a  +  c 


•    (b-c){a~c)     {a-b){a-c)     (a-b)(b-c) 

L.C.D.  =  (a  -  b){a  -  c)(6-c). 

—  a'  +  6*         =  first  numerator, 

—  6'  +  c*  =  second  numerator, 
o*         —  c*  =  third  numerator. 

0  =  sum  of  numerators. 

.•.  Sum  of  fractions  =  0. 

JO  a'  — he  h^  -\-ac        ,        <^  -^  aj) 


{a-b){a-c)     (b-{-c)(b  —  a)      {c-a){c-}-b) 
a^  —  bc  ac  +  b'^  ab  +  (? 


(a  —  6)(a  -  c)     (b  +  c)(a  -  b)     (a  —  c){b  +  c) 

L.C.D.  =  (a  -  b){a  -  c){b  +  c). 

oSJ—jac+a^c— ic*  =-  first  numerator, 

b^c—a^c        -\-ac^—ab^  =  second  numerator, 
—d'b +b(^—a(^+al^  =  third  numerator. 

0  =  sum  of  numerators. 
.•.  Sum  of  fractions  =  0. 

13.       y  +  g     ^      2  +  g      ^      g  +  y 

(aj-y)(a;-£)     (2/-x){y-z)     {z-x){z-y) 

{x-y){x-z)     (x-y){y-z)     {x-z){y'-z) 

L.  C.  D.  =  (a;  —  y)  (y  —  z)  (a:  —  z). 

y'  —  z"  =  first  numerator, 
—  a*  +  z*  =  second  numerator, 

^  —  y%        «■  third  numerator. 

0  ==  sum  of  numerators. 

••.  Sum  of  fractions  =  0. 


14. 


6 


(a_6)(6_c)     (6-a)(c-d)     {a-c){c-b^ 
3  4^6 


(a  — 2jJ(6  — c)     (a  — 6)(a  — c)     (a  — c)(6  — c) 

L.C. D.  =  (a  -  6)(a  -  c)(&  -  c). 

3  a  —  3  c  =  first  numerator, 

—   46  +  4c  =  second  numerator, 
6a—   65  =  third  numerator. 

9  a  — 106 -t-    c  =  sum  of  numerators. 

9a-106  +  c 


.•,  Sum  of  fractions  == 


(a  —  6)  (a  —  c)  (6  —  c) 
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15. 


x{x-y){x-z)     y(y-x){y-z)     xyz 

1  1  1 

x{x-y){x-z)     y{x-y)(y-z)     xyz 

L.C.  D.  =  a!y2(a;  —  y){x  —  z){y  —  z). 

y^z  —y^  rs  first  numerator, 

—x^z+xz^         =  second  numerator 
— a^y  +xy^—yh  -\-a?z—xz^  -\-y^  =  third  numerator. 

^s^y+xy^  =  sum  of  numerators  ; 

or,  —3^(x  —  y)  =  sum  of  numerators. 

xy(x-y) 


•'•  Sum  of  fractions  = 


xyz{x-y)(x-z)(y-z) 
1 
2(a;-2)(y— z) 


Exercise  LX^ 


1.  ±x-- 
bx      d 

Cancelling  common  factor  x, 

ac 

n    2aj     3a&     3oc 
a        c        26 
Cancelling  2a&c, 
=  9  ox. 

'  2|)-2  'p-l 
^     3j>        j>-l 
2(i)-l)       2p 
Cancelling  p  and  p  —  1, 

15a6»"*'3o62 

"iSaft*      2a;» 
Cancelling  23?  and  3a6*, 

56 


g     8a«y      15a:y« 

*  45a;»y      24a»6» 

Cancelling  8,  15,   a',   6*,  «, 
andy, 

9CUB 


6.   i^2^X 
lOa^b^c 


2Da^b^c 


ISxyh 

Cancelling  9xyh,  10  a*6'c, 
and  2, 

—  —  ox. 

4x2*      6xy         2a!y^ 
Cancelling  2,  6,  a?,  y*,  and  «, 
15x 

♦ . 

Sp'j*      2xy       90  mn 
Cancelling  9,  5,  8,  mn,  p'q, 
and  xy, 

Smnxy 
4pg* 
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Cancelling  25  Pm,  14n'j,  and 

5km* 
4pq 


IOl    -? — ^  X 


11. 


_     a-b    ^Aa+b)(a-h) 
a(a  +  b)         a(a  —  b) 

Cancelling  /i  —  b  iknd  a  +  &, 

a-b 


12. 


o'  +  &'     o  — ft 
d*  —  h*     a  +  6 

(a— 6)(a  +  6)     a  — i 
Cancelling  a  +  &, 

g'-^g  — 2     g*  — ISa-f  42 
g*  — 7«  g*  +  2g 

^(g^>2)(g-l)^Jg-6)(g--7) 
g(g-7)  g(g+2) 

Cancelling  g  —  7  and  x  +2 

(g^l)(g-6) 


13.  a?*  — llg4-30     g*--3g 
g*  — 6g  +  9       g*  — 5g 

(g-5)(g-6)     g(g-3> 
"°(g-3)(g-3)     g(g-6) 

^g-~6 


14.  <3^-a^\,Ja-+g)* 
g'+xc*     (a  — g)* 

^  (g  —  g)(a'  4-  gg  4-  g*)  ^ ,  (g  +  gy 
"  (g+»)(g'  — gg+g*)     (g  — g)" 

(g  -I-  g)  (g*  4-  gg  +  g') 
{g  —  ^)  (g*  — gg  +  g") 


^    2g(g'-y)«^^ 
"eg 


(g-^)(g+y7 


^2g(g-fy)*(g-y)* 
eg 

2gg*(g  —  y) 


X 


(g-^)(«+y)^- 
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16    aL±.2a6^a6-26» 


ti(a  +  2h)^      h{a-2b) 


<i*  +  46«      (a-26)(a+26) 

ab 
a»+46« 


17. 


iB»-4^iB*-25 


x^-^6x     x^+2x 

^  (x+2)(w^2)  ^  (a;+5ya?~5) 
x{x-\-5)  x{x-\-2) 

(a;~2)(a?-5) 
a* 


18.  ^-^^xi^-yy 

»  —  y        a^  —  y*  • 

a?-y       (iB'  +  y')(;ar  +  y)(ar-y) 

»'  +  y* 


19. 


m" 


n^ 


71  —  m 


(m  4-  n)(m  — 7i) 
m  4-  n 


X- 


g4-<i' 


'  a«~5a4-4     a«-10a4-21      a»-6a 

(a-3)(a-l)     (a-5)(a^4)     a(a~7) 
(a--4)(a-l)     (a~7)(a-3)     o(a-5) 
=  1. 

21    y- 75  4-6     5«  4- 105  4- 24  .  5' 4- 65 

(ft  -  6)(5  - 1)     (5  +  6)(5  +  4)     5«(5-8> 
(5  4-4)(5-l)     (5-8)(5~6)     5(5  4-6) 
=  5. 


22. 


g'-yy       v^a;y-2y'     a^'-ay 


a^  — 3ay4-2y*       a*  4- ary       {x~yf 

j;  (g  +  y)  (y  -  y>y  y(g  -  2y)  ^     g(g  -  y) 

''•(aj-2y)(a;-y)       a;(a?4-y)      .(»-y)(«-y) 

y  •  ' 


a; 
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•    ^a'-3a^&  +  3a5'-5«  3            a^ -h  ab 

(f-b^  2ab-2b^      a- 6 

(g  -h){a-  b)(a  -  5)  3          .  a(a  +  b) 

(a  +  6)(a-6)  26(a-6)       a-6 
^3a 
2  b 


*  a«-(6-c)«  *  c»-(a-&)» 

^  (g  +  &  +  c)  (g  +  6  —  c)  (c  —  o  +  6)  (c  +  g  —  5) 
(g  —  6  +  c)(g  +  6  —  c) (c  -  g  —  &)(c  +  g  +  6) 

c  —  a-h  b 
c  — g—  6 

25    (a;-gy-y     a:«-(&-g)« 

•  {x-^by-a'     x'-ia-by 

^(x—a  +  b){x  —  a  —  b)(x  -hb  —  a)(x  —  5  4-  g) 
(ps  —  b  +  a){x  —  b  —  a){x  -^  a  —  b)(jp  —  a  -^  b) 

x  —  a  +  b 
X  +  g  — 6 


og    (g  +  ^y  -  (c  +  <^)'     (g-c)'-(c?-5)' 
•   (a  +  cf-{b'+dy'^{a-by-{d-cf 

(a-^b  +  c-h  d)(a  -}-b  —  c  —  d)(a  —  b  +  d—c)(a-\-b  —  d+c) 
(g  +  c  +  6  +  d){a  +  c  — 5  — d)(g  — c  +  (?— 6)(a  — c  — (?  + 6) 
=  1. 

a^  +  2a:y  +  y*  —  z*     a?  —  y  +  2 
^  (g  -  y)'  -  z'  ^  a;  +  y  -  z 

(a;  f^yf  —  z^x  —  y-\-z 
_(a;-ry  +  z)(a?-y-z)(g  +  y-g) 

(aj  +  y  +  z)(a;  +  y  -  z)(a;  -  y  +  «) 

x  —  y  —  z 

x  +  y  +  z 
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1. 


3a?  ,  x  —  1 


ExERasB  LXI. 
4. 


f(»+l)-|-2J 

Multiply  both  tenns  by  6, 

9a?  +  2g-2 
""130?  + 13 -2a; -15 

lla:-2 


llaj-2 


=  1. 


x—a 


X 


{x  —  b)(x  —  c) 
X  -\-  a 


x  —  a 


a^-^ax—x^+bx  +  cx—bc 
x  +a 

(x  —  a){x  +  a) 
ax  +  bx -j- ex  —  be 


x  —  1  + 


6 


2. 


x-6 


Multiply  both  terms  by  a!  —  6, 

_x^-1x  +  l2 
a^-Sx  +  15 

(x-^)ix-S) 
"(a:-5)(x-3) 

^a?-4 
x  —  5 


5. 


\x     a)\x     a) 


l- 


x  —  a 
X  -^  a 


\     ax    J\     ax    J 
■"  2a 

a  +  x 

(a*  -  g»)  (o»  +  g')  (g  +  a?) 
^  2c?^ 


3. 


2a;-l 


^  +  ?-| 


»  +  l 

""2     2 

Multiply  both  terms  of  sec- 
ond fraction  by  2, 

3  ix-2 

x-\-l     2aj*  +  a;  — 1 

3  2(2a;-l) 


a;  +  l     (2a;-l)(a;+l) 

3  2  1 

aj  +  1     aj  +  1     aj  +  1 


X  y 


xy  +  y^     x^+xy 

x  +  y  —  x 
x^  —  y^ 


x^  —  y^ 
xyXx-j-y) 

y     ^  gy(g+y) 


(a;  +  y)(a;-y)» 
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£±i+^Zli  10. 

,y  X—1  X   +1 

g  +  1      ic  —  1 
sc  — 1      a?4- 1 

(or  +  iy     (a:-iy 
a:»-l        g'-l 

a*-l        ar»-l 

(x»  +  2a;  +  l)-(a:«-2a;  +  l) 

^2g«  +  2_g»  +  l 
""43;  2a;  * 


8.   1 ^ 

1+- 

-1-      ^ 


aj  +  l 

a;  4- 1— a? 
a:  4-1 
1 


a?  4-1 


11. 


X 

1 

a?  4-1 

X4-1 

X  4-  1—35 

»4-l 
1 

-«4-l. 

1 

1  1             ^ 

^  '  ,              2a:> 
l4-ar4--=^^ 
1  — a? 

1 

1  1      ^ 

^  '1+^ 

1-x 

1 

14-a^ 

14- ar» 

1  4-aJ 


9.   1+ ^-^  f£  +  ?_2V?  +  ?  +  2^ 

(a_xY 
\x     a) 


1  I  xjl-x) 

(l4-a;)(l-afe)4-2a!»  f^-2aaj^\  /g'4-2ga;4-a'\ 

1  ,  a;(l-a?)  _^       go?         jl         gx         ) 

l+x" 


/a'»-a''Y/g»-ar'\ 
\^    ga?     )\    ax     J 


1  4-  g'  4-a;  — a^ 

1  +  ar»  _  (g  -  a;)(g  -  a;)(g  4-  a;)(g  4-  a;) 

l  +  a  ""  (g  4-  a!)(a  -  a;)(g.4-  x){a  -  a?) 

l4-ar»*  «1. 
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a^  +  y*       2x    (xy  —  x^     a?  +  y| 
x^-y^     x^-y\{x-yf     x-y] 

xy 

a^-y»     a?  +  yl     x-y     x-y] 
"  x  —  y 

g'  +  y*  ^    2a?   I     y     | 

a^  —  y'     a?  +  ylg  —  yl 
""  aj-y 

g'  +  y'  ^     2a:y 


a^  —  y^     a^—y^ 
**"       g-y 

a^  +  2a:y  +  y' 

g'-y' 

x-y 

^ (g  +  y)(a;  +  y) ^ _1_  ^       a?4-y 
(a;-y)(aj  +  y)     aj-y     a^-2xy  +  y*' 


14. 


(g*-y')(2ar*-2rcy) 

4(a;  — y)' 

Jy 


g  +  y 

^  (a?  +  y) (g - y)2a;(a; - y){x  +  y) 
""  4(a:-y)(a;-y)ajy 

2y 


a5 


oc 


j^g    a^4-(a  + 6)a; +  o5      g* -f  (a  +  c)a;  4- oc 


6-c 


a^  +  (&  +  c)  a?  +  6c 

(g^g  +  (ibc)  —  (aca;  +  ahc) 
{x  +  a){x-{-  b)(x+  c) 

(x-^b){x-[-c) 

ax{b  —  G){x-^  b){x  +  c) 
{x  +  a){x  +  b)(x-^c)(b  —  c) 


ax 

a;  +  o 


\ 
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16.       ^ 


1 

X 

x  +  l 

- 

x+l 

1 

x+l 

»*  +  » 

x  +  l 

. 

'X. 

a  +  b        h  JL+J:+i 

--        b        a  +  b  iQ    q^     flc     5c 

— r  T 


a     6  «5 

(a  +  6)^  +  &*  Multiply  the  terms  of  the  nu- 

^—r: — TT\~"  merator  by  abc,  and  factor 

a  +  b 


db 


6(a  +  6)        a  +  6 


the  denominator, 


abc 


ab 


Ka  +  by  +  b'^a  _  c+h+a  ab 

(a  +  bf  abc        {a+b+c){a-b-c) 

(a*  +  2ab  +  2b^a  i 

(a+^)'  "c(a-6-c)* 


20. 


2m-3  +  — 

18.   2 

2m-l 

2m'-3m  +  l 

m 

'^        2m  — 1 
m 

^(2m-l)(m-l) 

"         2m-l 

-m-1.  7-4« 


1 

,        3 

-,' 

a; 

3 

1  1^^^" 

-X) 

^  '  l-x 

+  3 

3 

7-4a; 
4-aj 

3(4 -a;) 

no 
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Exercise  LXII. 


1. 


g*-9a;»  +  7g'  +  9a?-8 

^(x-S){a^-a^-x-}-l) 

^g-8 
x  +  S 


3.  3a»  + 


c        P 


2    o«-t-6«-c»  +  2a& 

16-hi-l+4 
"16-J-l  +  l 

16| 
Multiply  both  terms  by  4, 


-48  +  2-4  =  46. 


4. 


(a^a-l)*      2a:«-4a;  +  2     1- 
2  1.1 


(ar»-l)2     2(x-l)«     a;»-l 

L.C.D.  =  2(a:*-l)». 

4  =  first  nnmerator, 
— iB*  —  2aj  —  1  =  second  numerator, 
2a^ —  2  ==  third  numerator. 

X*  —  2  a;  +  1  =  sum  of  numerators. 

ic»-2a;  +  l 


••.  Sum  of  fractions 


2  (a;»  -  2a:  +  l)(a;  +  1)«     2(a;  +  Vf 


6.   f_l.  +  l-_J_Uf^_,-_L.>| 

Vi  +  1       ^+iy   Vi-l       »-iy 


a; 


a; 


\a;  +  l  a  +  ly      \a;— 1  a;-l/ 

\a;  +  l     a;  +  l     a;  +  ly     \x-\      a;  — 1      a;  — ij 


a?(a;  +  l)^^a?  — 1 
a:  +  1       a?—  1 


Xn 
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\x~bj      \x  +  a-2b) 
fa-\-b       \^     /a  -\-b 


-2a  +b^ 


^  /a+5-2oY     /a  +  b-4a-\-2b\ 
'^\a  +  b-2b)      \a  +  b-^2a-4^bj 

\a-bj      [Sa-Uj 
=  (-!)»-(- 1)  =  0. 

V2(a-6)     2(a  +  6)     a«-W   26  ' 

L.  C.  D.  of  fractions  in  brackets  =  2(a*  —  6*), 

o'  +  2a&  +    6*  =  first  numerator, 
—  a^  +  2ab—    b^  =  second  numerator, 
46^  =  third  numerator. 

4a6  +  46'  =  sum  of  numerators ; 

or,         4  6  (a  +  6)  =  sum  of  numerators. 

►•.  Sum  of  fractions  in  brackets  =    .  \  \2  — r* 

2(a»-6«)     a- 6 

26   w?Lr^_i 


a  — 6       26 


\a?*  — y'     x^+y^J  '  \x  —  y     x-{-yJ 


_/a;*+2a;V+y*     a;*-2ar*y'+y*\      fx^-\-2xy-\-y^     a^-2xy+y^\ 
\      sd^—y*  it*— y*     y  '  \    9?  —  y*  a*  — y*     / 

_  4a^2/'    ^     4a:y 
a?*— y*  *  a^—y* 

4i3?y*      01^— y^ 
a^— y*       4ajy 
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\    y"  JV-y)      \     f     J\^^  +  xy+y^) 

y2  x-y         y»         a;»  +  a^+y« 

x+y  x—y 

"~y  V  • 

=  2. 
•   W-b^)[     a  +  b     y      U'  +  6»       A       a'^+ab  +  b^J 

a  a  — 6 


a  +  6     a  +  6 

2a-6 
a  +  6 


i  +  ?L:if    1  +  4^ 


1- 


a  —  a;      ,      o^  —  a? 


^       0=^  + 


a  +  a?  d^  +  a^ 


Multiply  both  terms  of  first  fraction  by  a+a?,  and  both  terms  of 
the  second  by  a*  +  a^, 

a  +  x  +  a  —  x     a^  ■}•  a^  -\- a^  —  sc* 
a  +  a;  —  a  +  a;*a'  +  a;'  —  a^  +  aj* 

2x     2a'    'a 
•«a»  +  3a;  +  3  —  +  -i.  ...   " 

X       3, 
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13. 


1- 


1  + 


2xy 


X 


_(g«4-y')(a;-yy     (a?  +  y)» 
=  1. 


14. 


X  -{■2a     X—  2a        4a& 
2b-x     2h  +  x     46^-aj* 


a5 


+  2a 


2b 


ah 


+ 


ah 
a  +  h 


-2a 


4a5 


a  +  6 
Zah  +  2a^ 


26  + 


ai 


W- 


a  +  h  \a■\^h^ 

2a^-\-ah  4:ab(a-^bY 

^h+2¥      3a&  +  26«     6«(3ci^  +  8a6  +  46*) 
_  0(36  + 2a)       a(2a  +  6)  4a6(a  +  6)' 


6(a  +  26)       6(3a  +  26)     b^(3a+2h)(a+2l^ 

LCD.  =  &«(3>«  +^6)(a  +  26). 

'6a''6  +  13a^6'  +  6a6'  =  first  num-erator, 

—  2  a^h  —  5a^h*  —  2  a6'  =  eeeond  numerator, 

—  4a'6  —   8  a*6*  —  4a6'  =  third  numerator. 


--.  Sum  of  fractions  =  0. 

a;-y +  1 

<x  +  l      <i6  +  g     ^ 
_  a6  +  1      a6  +  1 
g  +  l      <z6  +  ^     ^ 
^  +  1     a6  +  I 

:2(i 
«6  +  1 


0  »  sum  of  numeratois. 


ah  +  l 
—  a. 
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16. 


4- 


1 


a{a  —  J)(a  —  c)     b(b  —  c)  {b  —  a)     c(c  —  a){c—  b) 
1  1  .  l" 


+ 


tt(a  —  b){a  —  c)     6(6  — c)  (a  — 6)      c{a  —  c){b  —  c) 

L.C.D.  =  a6c{a-fc)(a-c)(6— c). 

5*c  —  Jc*  =  first  nnmerator, 

—  a?c  +  Of?  —  Becond  mimerator, 

+  a'6  —  ah^  «=  third  nnmerator. 


V^c—h<?  —  a?c  -I-  ac*  +  a?b  —  ct6* -»  sum  of  numerators. 

h^c  —  bc^  —  a^c  +  ac*  +  a^b  —  ccb* 


.'.  Sum  of  fractions  = 
1 


abc{b^a  —  6c*  —  a?a  +  ac*  +  a^6  —  a6*) 


17. 


^abe 


6(5  +  ca  —  a6 


a— 1 , 6—1 . e—1 

H  — T r 

cr  6  c 

a.     6      e 


Multiply  both  terms  of  the  second  fraction  by  a6c; 

3  abc  abc  —  6c  +  a6c  —  ac  +  abc  —  ah 

6c  +  ca  —  a6  6c  +  ca  —  a6 

3  a6c  3  a6c  —  6c  —  ac  —  a6 


6c  +  ccy  —  a6- 

6c  +  ac  +  a6 
6c  4-  ac  —  a6 


6a  +  ca  —  a6 


m*+  n*^ 


18. 


n 


—  m 


X 


W*  —  77m  +  71*  WW* 


(m-f  w)(m  — n) 


fk 


m  —  tt      (tji.  +  tt)  (m*  —  win  -t-  n^} 


SI. 
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19.  g     6  +  cA      6'  +  c»-an 

1 i_v       2&C    y 

a      6  +  c 

(6  +  c  —  a)  2  6c 

(&  +  c  — a)26c 

^(&-H  c  +  a)(S  +  c  +  a)(&  +c~o) 
(6  +  c  — a)26c 

26c 


20..  3a  - [6  +  {2a -  (6  -  c)}]  +  J  +  ^;^:=:1 
*■  '  2c+l 

=  3a-[6  +  2a-6  +  c]+}  +  l^jzi 

=  3a-6-2a  +  6-c  +  J  +  ?^^ 

2c  +  l 

=  a  — c  +  i  + 


2(2c  +  l) 
2c-l 


=  a. 


1  X 

+ 


oi     a-x     a-y     (a-xf     (a-yf 

1  1 

{a-y){a-xf      {a-x){a-yf 

{a—x){a—yy—{a—y)(a  —  xy-hx(a—y)'^—y{a—xy 

x-y 


{a~xf{a-yf 


a(2a-x-y){x-y)^^{a-xY{a-yy 

{a-xf{a-yf  x-y 

a{2a  —  x  —  y). 
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22.             1  23.  (^'-y')(2g'-2gy) 

X  + ' 4(aj  —  yf  -    ^ 


l+£±i  ^  +  2/ 

3  — aj 


1 


3  — X 

3 

4 


(rc-f  y)(a?-y)(g-y)2a; 


2 


4a;  +  3  —  x 

4 
3(a;  +  l)* 


24    /C-&     c»-y\      /(?4-5,c«+y\ 


L.  C.  D.  1st  expression  =  c'+J*.         L,  C.  D.  2d  expression  =  c*— 6*. 

c»-2  0^6+2  ci'-J*  =  Ist  num.  c*+2  c6+   6*  =  Ist  nnm. 

—(? H-6^  =  2d  num.  c'         +    6'  =  2d  num. 

—2(^b+2cb^       =8umofnums.    2c*+2c6+26*  =  8umofnums. 

or,        —2ch{c—b)  =  sum  of  nums.  or,  2  (c*+c6+6*)  =  sum  of  nums. 

^2cb(c-b)  (c  +  6)(c-&) 

(c  +  6)  (c2  -  c6  +  6«)  ^  2  (c^  +  c6  +  6*) 

__6c(6-_c)»_ 
6*  +  6=*c2  +  c*' 


25. y +      ^      +     ^+y 

(x-y)(x-z)     (y-x)(y-z)     {z-x){z-y) 

_        y ^        ^      g  +  y     . 

{x-y){x-z)     (x-y){y-z)     (x-z)(y-z) 

L.C.J).  =^{x-y)(x-z){i/-z). 

y'         —yz=  first  numerator, 
—  a:*         +  a?2  =  second  numerator, 

x^  —  y^ =  third  numerator. 

arz  —  yz  =  sum  of  numerators  ; 

or,  2(a;  —  y)  =»  sum  of  numerators. 


•••  Sum  of  fractions  « -, ^^ ^ 


(a?  -y){y-  z) (aJ  -  2)      {x-z){y-' z) 
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26. 


a{a  —  b){a  —  c)     b{b  —  a)  (6  —  c)     abc 

1 1 1_^ 

a{a  —  b)(a  —  c)     b{a  —  b)  (6  —  c)     abc 

L.C.D.  =-dbc(a-  b)(b  -  c){a  -  c). 

—  b(?  4-  b^c  =  first  numerator, 

—  c^c  ■\-  (K^  ~  second  numerator, 

—  bt?  —  a*b  +  ah^  —  ft'c  +  a'c  —  oc*  —  third  numerator. 

—  a^b  +  o6*  =  sum  of  numeratoiB. 

.-.  Sum  of  fractions <iH<^-^) 

abc{a  —  o)  (6  —  c){a  —  c) 

*  1 

c(6  — c)(a  —  c) 


a, 6_  (x-l)(x-2) 

x  —  1 

af^-Sx  +  2         x^-x~e 

X  +  1  x^  —  1 

X 


x^-x-6       (a;-l)(x-2) 
x-1 

jx -l)(x-  2){x - 1)  (x -S)(x  +  2) 

(x  +  l)(a:-3)(aj  +  2)  "^  (a:  +  l)(a;-  l)(a;-  l){x-  2) 

"    1 

(x  +  ly 


Exercise  LXm. 

1.  5x-^^n.  2.x^^^^VL. 

2  3         3 

Multiply  by  2 ;  then  Multiply  by  3  ;  then 

10a;  -  a;  -  2  =.  142,  3a;  -  3  +  a?  =  17, 

9a;  =144,  4a;  =  20, 

X  =»  16.  a;  =  5. 
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3.   5zi2^  +  2  =  r.-5^^. 
4  2 

Multiply  by  4  ;  then 

5  -  2  a;  +  8  =  4  a?  - 1 2  a;  + 1 6, 
6a;  =  3, 


5.  2x- 


5a;-4^,^_l-2a; 


6  5 

Multiply  by  30 ;  then 

60  a; -25  a; +  20 

=  210-6  +  12a?, 
23x  =  184. 
a;=8. 


5a;     5x9     S  —  x 

2        4  ~4        2 

Multiply  by  4  ;  then 

10a;-6a;  =  9-6  +  2a?, 
3a;  =  3, 
a;  =  l. 


6. 


a;  +  2_14     3-f5a; 

2         9  4 

Multiply  by  36  ;  then 

18a; +36  =  66 -27- 45  a?, 
63  a;  =  -7, 

a;  =  -  •  j- 


7. 


5a;+3     3-4a?     a?_31     9-5a; 
8  3  2      2  6     * 

Multiply  by  24 ;  then 

15a;  +  9  -  24  +  32a;  +  12a;  =  372  -  36  +  20a:, 
39a;  =  351, 
a;  =  9. 


8.  l^£±i_6^:z7^io(a.«i).    10.  V^+5__5^-6^8-5^, 


3    •  2 

Multiply  by  6 ;  then 

20  a; +  6- 18a; +  21 

=  60  a; -60, 
58  a;  =  87, 
a;=l}. 

9,   i^-2^  =  3a;-14. 

Multiply  by  6 ;  then 

15a;-21-4a;-14  =  18a;-84, 
7a;  =  49, 
a;  =  7. 


6  4  12 

Multiply  by  12 ;  then 

14x+10-15a;  +  18  =  8-5a;, 
4a;  =  -20, 
a;  =  —  5. 


11    a;  +  4     ^~^_o     3a;— 1 


3  5  15 

Multiply  by  15  ;  then 

5a; +  20- 3a;  +  12 

=  30  +  3a;-l, 
a;  =  —  3, 
a;  =  3. 


7  3  5 

Multiply  by  105  ;  then 

45a;  +  75  -  70a;- 245  + 1050 -  63a; 
-88a;  =  -880, 
a;  =  10. 


0, 
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13.    |(3a;-4)+J(5a;+3)  =  43-5aj.  14.    i(27-2x)^i--^(7x'-54). 

Multiply  by  21 ;  then  Mnltiply  by  10 ;  then 

fix  - 12  +  35a;  +  21  135  -  lOa  -  45  -  7a:  +  54. 

=  903-1050?,  -3x=--36. 

149  a;  =  894,  a; -12. 

««-6. 


16.  5a;- {8a;  -  3  [16 -6x- (4 -5a;)]} -6, 
5a;-{8a;-3[16-6a;-4  +  5a;B-6, 
5a;-{8x-48  +  18  a;  +  12 -15a;} -6, 
5a;  -  8a;  +  48  -  18a;  - 12  +  15»  -  6, 
-6a;  =  -30, 
«  =  6. 


^A    5a;  — 3     9  — a;     5a!  ,  19/       ^v 

Mnltiply  by  42 ;  then 

30a;  - 18  - 126  +  14a;  -  105  a;  +  133a;  -  632, 
-194  a; --388. 
«  =  2. 


17     2a;-{-7     9a;-8^a;-ll  ^g    8g-15     lla;-l      7a;  +  2 

7             11             2    *  *         3                7       "     13    ' 

Multiply  by  154  ;  then  Mnltiply  by  273  ;  then 

44a;  +  154  -  126a;  +  112  728a;  - 1365  -  429a;  +  39 

=  77a; -847,  =  147  a; +  42, 

-  159ar  =  -  1113,  152a;  -  1368, 

X  =  7.  X  -  9. 


19    '/^+9     3x  +  l     9x-13     249 -9x 
'        8  7      ""       4  14      ' 

Multiply  by  56 ;  then 

49x  +  63-24x-8  =  126x-182-996  +  36x, 
-137x  =  -1233, 
x=-9. 
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Exercise  LXIV. 


,     9a; -f  20  ^4(0? -3)     a? 
36  dx-4:      4* 

Multiply  by  36  ;  then 

ox— 4 

1MJ[^^»20 
6a?-4 

144aj-432-100a?-80, 

44»  =  352. 

aj=»8. 

o    9(2a;--3)     llg-1     9g+ll 
14  Sa  +  l"      7     * 

Multiply  by  14 ;  then 
154  a;- 14 


3a; +  1 


18a;-27  + 
=  18a; +  22, 
154x-14_^^ 
3a;  +  l 

Divide  by  7, 

22a;-2_y 

3a;  +  l 

22a;- 2  =  21a; +  7, 
a;  =  9. 


10a; +  17      12a;  +  2^5g-4 
18  13a;- 16°'     9 

Multiply  by  18  ;  then 

10x  +  17-?^^3^ 
-  10a;  -  8, 
216x  +  36 


13X-16 


13X-16 


25, 


325x-400=216a?+36, 

109X-436, 

x=4. 


4    ^a?+13      3a; +  5      2x 
15         5x-25°°  5* 

Multiply  by  15 ;  then 

5x  — 25 
45g  +  75_.tQ 

5x-25 

45x  +  75  =  65x- 325, 
-20  a;  =  -400, 
a;  =20. 


5. 


18ar-22  ,  o     ,  1  +  16x      .5       101 -64a; 
39-6x  24  "  24 

Beduce  the  mixed  number  to  an  improper  fraction, 

18a -22      o^     l  +  16a;_53      101 -64g 
3(13- 2x)       ^         24  12  24 

Multiply  by  24  ;  then 

^^}n^~J^^  +  48a;  +  1  +  16x  =  106  - 101  +  64«, 
13  —  2a; 

144  a;  - 176      . 

13-2x 

144x-176  =  52-8a?, 
162x=228, 
a;=l}. 
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6. 


7-2aj2       l  +  3a;     lOrr-ll  .     1 

'  "T" 


30 


105 


6-5a? 

15         14(a;-l)         21 
Multiply  by  210  ;  then 

84- 70a;- ^^^"^.^^  =  10  +  30a: -  70*  +  77+2, 


x-1 
105-30a« 


=  30x  +  5, 


a;-l 

- 105  +  30x3  =  30x»  -  25  a;  -  6, 
25x=100, 
x  =  4. 


7. 


9a;+5    8x-7_36x+15    41. 
14       6x+2         56         56* 
Multiply  by  66  ;  then 

36x  +  20  +  ^^^^~^^^ 
3x  +  l 

=  36x  +  15  +  41, 

224x-196_3g 

3x  +  l 

224x-196  =  108x+36, 
116x  =  232, 
x  =  2. 


9. 


6x  +  l      2x-4  _2x-l 

15         7x-16         5 
Multiply  by  15 ;  then 

6x  +  l-^Q^-^  =  6x-3, 
7x-16 

30x-60^     ^ 

7x-16"       ' 

-30x  +  60  =  -28x  +  64, 
-2x  =  4, 
x  =  -2. 


8. 


6x+7     2x-2^2x  +  l 

15         7x-6  5 

Multiply  by  15  ;  then 
30x  -  30 


6x  +  7 


7x-6 

30x-3O  . 

=  -4, 


=  6x  +  3, 


7x-6 

-30x  +  30 28x  +  24, 

-2x  =  -6, 
x  =  3. 


10. 


X 


7x-6 

35        6X-101 
Multiply  by  35 ;  then 


X 

5* 


7x-6- 


35X-175 


7x. 


6X-101 

Transpose,  and  clear  of  frac- 
tions, 

-35x  +  175  =  36x-606, 
-71x  =  -781, 
x  =  ll. 


Exercise  LXV. 


1.  ax  +  6c  =  6x  +  oc, 
ax  —  &r  =  ac  —  6c, 
x(a  — 6)  =  c(a—  6), 

x  =  c. 


2.  2a  — cx  =  3  c  — 56x, 
56x  — cx=»=  3  c  — 2a, 
x(56  — c)=  3  c  — 2a, 

3c-2a 


x  = 


56-c 
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3.  a^x  -k-hx  —  c  =  h^x  +  ex  —  d, 
a^x  —  b^x  -^bx  —  cx  =  c  —  d, 
a;(a*  —  6^  +  6  —  c)  =  c  —  (?, 

c  —  d 


x  = 


a^-b^  +  b-c 


4.  —a<^-}-  h^c  +  abcx  =  abc  +  cmx  —  ac^x  +  5*6  —  ttmj, 
abcx  —  cmx  +  ac^x  '^  abc  +  b^c  —  mc  +  a<^  —  b\ 
x{abc  —  cm  +  cu?)  =  abc  —  mc  +  aa^^ 

x=l. 


5.  (a+ x  +  b)(a+b  —  x)  =  (a-\-x){b  —  x)  —  db, 
—  ic*  +  a'  +  2a6  +  6*  =  ai  +  6a;  —  oa;  —  «*  —  aft, 
aa  —  bx  =  —  a^  —  2ab  —  6*, 
aa;  -  6a;  =  -(o*  +  2a6  +  6'), 

a  — 6 


6.   (a*  +  a;)«  =  a;«  +  4a«+a*, 
a*  +  2a2ir  +  x^  =  ic^  +  la^  +  a*, 
2a2ir=4aa, 
a?  =  2. 


7.   (a^-x){a^+x)={a*-\-2ax-x^l 
a*  —  ai*  =  a*  +  2  oic  —  a;*, 
-2aa;  =  0, 

a;  =  0. 


Q    a(6'a;+a;') 
6a; 


OCX  + 


aa^ 


Divide  by  a ;  then 

6*x  +  ar^  ,  a^ 
■ —  '=CX-] — • 

6a;  6 

Multiply  by  6aj, 

6'ar  4-  a;*  =  6ca;'  +  a;', 
6*a;  =  6ca;*, 

a;  =  0  or  — 
c 


K'*- 


o    aa  —  b 
o. \-a 


x  +  ac 


c  c 

Multiply  by  c ;  then 

ax~-b  +  ac  =  x  +  ae. 

oa;  —  a;  =  6, 
a;(a— 1)  =  6, 


a;  = 


a-1 


10.  ax 


3  a  — bx 


1^ 
2 


Multiply  by  2, 

2ax  —  Sa  +  6a;  =  l, 

2(xa;  +  6a;  =  3a  + 1, 
a;(2a  +  6)  =  3a  +  l, 

^     3a  +  l 
2a +  6 
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11. 

«^      4:ax—2b     ^                    ,«    ab+x 
oa =  x.                    lb.   — — 

3                                            6* 

¥—x     x—b     ab—x 
a^b        a?         ¥ 

12. 


18a  — 4aa;  +  26  =  3a;,  a^b  +  a^x  —  b^  -^-bx 

-Zx-^iox  =  -18a-26,  =  bH  -  b^-a^b  +  a^x, 

a;(3  +  4a)  =  2(9a  +  6),  -  h^x  +  bx=-a^b^ M, 

^2(9a  +  6)  6a;(6-l)  =  2a86, 

^        3  +  4a   '  a.  =  -2^ 

6-1 

x^—a     a— re     2aj     a 

6aj  b         b      X  i.i/«ji\ 

a:2_a-aaj  +  a^  =  2ir'-a6,      17.  oa; - ri±i  =  f^i^Jlii. 
—  ax  =  —  ab  +  a,  ^  ^ 

x^b  —  1.  oa*  — 6a;  — l  =  aa^  — a, 

—  6a;  =  —  a  +  1, 

*o     3     ab~a?     4iX  —  ac  x^ — r— • 

xo. ■  6 

c        ox  ex 

3  6aj  —  a6<;  +  (xc*  =  4  6a;  —  a6c, 

ca^  —  bx,  „^ 

,     „'    6  18.  -«^+a  +  ^  =  0. 

a;  =  Uor-.  6  — ex  c 

ac3^  +  abc — ou^x  +  a6a; — aca;* 
=  0. 
14.   am  —  6  —  —  +  —  =  0.  Divide  by  a, 

a6m»-6»m-ama;  +  6a;  =  0,  ca;»  +  6c  -  c»x  +  6a; -  c^  =  0. 

6a;  —  amx  =  6*m  —  o6m',  ox     c  x  c, 


6^m  —  a6m' 

6 
6m. 


6c 

a;  = 


«  =  — r c3-6 

o  —  am 


19.  ^  =  6c  +  c?  +  i- 
--     3aa;  — 26     ax—a^ax    2  ^  ^ 

36  26        6      3*  a6  =  6ca;+ci^  +  l, 

6aa;— 46— 3  aa;4-3a= 6  aa;— 46,  ""       ""      ~  ' 

-3aa;=-3a,  a;  =  ^^~   • 

a;=l.  6c +d 

20.  «M!±^  =  ac  +  ^. 
oa;  a 

ad^  +  aa?  =  acda;  +  aa?^ 

acdx  =  ad^j 

d 

a?=»  — 
c 
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Exercise  LXVI. 


1      x—Z_x^5       1 
'  ^x-l)~  6{x-l)     9 
Clear  of  fractions, 
9a;-27  =  6ar-30  +  4« 

aj==7. 


-4, 


4. 


x-l 


2{a;-3)     3(a?-2)    {ar-2Xa;-3) 

Clear  of  fractions, 

3ar-6- 2a? +  6  =  6a; -6. 
-6a;  =  -6, 


2.  aj4- 


X 


(a;-2)(a;  +  4) 
x+  1 


x-l 

Clear  of  fractions, 

ar'— a;+a;'+a;  =  ar'+a;*— 10a;+8, 
10a;  -  8, 
x  =  i. 


g    .     2(2a;+3)^   6        5a;-fl 

9(7-x)      7-a;    4(7-x)* 

Clear  of  fractions, 

252 -36  a; -lex- 24 

=  216 -45  a; -9, 
-7a;  =  -21, 
a;=3. 


3. 


6a;-f-l     3(l-f2a;«) 
a;+l         x^-1 


x-l 

Clear  of  fractions, 

7x+7 = 6  x^+x-6  a;-l-3-6  a*, 
12a;  =-11, 


6. 


17        ^_  5(21 4- 2a;)     ^^ 

a;  +  3  3a;+9 

Clear  of  fractions, 

51 -12a; -36 

-105+10a-30a;-90, 
8a;  =  0, 
a;  =  0. 


7. 


a;-7_2x-15  1 

a;  +  7      2a;-6      2(x  +  7) 

Clear  of  fractions, 

2a;»-20a;  + 42  =  2ar» -a;- 105-a?  + 3, 
-18x  =  -144, 

a;  =8. 


8. 


a;  +  4    ,11^  3a; +  8 


3x  +  5       "      2a;  +  3 
Clear  of  fractions, 

12ar«  +  66a;  +  72  +  36a;'»  +  114a;+90  +  6a;«  +  19a;  +  15 

=  54a;»  + 134  a; +240, 
-35a;  =  63, 
a;- -If 
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^     132a;+l  ^  8a;  +  5_go 
3a+l         oj  — 1 

Cleaj  of  fractions, 

132iB«-131jr-l+24a^+23aj+5 
=  156  ic*- 104  a? -52, 
-4ar  =  -66, 
a;  =  14. 


10. 


+ 


2a;-3     x-2     Sx  +  2 
Clear  of  fractions, 

6ar' -  8a;  -  8  +  6a^  -  5a;  -  6 
=  12a;a-42x  +  36, 
29  a;  =  50, 


11. 


12. 


3a;-l     4a;-2 


1 
6* 


2a;-l     3a;-2 

Clear  of  fractions, 

54  a;»-54  a;+ 12-48  a;«+48a^-12 
=  6a;»-7a;+2, 
a;=2. 


a;  +  l 


a;^ 


a;  — 1     X  — 1     1  —x^  * 
3         a;  +  l      -a;» 


or, 


x^-l 


a;  — 1     a;  — 1 

Clear  of  fractions, 

3aj  +  3-a;*-2a;-l  =  -a;», 

a;  =  -2. 


13. 


a;  — 4     x—5     x  —  *I     x  —  S 


X— 5     x—6     x—^     x—9 

Then 

(a;-  4)(a;  -  6)      (a;  -  5)(a? -5)  ^  (a;-  7)(a; 
(a;-5)(a;-6)     {a;-5)(a;-6)     (x-8)(x 

-1         _  -1 

(a;-5)(a;-6)     (a; -  8) (a; -  9)' 

Clear  of  fractions, 

-ar»  +  17a;-72  =  -a?»+ lla;-30, 

6a; -42, 

a;  =7. 


9)      (a;-8)(a;-8) 
9)      (a;-8)(a;-9)' 


14.   (x 

x" 


a)(x  —  b)='{x 

ax  —  bx-\-c^ 

ax-\-bx 


X  — 


a  -  6)^ 
Q^-2ax-2hx^-a^-\-  2ah  +  6*, 

a^-\-ah  +  b^ 
a+b 


15.  (a - 6)(aj - c)-(6 - c){x -a)-{c- a){x - 6)  =  0, 

ax ~  bx  —  ac  +  be—  bx  +  ex  -{-  ab  —  ac  —  ex  +  ax  +  be  —  ab  =  Of 
ax^bx—bx  +  cx  —  cx-{-ax  =  ac~bc  —  ab  +  ac  —  be+abt 

2ax  —  2bx  =  2ae  —  2be, 

2x{a-b)  =  2e{a-b), 

x  =  c. 
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l6.^^zE±l  +  ^±l±1^2x.        17.   -i^+     ^    -        3^ 


20. 


x—l  x  +  1  x  +  2     x  +  S     jr^  +  5a;  +  6 

Clear  of  fractions,  Clear  of  fractions, 

ar»  +  1  +  ar»  -  1  =  2aJ»  -  2a;,  4x  +  12  +  7a?  +  14  =  37, 

2a;  =  0,  11a;  =  11, 

a;  =  0.  a;  =  1. 

18.  (a;+l)»-a;[6-(l-a;)]-2, 
(a;+l)*  =  a;(6-l  +  a;)-2, 
a;»  + 2a; +1  =  6a; -a;  +  ar*~  2, 
-3»  =  -3, 
a;  =  l. 

19.  25lli£  +  16^L±ii  ==_??_ +  5. 
a;  +  l  3a;  +  2       a;+l 

Eeduce  the  complex  to  simple  fractions, 

75 -a;    ,    80a; +21        23    ^  ^ 
+  zrz: zr  = r  +  o* 


3(a;  +  l)     5(3a;  +  2)     a;  + 1 

Clear  of  fractions, 

1115a;  -  15a;"  +  750  +  240a;2  +  303  a;  +  63 

=  1035a;  +  690  +  225a;«  +  375a;  +  150, 
8a;  =  27, 
a;  =  3f. 


+  _«!^  +  (2^+i}^  =  3c^  +  ^. 


Sabc 

a-{-b  '  (a-\-bf  '     a{a+bf       "~  '   a 

Clear  of  fractions, 

3  a*6c+6  a362c+3  a^b^c^a^b'^+2  a%^x-{-^  ab^x-\-¥x 

=  3  a*ca;+9  a?bcx-ir^  a^b'^cx+^  at^cx^a^bx-\-Z  a^b^x+Sdb^x+b^x, 
3  a*cx  +  9  a^bcx  +  9  a^b^cx  +  3  a¥cx  +  a?bx  +  a^h^x 

=  3  a^bc  +  6  a%H  +  3  a^i^c  +  a»6^ 
aa;  (3  a^c  +  9  a^be  +  9  aJ^c  +  3  ft^c  +  a^ft  +  aJ^) 

=  a^b  (3  a^c  +  6  a6c  +  3  fe^c  +  ab\ 
a;{3c(a  +  6)8  +  o6(a+6)}=a6{3c(a+6)Ha5}, 


a; 


a+6 


21.  ^+-3 29^_2_.  22^  5_J7_2\     g_3a;-(4-5a?) 

a;-8     2a;-16    24     3a;-24  \2    x)     2  4 

Clear  of  fractions,  5__1?_l2_E_  3  a;— 4+5  x 

96 +  36 -29a; +  232  =  16,  2         ~2  4        * 

—  29  a;  =  "'348,  Clear  of  fractions, 

®  "  ■'•^-  20-14.i;+8  =  2a;-3x+4-5a?, 

-8  a;  =  -24, 
a;  =  3. 
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2  +  ^±i 

23.1--^ i^. 

5     x-1  3 

Multiply  both  terms  of  right  member  by  1— a;;  then 

1     >  3     ^   6-x 
5     a;-l      3(1- a;)' 

1         3     ^    x-e 
5     x-1     3{x-l) 
Clear  of  fractions, 

3a;-3-45  =  5a?-30, 
-2a;  =  18, 
a;  =  -9. 


24.      ^-t"    I     a;-f    _ ..  1 

}(a:-l)     J(^  +  l)  Wm^ 

Beduce  the  complex  to  simple  fractions, 

2aj-3  ,  2jr-5_i  ^        x^ 

>  z 'z  —  At 


3a;-3     5a;  +  6  15a;»-15 

Clear  of  fractions, 

10««  -  6a?  - 15  +  6a:«  -  21aj  +  15  =  15a;»-15 +  «», 
-26  a;  =  -15, 


Exercise  LXVII. 

1.  Find  the  nnmber  whose  third  and  fourth  parts  added  to- 
gether make  14. 

Let  X  =  the  number. 

Then  -  =  one-third  of  the  number, 

3 

and  ^  =  one-fourth  of  the  number, 

4 

X 


and  -  +  -  =  sum  of  the  two  parts. 

3     4  ^ 

But  14  =  sum  of  the  two  parts. 

. ..  f  +  5  =  14.    Whence,  x  =  24. 
3     4 
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2.  Find  the  number  whose  third  part  exceeds  its  fourth  part 

by  14. 

Let  X  =  the  number. 

Then  -  =  one- third  of  the  number, 

3 

and  7  =  one-fourth  of  the  number, 

4 

and  5  _  ?  =  the  excess. 

3     4 

But  14  =  the  excess. 

X       X 


. ..  ±  _  ±  =  14.    Whence,  x  =  168. 
•3     4 


3.  The  half,  fourth,  and  fifth  of  a  certain  number  are  together 
equal  to  76 ;  find  the  number. 

Let  X  « the  number. 

Then  -  =  one-half  of  the  number, 

2 

and  f  =  one-fourth  of  the  number, 

4 

^  =  one-fifth  of  the  number, 
6 

-  +  ?  +  ?  =  8ii°i  oi  the  parts. 
2     4     5  ^ 


But  76  =  sum  of  the  parts. 


X    ,    X    .   X 


...  :i:  +  ±  -f  ±  =  76.    Whence,  «« 80. 
2     4     5 


4.  Find  the  number  whose  double  exceeds  its  half  by  12. 

Let  X  =  the  number. 

Then  -  =  one-half  the  number, 

2 

and  2x  =  double  the  number, 

/M 

2x  —  =  the  excess. 
2 

But  12  » the  excess. 

. •.  2aj  - 1  =  12.    Whence,  a?  -  8. 
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5.   Divide  60  into  two  such  parts  that  a  seventh  of  one  part 
may  be  equal  to  an  eighth  of  the  other. 


Let  X  =  one  part, 

and  60  —  a;  =  the  other  part. 

Then  -  =  one-seventh  of  one  part, 

7 

and  =  one-eighth  of  the  other  part, 

o 
60 -a;     X 

Whence,  a? =28, 

and  60-x=32. 


6.  Divide  50  into  twa  such  parts  that  a  fourth  of  One  part 
increased  by  five-sixths  of  the  other  part  may  be  equal  to  40. 


Let  X  =  the  smaller  part. 

Then      50  —  a;  =  the  larger  part. 


X 


-  +  f  (50— a)  «  J  of  one  part  increased  by  J  of  the  other. 

But  40  =  J  of  one  part  increased  by  f  of  the  other. 

.•.?  +  J(50-a;)  =  40. 
4 

Whence,         x  =  2f , 

and  50  -  a;  =  47f 


7.  Divide  100  into  two  such  parts  that  a  fourth  of  one  part 
diminished  by  a  third  of  the  other  part  may  be  equal  to  11. 

Let  X  =  one  part. 

Then    100  -  a;  =  the  other. 

—  =  i  of  one  part  diminished  by  J  of  the  other. 

But  11 » I  of  one  part  diminished  by  }  of  the  other. 

X     100  — a;  _  ^^ 
"4  3  ^^* 

Whence,         ar=76, 
and  100- a?- 24. 
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8.  The  snm  of  the  fourth,  fifth,  and  sixth  parts  of  a  certain 
number  exceeds  the  haif  of  the  number  by  112.    What  is  the 

number  ? 

Let  X  =  the  number. 

Then  -  =  one-half  of  the  number, 

2 

X 


-  =  one-fourth  of  the  number, 
4 

-  =  one-fifth  of  the  number, 
5 

-  =  one-sixth  of  the  number. 
6 


...5  +  1  +  1  =  112  +  1 
4     5     6  2 

Whence,         a;  =  960. 


9.  The  sum  of  two  numbers  is  6760,  and  their  difference  is 
equal  to  one-third  of  the  greater.    What  are  the  numbers  ? 

Let  X  =  the  greater  number. 

Then  5760  —  aj  =  the  smaller  number. 

a._(5760-a;)  =  -. 

.-.  3a; -17,280  + 3a;  =  re. 

Whence,         a;  =  3456, 
and        5760  -  a?  =  2304. 

10.  Divide  45  into  two  such  parts  that  the  first  part  divided 
by  2  shall  be  equal  to  the  second  part  multiplied  by  2. 

Let  X  =  first  number. 

Then      45  —  a;  =  second  number, 

-  =  first  divided  by  2, 

90  —  2  a;  =  second  multiplied  by  2. 

Then  -  =  90 -2a;. 

2 

.-.  a;=180-4a?. 

Whence,         x  —  36, 

and  45  —  a;  —  9. 
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11.  Find  a  number  such  that  the  sum  of  its  fifth  and  its 
seventh  parts  shall  exceed  the  difference  of  its  fourth  and  its 
seventh  parts  by  99. 

Let  X  =  the  number. 

Then  §  =  one-fifth  of  the  number, 

5 

-  =  one- fourth  of  the  number, 
4 

-  =»  one-seventh  of  the  number, 
7 

-  4-  z  =  siini  o^  i  and  I  of  the  number, 
5     7 

--  —  ?  =  difference  between  i  and  4  of  the  number. 
4     7  «         7 

l~"^f)~(f~f)^  the  excess  of  the  sum  of  its  fourth  and 
^  /      \         /  seventh  parts  over  the  difference  of  its 

fourth  and  seventh  parts. 
But  99  =  this  excess. 


••(M)-(f-f)-«- 

Whence,     x  ■=  420. 


12.  In  a  mixture  of  wine  and  water,  the*  wine  was  26  gallons 
more  than  half  of  the  mixture,  and  the  water  5  gallons  less  than 
one-third  of  the  mixture.     How  many  gallons  were  there  of 

each? 

Let  X  =  number  of  gallons  in  mixture. 

Then     -  +  25  —  number  of  gallons  of  wine, 
-  —  5  =  number  of  gallons  of  water, 
-  +  25-f--  —  5  —  number  of  gallons  in  mixture. 


.•.H4.25-H--5-aj. 

2  3  x^ 

Whence,        x  - 120, 
and  --I-25-85,   ^-5-36. 
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13.  In  a  certain  weight  of  gunpowder  the  saltpetre  was  6 
pounds  more  tlian  half  of  the  weight,  the  sulphur  6  pounds  less 
than  the  third,  and  the  charcoal  3  pounds  less  than  the  fourth  of 
the  weight.    How  many  pounds  were  there  of  each? 

Let  X  =  numb'er  of  pounds  in  mixture. 


X 


Then   -  +  6  =  number  of  pounds  of  saltpetre, 


X 


-  —  5  =  number  of  pounds  of  sulphur, 


and  £  —  3  =  number  of  pounds  of  charcoal. 

4 

Whence,  a:=24,   |+6  =  18,   |-5  =  3,  |-^3-3. 

14.  Divide  46  into  two  parts  such  that  if  one  part  be  divided 
by  7,  and  the  other  by  3,  the  sum  of  the  quotients  shall  be  10. 

Let  X  =  first  part. 

Then  46  —  a;  =  second  part, 

and£  +  %£=10. 
3         7 

Whence,     a;  =  18,    and  46- a;  =  28. 

15.  A  house  and  garden  cost  $  850,  and  five  times  the  price  of 
the  house  was  equal  to  twelve  times  the  price  of  the  garden. 
What  is  the  price  of  each? 

Let  X  =  number  of  dollars  the  house  cost, 

and      860  —  a;  =  number  of  dollars  the  garden  cost. 
Then        5  a;  =  five  times  cost  of  house, 
10,200— 12a;  =  twelve  times  cost  of  garden. 
.-.  5  a;  =10,200 -12  a;. 
r  Whence,    x  =  600,    and  850  -  a;  =  250. 

16.  A  man  leaves  the  half  of  his  property  to  his  wife,  a  sixth 
to  each  of  his  two  children,  a  twelfth  to  his  brother,  and  the 
remainder,  amounting  to  $600,  to  his  sister.  What  was  the 
amount  of  his  property?  . 
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Let  X  =  number  of  dollars  the  property  amounted  to. 

Then  -  =  number  of  dollars  left  to  wife, 

2 

-  =  number  of  dollars  left  to  each  child, 
6 

—  =  number  of  dollars  left  to  brother. 
12 

E  +  E  +  £  +  A+600=  number  of  dollars  in  all. 
2     6     6      12 

But  X  =  number  of  dollars  in  all. 

^  +  ^  +  ^  +  :^  +  600  =  a:. 
2     6      6      12 

Whence,  x  =  7200. 


17.  The  sum  of  two  numbers  is  a  and  their  difference  Is  b ; 
find  the  numbers. 

Let  X  =  the  smaller  number. 

Then    a;  +  6  =  the  larger  number, 

2x  -\-b  =  the  sum  of  the  numbers. 
But  a  =  the  sum  of  the  numbers. 

•  •.  2x  +  6  =  a. 

Whence,     x  =  ^^— ^,    and  a;  +  6  =  — — 

2  2 

18.  Find  two  numbers  of  which  the  sum  is  70,  such  that  the 
first  divided  by  the  second  gives  2  as  a  quotient  and  1  as  a 
remainder. 

Let  X  =  first  number, 

and        70  —  a;  =  second  number. 

Then  -^^=^  =  2. 
70 -a 

Whence,     x  =  47,     and  70 -a;  =  23. 

19.  Find  two  numbers  of  which  the  diflTerence  is  25,  such  that 
the  second  divided  by  the  first  gives  4  as  a  quotient  and  4  as  a 
remainder. 

Let  X  =  smaller  number. 

Then  a;  +  25  =  larger  number, 

a? +  25      .      4 

=  4  +  - 

X  X 

Whence,     a?  =»  7,    and  a?  +  25  —  32. 
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20.  Divide  the  number  208  into  two  parts  snch  that  the  sum 
of  the  fourth  of  the  greater  and  the  third  of  the  smaller  is  less 
by  4  than  four  times  the  difi'erencc  of  the  two  parts. 

Let  X  =  the  greater  part. 

Then    208  —  x  =  the  emaller  part, 
X  .  208 -a? 


i+ 


=  sum  of  }  the  greater  and  ^  the  smaller, 


X  —  (208  —  x)  =  difference  of  the  parts. 
+  4  =  4  (a;  -  208  +  x). 
a:  =  112,        and  208 -a:- 


X  .  208 -ar 
Whence, 


96. 


21.  Find  four  consecutive  numbers  whose  sum  is  82. 

Let  X  =  first  number. 

THen        a;  -I- 1  =  second  number, 

aj  +  2  =  third  number, 

a:  +  3  =  fourth  number. 

Then        a;  +  a;  +  l  +  a:  +  2  +  a;4-3 

But  82 

.'.  a;  +  a:  +  l+a;  +  2+a:  +  3 

Whence,  a;  =19,  a:  +  l  =  20,  x  +  2 


sum  of  the  numbers. 

sum  of  the  numbers. 

82. 

21,  a;+3  =  22. 


22.  A  is  72  years  old,  and  B's  age  is  two-thirds  of  A's.  How 
long  is  it  since  A  was  five  times  as  old  as  B? 

Let  X  =  number  of  years  since  A's  age  was  five  times 

that  of  B. 
f  of  72  =  48  =  A's  age  at  present, 
72  — x  =  A's  age  x  years  since, 
48  —  a?  =  B's  age  x  years  since. 
Then      72  -  a:  =  5  (48 -x). 
Whence,         x  =  42. 

23.  A  mother  is  70  years  old,  her  daughter  is  half  that  age. 

How  long  is  it  since  the  mother  was  three  and  one-third  times  as 

old  as  the  daughter? 

Let  X  =  number  of  years  since. 

Then      70  —  x  =  mother's  age  x  years  since, 
35  —  X  =  daughter's  age  x  years  since. 
.-.  70-x  =  3i(35-x). 
Whence,         x  =  20. 

24.  A  father  is  three  times  as  old  as  the  son ;  four  years  ago 
the  father  was  four  times  as  old  as  the  son  then  was.  What  Ls 
the  age  of  each? 
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Let  X  =  namber  of  years  in  son's  age. 

Then  3x  =  number  of  years  in  father's  age, 

aj  —  4  =  number  of  years  in  son's  age  4  years  since, 
3  a;  —  4  =  number  of  years  in  father's  age  4  years  since. 
.-.  3a;-4  =  4a:-16.    Whence,  a;  =  12,  and  3a!-36. 

9.5.  A  is  twice  as  old  as  B,  and  seven  years  ago  their  united 
ages  amounted  to  as  many  years  as  now  represent  the  age  of  A. 
Find  the  ages  of  A  and  B. 

Let  X  =  number  of  years  in  B's  age. 

Then  2x  —  number  of  years  in  A's  age, 

oj  —  7  =  number  of  years  in  B's  age  7  years  since, 
2x  —  *7  =  number  of  years  in  A's  age  7  years  since. 
. •.  a:  —  7  +  2x  —  7  =  2aj.     Whence*  x  =  14,  and  2a?  «=  28. 

26.  The  sum  of  the  ages  of  a  father  and  son  is  half  what  it 
will  be  in  25  years ;  the  difference  is  one-third  what  the  sum  will 
be  in  20  years.    What  is  the  age  of  each? 

Let  X  =  number  of  years  in  father's  age. 

Then      50  —  a;  =  number  of  years  in  son's  age, 
X  —  (50  —  a;)  =  difference  of  their  ages. 

3^^  (^  +  20)  +  (50-a:)^20  ^  ^^^^^^^^  ^^  ^^.^  ^^^^ 

...  :r - 50  +  a:  =  ^±-20_+60^:£jJ0. 

3 

Whence,  a;  =  40,  and  50  -  x  =  10. 

27.  A  can  do  a  piece  of  work  in  5  days,  B  in  6  days,  and  C  in 
7^  days ;  in  what  time  will  they  do  it,  all  working  together? 

Let  X  =  number  of  days  required  for  A,  B,  and  C, 

together. 

Then  _  »  part  all  can  do  in  one  day. 

But  --  ^  part  A  can  do  in  one  day, 

5 

-  =  part  B  can  do  in  one  day, 

6 
2 

■—  =  part  C  can  do  in  one  day. 
15 

112 

Then -+-  +  ---  =-  what  all  can  do  in  one  day. 

5    6     15 

But  -  »  what  all  can  do  in  one  day. 

X  "^ 

...  i  +  i  +  ~  =  l.    Whence,  a;-2. 
5     6      15     a; 
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28.  A  can  do  a  piece  of  work  in  2^  days,  B  in  3|  days,  and  C 
in  8}  days ;  in  wliat  time  will  they  do  it,  all  working  together? 

Let  X  »=  number  of  days  required  for  A,  B,  and  C, 

together. 

Then  -  =  part  they  can  do  in  one  day. 

Now  —  —  part  A  can  do  in  one  day, 

2J 

--  =*  part  B  can  do  in  one  day, 
--  =  part  C  can  do  in  one  day. 

Then  TTT  "^  ^  +  ^  "^  P*^^  *^^  ^*^  ^^  ^^  ^^®  ^*7* 

2j     3J     3? 


But  -  =  part  all  can  do  in  one  day. 

"x     2J     3J     3i 
"Whence,  x  =  1^. 

29.  Two  men  who  can  separately  do  a  piece  of  work  in  16 
days  and  16  days,  can,  with  the  help  of  another,  do  it  in  6  days. 
How  long  would  it  take  the  third  man  to  do  it  alone? 

Let  X  =  number  of  days  required  for  third  man. 

-+—-■{ =  part  all  can  do  in  one  day. 

a;      15     16     *^  ^ 

But  -  =  part  all  can  do  in  one  day. 

.-.  i  +  :^  +  i  =  i.      Whence,  a?  =  26J. 
a;      lo      lb      b 

30.  A  can  do  half  as  much  work  as  B,  B  can  do  half  as  much 
as  C,  and  together  they  can  complete  a  piece  of  work  in  24  days. 
In  what  time  can  each  alone  complete  the  work? 

Let  ■■  X  =  number  of  days  C  works. 

Then  2x  =  number  of  days  B  works, 

4  re  =  number  of  days  A  works. 

rm.  1  1  1 

Then         .  ~  +  -—  H =  part  all  can  do  in  one  day. 

X     2x     4tx 

But  .  —  =^  part  all  can  do  in  one  day.  • 

.'.  i  +  ;^  +  -i-  =  — .     Whence,  x -  42,  2a?  -=  84,  and  4a;  •-  168. 
0?     2aj     4a;     24 
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31.  A  does  I  of  a  piece  of  work  in  10  days,  when  B  comes  to 
help  him,  and  they  finish  the  work  in  3  days  more.  How  long 
would  it  have  taken  B  alone  to  do  the  whole  work? 

Let  X  =  number  of  days  required  for  B. 

Then  -  =  part  B  can  do  in  one  day, 

—  =a  part  A  can  do  in  one  day, 

A 

.    -  ==  part  left  to  be  finished, 

9  I. 

14       4 

—  of  -  or  —  «  part  both  can  do  in  one  day. 

3      9      27     ^  ^ 

But 1-  _=»  part  both  can  do  in  one  day. 

18     X 

"  18     a;     27 
Whence,         x  =  lOf . 


32.  A  and  B  together  can  reap  a  field  in  12  hours,  A  and  C  in 
16  hours,  and  A  by  himself  In  20  hours.  In  what  time  can  B  and  C 
together  reap  it?    In  what  time  can  A,  B,  and  C  together  reap  it? 

-—  =  part  A  and  B  can  do  together  in  one  hour, 

and  —  =  part  A  can. do  in  one  hour. 

.'.  J^ or  —  =  part  B  can  do  in  one  hour, 

12     20      30     ^ 


-—  =»  part  A  and  C  can  do  together  in  one  hour. 

,•. or  —  =  part  C  can  do  in  one  hour. 

16     20      80     ^ 

Let  -  =  part  A,  B,  and  C  can  do  together  in  one  hour. 

X 

Then  l  =  JL  +  J^  +  i 

0?     20     30  ,  80 

Whence,         x  =  lOJf 
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33.  A  and  B  together  can  do  a  piece  of  work  in  12  days,  A  and 
C  in  15  days,  B  and  C  in  20  days.  In  what  time  can  they  do  it, 
all  working  together? 

Let  X  =  number  of  days  required  working  together. 

—  =  part  A  and  B  do  in  one  day, 

—  ==  part  A  and  C  do  in  one  day, 
15 

—  =  part  B  and  C  do  in  one  day. 

Then  h H  -r  ==  part  all  do  in  two  days. 

12      15     20     '  ^ 

2 
But  -  =  part  all  do  in  two  days. 

X 

"  X     12     15     20 
Whence,         x  =  10. 


34.  A  tank  can  be  filled  by  two  pipes  in  24^  minutes  and  30 
minutes  respectively,  and  emptied  by  a  third  in  20  minutes.  In 
what  time  will  it^ae  filled  if  all  three  are  running  together? 

Let  X  =  number  of  minutes  required  for  all  running 

together, 

-  =  part  filled  by  all  m  one  minute, 

X 

—  =  part  filled  by  first  in  one  minute, 
24     ^  "^ 

—-  =  part  filled  by  second  in  one  minute, 

—-  =  part  emptied  by  third  in  one  minute, 

—-  +  —-  —  •—  =  part  filled  by  all  in  one  minute. 
24     30     20     *^  ^ 

But  -  =  part  filled  by  all  in  one  minute. 

X 

"  X     24     30     20 
Whence,         x  «  40. 
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35.  A  tank  can  be  filled  in  15  minntes  by  two  pipes,  A  and  B, 
running  together.  After  A  has  been  running  by  itself  for  6  min- 
utes, B  is  also  turned  on,  and  the  tank  is  filled  in  13  minutes 
more.    In  what  time  may  it  be  filled  by  each  pipe  separately? 

Let  X  =  number  of  minutes  required  for  A. 

Then  -  =  part  filled  by  A  in  one  minute, 

18 
and  —  =  part  filled  by  A  in  eighteen  minutes, 

=  part  filled  by  B  in  one  minute, 

15     X 

13     13 

=  part  filled  by  B  in  thirteen  minntee. 

15      X 
.18^13     13  _T 
a?      15      a; 


Whence,         x  =  37}. 


36.  A  cistern  could  be  filled  by  two  pipes  in  6  hours  and  8 
hours  respectively,  and  could  be  emptied  by  a  third  in  12  hours. 
In  what  time  would  the  cistern  be  filled  if  the  pipes  were  all  run- 
ning together? 

Let  X  =  number  of  hours  required  for  all  running 

together, 

-  =  part  all  can  fill  in  one  hour, 

X 

-  =  part  filled  by  first  pipe  in  one  hour, 
6 

-  =  part  filled  by  second  pipe  in  one  hour, 
o 

—  =  part  emptied  by  third  pipe  in  one  hour. 
JLZ 

Then-H =  part  filled  by  all  in  one  hour. 

6    8     12 

But  -  =  part  filled  by  all  in  one  hour. 

X 

"  X     6     8     12 
"Whence,        x  =»  4|. 
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37.  A  tank  can  be  filled  by  three  pipes  in  1  hour  and  20  min- 
ntes,  3  hours  and  20  minutes,  and  6  hours,  respectively.  In 
what  time  will  the  tank  be  filled  when  all  three  pipes  are  running 
together? 


Let 


X  =  number  of  minutes  required  for  all  to  fill  it, 

—  =  part  first  will  fill  in  one  minute, 
80     ^ 

—  =  part  second  will  fill  in  one  minute, 
200     ^ 

1 

300 
1 


X 


part  third  will  fill  in  one  minute, 
part  all  will  fill  in  one  minute. 


X     80     200     300 


Whence,         x  =  48. 


38.  If  three  pipes  can  fill  a  cistern  in  a,  6,  and  c  minutes, 
respectively,  in  what  time  will  it  be  filled  by  all  three  running 
together? 

Let  X  =  number  of  minutes  required  for  all. 

Then  -  =  part  first  fills  in  one  minute, 

a     ^ 

-  =  part  second  fills  in  one  minute, 
6 

-  =  part  third  fills  in  one  minute, 

-  +  -  +  -  =  pa;rt  all  fill  in  one  minute. 
a     b     c 

But  -  =  part  all  fill  in  one  minute. 

X 

•  1-1  +  1  +  1 

X     a     0     c 
Whence,        x=         ^^^ 


ab  •\-ac  ■}■  be 


39.  The  capacity  of  a  cistern  Is  756J  gallons.  The  cistern 
has  three  pipes,  of  which  the  first  lets  in  12  gallons  in  3 J  min- 
utes, the  second  15}  gallons  in  2J  minutes,  the  third  17  gallons 
in  3  minutes.  In  what  time  will  the  cistern  be  filled  by  the  three 
pipes  running  together? 
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Let  X  =  number  of  minutes  required  for  all. 

Then    5  =  number  of  gallons  let  in  per  minute  by  all, 

X 

12 

— ■  *=  number  of  gallons  let  in  per  minute  by  first, 

-^  =  number  of  gallons  let  in  per  minute  by  second, 

17 

-—  =  number  of  gallons  let  in  per  minute  by  third, 
o 

12     15^     77 

—  +  -^  "*■  T" ""  ii^iiiber  of  gallons  let  in  per  minute  by  all. 

•7551 

But       5  »  number  of  gallons  let  in  per  minute  by  all. 

...2ii  =  12    i5i    n 

X        31       2J       3 
Whence,     a; =48}. 


40.  A  sets  out  and  travels  at  the  rate  of  7  miles  in  6  hours. 
Eight  hours  afterwards,  B  sets  out  from  the  same  place,  and 
travels  in  the  same  direction  at  the  rate  of  5  miles  in  3  hours. 
In  how  many  hours  will  B  overtake  A? 

Let  X  =*  number  of  hours  A  is  travelling. 

Then    x  —  S  =  number  of  hours  B  is  travelling, 

11  =  number  of  miles  per  hour  A  is  travelling, 
l|  =  number  of  miles  per  hour  B  is  travelling, 
lix  =  number  of  miles  A  travels, 
If  (a;  —  8)  =  number  of  miles  B  travels. 


.-.  lfa:  =  U(a;-8). 
Whence,     x=50,  a:- 8  =  42. 


41.  A  person  walks  to  the  top  of  a  mountain  at  the  rate  of  2 J 
miles  an  hour,  and  down  the  same  way  at  the  rate  of  3  J  miles  an 
hour,  and  Is  out  5  hours.  How  far  is  it  to  the  top  of  the  moun- 
tain? 

Let  X  =  number  of  hours  required  to  go  up, 

and  5  —  0?  =*  number  of  hours  required  to  go  down. 

Then      2Ja; «  distance  up  the  mountain, 
and  3^(5  —  x)  —  distance  down  the  mountain. 

.-.  2Ja;  =  3i(5-a?). 
Whence,     x=»3,     and2Ja;=-7. 
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42.  A  person  has  a  hours  at  his  disposal.  How  far  may  he 
ride  in  a  coach  which  travels  h  miles  an  hour,  so  as  to  return 
home  in  time,  walking  back  at  the  rate  of  c  miles  an  hour? 


Let 
Then 


X  =  number  of  miles  he  may  go. 


X 


and 


-  =  number  of  hours  he  is  riding, 
h 

X 

-  =s  number  of  hours  he  is  walking, 
c 


X 


+  -  =  a. 
b     c 

Whence,     x  =  ^  ^  • 

43.  The  distance  between  London  and  Edinburgh  is  860  miles. 
One  traveller  starts  from  Edinburgh  and  travels  at  the  rate  of  10 
miles  an  hour ;  another  starts  at  the  same  time  from  London, 
and  travels  at  the  rate  of  8  miles  an  hour.  How  far  from  Lon- 
don will  they  meet? 

Let  X  =  number  of  hours  both  travel. 

Then      10  a?  =  number  of  miles  first  travels, 
and  8  a;  =  number  of  miles  second  travels. 

10  a;  +  8  a;  =  number  of  miles  both  travel. 
.-.  18  a;  =  360. 
Whence,     a;  =  20,  and  8  a;  =  160. 

44.  Two  persons  set  out  from  the  same  place  in  opposite 
directions.  The  rate  of  one  of  them  per  hour  is  a  mile  less  than 
double  that  of  the  other,  and  in  4  hours  they  are  32  miles  apart. 
Determine  their  rates. 

Let  X  =  rate  of  second  in  miles. 

Then  2a;  —  1  =  rate  of  first  in  miles, 
and        3  a;  —  1  =  number  of  miles  apart  in  one  hour. 
12  a;  —  4  =  number  of  miles  apart  in  four  hours. 
.-.  12x-4  =  32. 
Whence,     a;  =  3,  and  2a;— 1  =  5. 

45.  In  going  a  certain  distance,  a  train  travelling  35  miles  an 
hour  takes  2  hours  less  than  one  travelling  25  miles  an  hour. 
Determine  the  distance. 

Let  X  =  number  of  miles. 

ST  ^ 

Then         —  =  number  of  hours  first  was  travelling, 
oo 

and  —  =  number  of  hours  second  was  travelling. 

Jo 


.-.  i^  +  2  =  ;^.     Whence,  x  -  176. 
35  2o 
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46.  At  what  time  are  the  hands  of  a  watch  together : 

I.    Between  8  and  4? 

II.    Between  6  and  7? 

III.     Between  9  and  10? 

I.   Let  CH  and  CM  denote  the  positions  of  the  honr  and  minnte 

hands  at  3  o'clock,  and  CB  the  position  of  both  hands  when  together. 

Then  arc  EB  =  -f^  of  arc  MHB. 

Then    x  =  number  of  minute-spaces  in 

arc  MB, 
Then  —  =  number  of  minute-spaces  in 
12         arc  HB, 
and  15  =  number  of  minute-spaces  in 

arc  MH. 
Now  arc  MB  =  arc  MH -\-  arc  HE, 


That  is, 
Whence, 


X 


12 


X 


16^. 


II.   Let  CM  and  CH  denote  the  positions  of  honr  and  minnte 
hands  at  6  o'clock,  CB  the  position  of  both  when  together. 
Then  arc  HB  =  -^^  of  arc  MHB. 
Let       X  —  number  of  minute-spaces  in 

Z.XCMHB. 
Then  —  =  number  of  minute-spaces  in 
12        B.rcHB, 
and  30  =  number  of  minute-spaces  in 

arc  MH 
Now  arc  MHB  =  arc  MH  +  arc  HB. 

That  is,  x=^  —  +  30. 

12 

Whence,  x  =  Z2^. 


III.   Let  5(7  and  BA  denote  the  positions  of  the  hour  and  minute 

hands  at  9  o'clock,  and  BD  the  position  of  both  hands  when  together. 

Then  CD  =  ^^  of  arc  AECD. 

Let       X  =  number  of  minute-spaces  in  -^ 

arc  AECD. 
m     Then  —  =  number  of  minute-spaces  in 

12         arc  CD, 
and  45  =  number  of  minute-spaces  in 

arc  AEC.  C\ 

Now  arc  AECD  =  arc  AEC-^  arc  CD. 


That  is, 
Whence, 


X 


aj  =  45  -f  ^ 
12 


X 


49^. 


144 


ALGEBRA. 


47.  At  what  time  are  the  hands  of  a  watch  at  right  angles : 

I.    Between  S  and  4? 

II.    Between  4  and  6? 

III.    Between  7  and  8? 

I.   Let  CB  and  CD  denote  the  positions  of  the  hour  and  minute 
hands  when  at  right  angles. 

Let       X  =  number  of  minute-spaces  in 

arc  MHBD. 
Then  ^  =  number  of  minute-spaces  in 
12         arc  HB, 
and  15  =:  number  of  minute-spaces  in 

arc  MH, 
also  15  —  number  of  minute-spaces  in 

arc  BD. 
Now  arc  MHBD  =  arcs  MH+EB-\-BD. 


That  is, 
Whence, 


OJ  =  15  -f  :^  -H  15. 

12 
a;  =32,^. 


XL  Let  CE  and  DE  denote  the  positions  of  the  hour  and  minute 

hands  when  at  right  angles. 

Let      X  ae  number  of  minute-spaces  in 

^         arc  ABCD. 
Then  — «*  number  of  minute-spaces  in 
12         arc  BC, 
and  20  »  number  of  minute-spaces  in 

arc  AB, 
also         15  »« number  of  minute-spaces  in 

arc  CD. 
Now  arc  ABCD  «  arcs  BC-yAB-\-CD. 


That  is, 
Whence, 


X 


a;  =  20-|-j|+15. 


Let       a?  =  number  of  minute-spaces  in 

arc  AB. 
Then  —  « number  of  minute-spaces  in 
12         arc  CD, 
and  20  =s  number  of  minute-spaces  in 

arc  ABC, 
also         15  =  number  of  minute-spaces  in 

arc  BCD. 
Now  arc  AB  =  arcs  CD  -f-  AC-  BD, 

That  is,        a;  =  —  +  20-15. 

12 

Whence,      x  =*  5^. 
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III.    Let  BCand  DC  denote  the  positions  of  the  hour  and  minate 
hands  when  at  right  angles. 

Let       X  —  nnmher  of  minnte-spaces  in 

arc  MHBD. 
Then  —  =  number  of  minate-spaces  in 
12         arc  ^5, 
and  35  =  number  of  minute-spaces  in 

arc  MAH, 
also  15  »  number  of  minute-spaces  in 

arc  BD. 
Now  arc  MHBD  =  arcs  MAH-^HB+BD. 


That  is. 
Whence, 


X  =  35  +  -^  +  15. 
12 

X  =  54  A- 


Let       X  =  number  of  minute-spaces  in 

arc  MB. 
Then  —  =  number  of  minute-spaces  in 
12         arc  HD, 
and  35  =  number  of  minute-spaces  in 

SiTcMBH, 
also  15  =  number  of  minute-spaces  in 

arc  BSD. 
Now  arc  MB 

=  arcs  HBM+  HD  -  BBD. 

That  is.     a;  =  35+-^-16. 


Whence,  x  =  21^. 


12 


48.  At  what  time  are  the  hands  of  a  watch  opposite  to  each 

other : 

I.    Between  1  and  2? 

II.    Between  4  and  5? 

III.     Between  8  and  9  ? 

I.   Let  CB  and  CD  denote  the  positions  of  the  hour  and  minute 
hands  when  opposite. 

Let       X  »  number  of  minute-spaces  in 
arc  MHBD. 

mm 

Then  —  =  number  of  minute-spaces  in 
12         arc  HB, 
and  5  »  number  of  minute-spaces  in 

arc  MH, 
also         30  — number  of  minute-spaces  in 

arc  BAD, 
Now  arc  MHBD 

=  arcs  MH-\-  HB  -I-  BAD. 


That  is,       X 
Whence,      x  =  38^. 


X 


5  +  JI  +  30. 
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II.  Let  CB  and  CD  denote  the  positions  of  the  hour  and  minute 

hands  when  opposite.  ,         ^      •     . 

Let       35  =  number  of  minute-spaces  in 

arc  MHBD. 

Then  —  =  number  of  minute-spaces  in 

12         arc  HB, 

and  20  =  number  of  minute-spaces  in 

arc  MH, 

also         30  — number  of  minute-spaces  in 

arc  BAD, 

Now  arc  MHBD 

=  arcs  MH  +  HB -h  BAD. 

That  is,       «=20  +  -^  +  30.       * 

Whence,      x  =  54j^. 

III.  Let  CB  and  CD  denote  the  positions  of  the  hour  and  minute 

hands  when  opposite.  . 

Let       X  —  number  of  minute-spaces  in 

arc  MD. 

Then  -^  =  number  of  minute-spaces  in 

12         arcJT^, 

and  40  =  number  of  minute-spaces  in 

nxcMDH, 

also  30  =  number  of  minute-spaces  in 

arc  DHB. 

Now  arc  MD  =  arcs  MDH+HB-DEB. 

That  is,        a:  =  40+^-30. 

Whence.      a;=10|f. 

49.  It  is  between  2  and  3  o'clock ;  but  a  person  looking  at  his 
watch,  and  mistaking  the  hour-hand  for  the  minute-hand,  fancies 
that  the  time  of  day  is  65  minutes  earlier  than  it  really  is.  What 
is  the  true  time? 


and 


Let  CB  and  CD  denote  the  positions  of  the  hour  and  minute  hands 
i  CE  the  1  o'clock  point. 


Let       a?  =s  number  of  minute-spaces  in 

arc  MED. 
Then  _E.  =  number  of  minute-spaceSB  in 
12         arc  EB, 
and  10  =  number  of  minute-spaces  in 

arc  MEDH, 
also  5  =  number  of  minute-spaces  in 

arc  DHB. 
Now  arc  MED 

=  arcs  MEDH-¥  HB  -  DHB. 

Thati8,a?=10  +  :^-5. 

.%  a  =5^. 
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50.  A  hare  takes  6  leaps  to  a  dog's  5,  and  7  of  the  dog's  leaps 
are  equivalent  to  9  of  the  hare's.  The  hare  has  a  start  of  50  of 
her  own  leaps.  How  many  leaps  will  the  hare  take  before  she  is 
caught? 

Let  6  a;  =  number  of  leaps  taken  by  the  hare. 

Then         5x  =  number  of  leaps  taken  by  the  dog. 

Also  let      a  =  number  of  feet  in  one  leap  of  the  hare. 

9a 
Then        —  =  number  of  feet  in  one  leap  of  the  dog. 

.-.  ^^ya?  =  (50  +  6x)a, 

M;££=50o4-6aa;, 
7 

45  ox  =  350  a  4-  42  ox. 

Divide  by  o,   3  a;  =  350. 

Whence,  x  =  116}, 

6x  =  700. 


51.  A  greyhound  makes  3  leaps  while  a  hare  makes  4 ;  but  2 
of  the  greyhound's  leaps  are  equivalent  to  3  of  the  hare's.  The 
hare  has  a  start  of  50  of  the  greyhound's  leaps.  How  many  leaps 
does  each  take  before  the  hare  is  caught? 

Let  3  a;  =  number  of  leaps  taken  by  the  greyhound. 

Then        4aj  =  number  of  leaps  taken  by  the  hare. 
Also  let      a  =  number  of  feet  in  one  leap  of  the  hare. 

Then        -—  =  number  of  feet  in  one  leap  of  the  greyhound. 

That  is,   3  a;  X  —  =  the  whole  distance. 
•    2 

But H  4  oa;  =  the  whole  distance. 

9 ax     150a  ,  ^^^ 
2  2 

Divide  by  a.    i^  =  155  +  4a?, 

9a;=150  +  8aj. 
Whence,  a;  ==  150, 

3a;  =  450, 

4  a;  =  600. 
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52.  A  greyhound  makes  two  leaps  while  a  hare  makes  3 ;  but 
1  leap  of  the  greyhound  Is  equivalent  to  2  of  the  hare's.  The 
hare  has  a  start  of  80  of  her  own  leaps.  How  many  leaps  will 
the  hare  take  before  she  is  caught? 

Let  2aj  =  number  of  leaps  taken  by  the  crey bound. 

Then        3  a;  =  number  of  leaps  taken  by  the  bare. 
Also  let      a  =  number  of  feet  in  one  leap  of  the  hare. 
Then        2  a  >=  number  of  feet  in  one  leap  of  the  greyhound. 
That  is,  2a;  X  2a  =  whole  distance. 

But  f80  +  3a;)  a  «=  whole  distance. 

.•.  (80  H-  3a;)a  =  4aa;. 
Divide  by  a,    80  +  3  a;  =  4  a;.     Whence,  x  =  80,  and  3  x  =  240. 

53.  A  rectangle  whose  length  is  5  feet  more  than  its  breadth 
would  have  its  area  increased  by  22  feet  if  its  length  and  breadth 
were  each  made  a  foot  more.    Find  its  dimensions. 

Let  X  =  number  of  feet  in  breadth. 

Then    x  +  5  =  number  of  feet  in  length. 

x(a;  +  5)  =  number  of  square  feet  in  area, 

X  +  1  =  number  of  feet  in  breadth  + 1, 

X  4-  6  =  number  of  feet  in  length  + 1. 

.-.  (x  +  l)(x  +  6)  -  x(x  +  5)  =  22. 
Whence,  x  =  8,  and  x  +  5  =  13. 

54.  A  rectangle  has  its  length  and  breadth  respectively  5  feet 
longer  and  3  feet  shorter  than  the  side  of  the  equivalent  square. 
Find  its  area. 

Let  X  —  3  =  number  of  feet  in  breadth, 

and  X  +  5  =  number  of  feet  in  length. 

Then  (x— 3)(xh-5)  =  number  of  feet  in  area. 
But  x^  =  number  of  feet  in  area. 

.-.  X*  =  x2  4-  2x  -  15.     Whence,  x  =  7J,  and  x^  =  561. 

55.  The  length  of  a  rectangle  is  an  inch  less  than  double  its 
breadth ;  and  when  a  strip  3  inches  wide  is  cut  off  all  round, 
the  area  is  diminished  by  210  inches.  Find  the  size  of  the  rect- 
angle at  first. 

Let  X  =  number  of  inches  in  breadth. 

Then  2x  —  1  =  number  of  inches  in  length, 

and  6x+12x  — 6  — 36  =  number  of  inches  in  area  cut  off. 
But  210  =  number  of  inches  in  area  cut  off. 

.•.  6x+12x~6-36  =  210.     Whence,  x  =  14,  and  2x--l  =  27. 
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66.  The  IcDgth  of  a  floor  exceeds  the  breadth  by  4  feet ;  if 
each  dimension  were  increased  by  1  foot,  the  area  of  the  room 
would  be  increased  by  27  square  feet.    Find  its  dimensions. 


in  breadth, 
n  length, 


Let  X  =  number  of  feet 

Then  a?  +  4  =  number  of  feet 

and  a^  +  4  ar  =  number  of  feet  in  area, 

X  +  1  =  number  of  feet  in  breadth  + 1  foot, 
X  +  5  =  number  of  feet  in  length  + 1  foot^^ 
a*  +  6  a:  +  5  =  number  of  feet  in  area  after  addition. 
But  a;*  4-4x 4-  27  =  number  of  feet  in  area  after  addition. 

.:  3^  +  6x  +  5  =  iii^  +  4:X  +  27.    Whence,  a;  =  11,  and  a; +  4  =  15. 

57.  A  mass  of  tin  and  lead  weighing  180  pounds  loses  21 

pounds  when  weighed  in  water ;  and  it  is  known  that  37  pounds 

of  tin  lose  6  pounds,  and  23  pounds  of  lead  lose  2  pounds,  when 

weighed  in  water.    How  many  pounds  of  tin  and  of  lead  in  the 

mass? 

Let  X  =  number  of  pounds  of  tin. 

Then         180  —  a;  =  number  of  pounds  of  lead, 

—  =  number  of  pounds  x  pounds  of  tin  lose  in 
o  ^^  water, 

—  (180  —  a;)  =»  number  of  pounds  180  — a;  pounds  of  lead 
23  lose  in  water. 

But  21  =  number  of  pounds  tin  and  lead  lose  in  water. 

...l?  +  ^(180-a;)»^21. 
37      23^  ^ 

Whence,  x  =  111,  and  180  -  a?  =  69. 

58.  If  19  pounds  of  gold  lose  1  pound,  and  10  pounds  of  silver 
lose  1  pound,  when  weighed  in  water,  find  the  amount  of  each 
in  a  mass  of  gold  and  silver  weighing  106  pounds  in  air  and  99 
pounds  in  water. 

Let  x  =  number  of  pounds  of  gold. 

Then        106  —  x  =  number  of  pounds  of  silver, 

=  number-  of  pounds  the  gold  loses  in  water, 
=  number  of  pounds  the  silver  loses  in  water. 


Ic 

106 -a; 


10 
f      1  rift     f 

—  -i =  number  of  pounds  both  lose  in  water. 

19  10  ^ 

But  7  =  number  of  pounds  both  lose  in  water. 

.    X    ,l06-x_^ 

19  10 

Whence,  x  =  76,  and  106  -  x  =  30. 
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69.  Fifteen  sovereigns  should  weigh  77  pennyweights ;  but  a 
parcel  of  light  sovereigns,  having  been  weighed  and  counted, 
was  found  to  contain  9  more  than  was  supposed  from  the  weight; 
and  it  appeared  that  21  of  these  coins  weighed  the  same  as  20 
true  sovereigns.    How  many  were  there  altogether? 

Let  X  =  number  in  parcel, 

77 

—  =  number  pennyweights  a  good  sovereign  weighs, 

a;  —  9  =  number  good  sovereigns  that  weigh  same  as  bad, 
— y"^^   i  =  number  pennyweights  the  good  coins  weigh, 

—  X  —  or  —  =  number  pennyweights  a  bad  coin  weighs. 
21     15       9  f      J       o  o 

.   44a;     77 (a; -9) 

9  15 

Whence,     x  =  189. 

60.  There  are  two  silver  cups,  and  one  cover  for  both.    The 

first  weighs  12  ounces,  and  with  the  cover  weighs  twice  as  much 

as  the  other  without  it ;  but  the  second  with  the  cover  weighs 

one-third  more  than  the  first  without  it.    Find  the  weight  of  the 

cover. 

Let  X  =  weight  of  cover  in  ounces, 

12  +  a;  =  weight  of  first  cover  and  cup  in  ounces, 

16  —  a;  =  double  the  weight  of  the  second  cup  in  ounces. 

But    12  +  a;  =  double  the  weight  of  the  second  cup  in  ounces. 
.-.  12  +  aj=2(16-a:). 

Whence,     x  =  6J. 

61.  A  man  wishes  to  enclose  a  circular  piece  of  ground  with 
palisades,  and  finds  that  if  he  sets  them  a  foot  apart  he  will  have 
too  few  by  150 ;  but  if  he  sets  them  a  yard  apart  he  will  have  too 
many  by  70.     What  is  the  circuit  of  the  piece  of  ground? 

Let  X  =  number  of  feet  in  circuit  of  field. 

Then  x  —150  =  number  of  palisades  he  had. 
But    -  +  70  =  number  of  palisades  he  had. 

.-.  aj-150  =  |  +  70. 
Whence,     x  =  330. 
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62.  A  horse  was  sold  at  a  loss  for  $  200 ;  but  if  it  had  been 
sold  for  #  250,  the  gain  wonld  have  been  three-fourths  of  the  loss 
when  sold  for  %  200.    Find  the  value  of  the  horse. 

Let  X  =  number  of  dollars  the  horse  is  worth. 

Then     250— a;  =  number  of  dollars  made  if  sold  for  $250, 
a;— 200  =  number  of  dollars  lost  if  sold  for  $200. 
.-.  250-a?  =  i(a;-200). 
Whence,         x  =  228f 


63.  A  and  B  shoot  by  turns  at  a  target.  A  puts  7  bullets  out 
of  12,  and  B  9  out  of  12,  into  the  centre.  Between  them  they 
put  in  32  bullets.    How  many  shots  did  each  fire? 

Let  X  =  number  of  shots  each  fired, 

—  =  number  of  centres  made  by  A, 
12  ^     • 

9a; 

—  =  number  of  centres  made  by  B. 

12  ^ 

But  32  »  number  of  centres  made  by  both. 

•   7a?  ,  9a;  _  qq 

••l2+12~^^- 

Whence,         x  =  24. 


64.  A  boy  buys  a  number  of  apples  at  the  rate  of  5  for  2  pence. 
He  sells  half  of  them  at  2  a  penny  and  the  rest  at  3  a  penny,  and 
clears  a  penny  by  the  transaction.    How  many  does  he  buy? 

Let  X  —  number  bought. 

Then  -—  =  number  of  pence  paid, 

and      -  X  -  or  -  =  selling  price  of  one-half. 

it       A        ^ 

But  -  X  -  or  -  =  selling  price  of  the  other  half. 
2     3      6 

.2a;      Ix     x\_. 
Whence,         x  =  60. 
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65.  A  person  bought  a  piece  of  land  for  $6750,  of  which  he 
kept  I  for  himself.  At  the  cost  of  9  ^^0  he  made  a  road  which 
took  ^  of  the  remainder,  and  then  sold  the  rest  at  12J  cents  a 
square  yard  more  than  double  the  price  it  cost  him,  thus  clearing 
his  outlay  and  9  500  besides.  How  much  land  did  he  buy,  and 
what  was  the  cost-price  per  yard? 


Let 
Then 


number  of  yards, 
number  of  yards  kept,' 

—  =  number  of  yards  used  for  road, 

^  =»  number  of  yards  sold. 


X 

9 

bx 
90 

X 

2 


X 


.•.6750  +  ^x5-7500. 
8     2 

Whence,         x  =  12,000, 
and  f  6750.00 ->- a?  =  f  0.56J. 


66.  A  boy  who  runs  at  the  rate  of  12  yards  per  second  starts 
20  yards  behind  another  whose  rate  is  10}  yards  per  second. 
How  soon  will  the  first  boy  be  10  yards  ahead  of  the  second? 


Let 
Then 

and 
12aj-fl0  + 


ii 


X  =  number  of  seconds  they  are  running. 
12  a;  =  number  of  yards  first  boy  runs, 
21  a; 
2 
21a; 


=  number  of  yards  second  boy  runs. 
V20, 


^2a._20+il£_20, 
2 

24a?-20-21a?  =  40. 

3a;  =  60, 

a;  =20. 


67.  A  merchant  adds  yearly  to  his  capital  one-third  of  it,  but 
takes  from  it,  at  the  end  of  each  year,  $5000  for  expenses.  At 
the  end  of  the  third  year,  after  deducting  the  last  #  5000,  he  has 
twice  his  original  capital.     How  much  had  he  at  first? 
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Let  X  =  number  of  dollars  he  had  at  first. 

—  -  6000  «  number  of  doUai 
^  the  first  year, 


4  X 

Then 6000  «  number  of  dollars  he  had  at  the  end  of 


or  — — —2 =  number  of  dollars  he  had  at  the  end  of 

3  the  first  year, 

-(^^"o^'^^V  S^^  =  number  of  dollars  he  had  at  the  end  of 
3  \  3  /  tiie  second  year, 

or        ^^- — ■ =  number  of  dollars  he  had  at  the  end  of 

9  the  second  year, 

4/16z-105,000\  _5ooo==  number  of  dollars  he  had  at  the  end  of 
^  \  ^  /  the  third  year, 

or        64^-555,000  ^  ^^j^^er  of  dollars  he  had  at  the  end  of 
27  the  third  year. 

But  2  a;  »r  number  of  dollars  he  had  at  the  end  of 

the  diird  year. 
64a?- 555,000  _o^ 

27  ^      ' 

Whence,  x  =  55,500. 


68.  A  shepherd  lost  a  number  of  sheep  equal  to  one-fourth  of 
his  flock  and  one-fourth  of  a  sheep ;  then,  he  lost  a  number  equal 
to  one-third  of  what  he  had  left  and  one-third  of  a  sheep ;  finally, 
he  lost  a  number  equal  to  one-half  of  what  now  remained  aud 
one-half  a  sheep,  after  which  he  had  but  25  sheep  left.  How 
many  had  he  at  first? 

Let  X  =  number  of  sheep  he  had  at  first. 

Then  — P—  =  number  of  sheep  he  had  left  after  first  loss, 
4 

^^    — ^  =  number  of  sheep  he  lost  the  second  time, 
12  ^ 

x  —  1 

»  number  of  sheep  he  had  left  after  second  loss, 


2 
x  +  1 

4 
X—  3 


=  number  of  sheep  he  lost  the  third  time, 

=»  number  of  sheep  he  had  left  after  third  loss. 
4 

But  25  »  number  of  sheep  he  had  left  after  third  loss. 

.-.^  =  25. 
4 

Whence,     x  =  103. 
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69.  A  trader  maintained  himself  for  three  years  at  an  expense 
of  $  250  a  year ;  and  each  year  increased  that  part  of  his  stock 
which  was  not  so  expended  by  one-third  of  it.  At  the  end  of 
the  third  year  his  original  stock  was  doubled.  What  was  his 
original  stock? 

X  —  number  of  dollars  in  stock  at  first. 


Let 


Then      -(a;- 250) 


or 


-^ =  number  of  dollars  in  stock  at  the  end  of 

3  first  year, 

|/'4£-1000_25o'\ 

or  — ^~  —  =  number  of  dollars  in  stock  at  the  end  of 

^  secbnd  year, 

4/16a;-7000  __  ^^\  _  u^^j^er  of  dollars  in  stock  at  the  end  of 
^  V         ^  /  third  year. 

But  2x  =  number  of  dollars  in  stock  at  the  end  of 

third  year. 

.  |/16x--7000_250^^2». 
Whence,  x  =  3700. 


70.  A  cask  contains  12  gallons  of  wine  and  18  gallons  of 
water;  another  cask  contains  9  gallons  of  wine  and  3  gallons 
of  water.  How  many  gallons  must  be  drawn  from  each  cask  to 
produce  a  mixture  containing  7  gallons  of  wine  and  7  gallons  of 
water? 

Let  X  =  number  of  gallons  drawn  from  Ist  cask, 

14  —  2?  =  number  of  gallons  drawn  from  2d  cask, 

2 

-  =  proportion  of  wine  to  water  in  Ist  cask. 


-  =  proportion  of  wine  to  water  in  2d  cask. 


^  +  |(14-,,)  =  7. 


Whence, 
and 


a;  =  10, 
14~»-4. 


teachers'  edition.  155 

71.  The  members  of  a  club  subscribe  each  as  many  dollars  as 
there  are  members.  If  there  had  been  12  more  members,  the 
subscription  from  each  would  have  been  $  10  less,  to  amount  to 
the  same  sum.    How  many  members  were  there? 

Let  X  =  number  of  members  of  the  club. 

Then  x  =  number  of  dollars  each  subscribed, 

a;  +  12  =  number  of  members  4-12, 
and        a;  — 10  =  number  of  dollars  each  would  have  subscribed 

in  second  case.- 
But  x*  =  number  of  dollars  all  subscribed. 

.-.  (a;  +  12)(a;-10)-x». 
Whence,  x  =  60. 

72.  A  number  of  troops  being  formed  into  a  solid  square,  it 
was  found  there  were  60  men  over ;  but  when  formed  in  a  col- 
umn with  5  men  more  in  front  than  before  and  three  men  less  in 
depth,  there  was  lacking  one  man  to  complete  it.  Find  the 
number  of  troops. 

Let  X  =  number  of  men  on  one  side. 

Then  a:*  +  60  =  number  of  men  in  the  square, 
X  +  5  =  number  of  men  on  a  side  +  5, 
a;  —  3  =  number  of  men  on  a  side  —  3, 
and  (aj  +  5)(a;  —  3)  —  1  =  number  of  men  in  the  square. 

.-.  (x  +  5)(x-3)-l  =  a:»  +  60. 
Whence,  x  =  38, 

and  x»  +  60  =  1504. 

73.  An  officer  can  form  the  men  of  his  regiment  into  a  hollow 
square  12  deep.  The  number  of  men  in  the  regiment  is  1296. 
Find  the  number  of  men  in  the  Aront  of  the  hollow  square. 

Let  X  =  number  of  men  in  front. 

Then      12  a;  =  number  of  men  in  twelve  lines, 
and  24  a;  =  number  of  men  in  twelve  lines  front  and  rear. 

1^^  —  24)  =  number  of  men  on  a  side, 
12  {x  —  24)  X  2  =  number  of  men  on  both  sides. 
Then  24a;  + 12  (x  —  24)  X  2  =  whole  number  of  men. 
But  1296  =  whole  number  of  men. 

.-.  24x  +  12(x  -  24)x  2  =  1296. 
Whence,  x  =  39. 
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74.  A  person  starts  from  P  and  walks  towards  Q  at  the  rate 
of  3  miles  an  hour ;  20  minutes  later  another  person  starts  ftom 
Q  and  walks  towards  P  at  the  rate  of  four  miles  an  hour.  The 
distance  from  P  to  Q  is  20  miles.  How  far  firom  P  will  they 
meet? 

Let  X  =  number  of  miles  first  travels. 

Then  20  —  a;  =  number  of  miles  second  travels, 


X 

3 

20 -a: 


4 


-  =  number  of  hours  first  travels, 
3 

=  number  of  hours  second  travels. 


?  =  20-^     1     Whence,  aj  =  9f 
3         4  3  '  T 


76.  A  person  engaged  to  work  a  days  on  these  conditions : 
for  each  day  he  worked  he  was  to  receive  b  cents,  and  for  each 
day  he  was  idle  he  was  to  forfeit  c  cents.  At  the  end  of  a  days 
he  received  d  cents.    How  many  days  was  he  idle? 

Let  X  =  number  of  days  he  was  idle. 

Then    a  —  x  =  number  of  days  he  worked, 
and  ex  =  number  of  cents  he  forfeited, 

b(a  —  x)  =  number  of  cents  he  received, 
{ab  —  bx)  —  cx  =  whole  amount. 
But  d  =  whole  amount. 

.  •.  {ab  —  bx)  —  cx  =  d. 

Whence,     x  =  ^^^^. 

b  +  c 

76.  A  banker  has  two  kinds  of  coins :  it  takes  a  pieces  of  the 
first  to  make  a  dollar,  and  b  pieces  of  the  second  to  make  a  dol- 
lar. A  person  wishes  to  obtain  c  pieces  for  a  dollar.  How  many 
pieces  of  each  kind  must  the  banker  give  him? 

Let  X  —  number  of  pieces  of  first  kind. 

Then    c  —  a;  =  number  of  pieces  of  second  kind, 

-  =  the  part  of  a  dollar  in  one  piece  of  first, 

-  =  the  part  of  a  dollar  in  one  piece  of  second. 
o 

a        o 

Whence.    x-2i*Z^,   and  «-x=*i«Zl«). 

6  —  a  b  —  a 
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Exercise  LXVm. 


1.  2a;4-3y  =  7 
4a;  — 5y  =  3 

Multiply  (1)  by  2, 

4x4-  6y  =  14 
(2)  is  4x-by=    3 

Subtract,  lly  =  ll 

.-.  2/  =  l 

Substitute  value  of  y  in  (2), 

4a;  —  5  =  3. 
.*.  x  =  2. 

2.  a;-2y  =  4      (1) 
2x-    y  =  5      (2) 

Multiply  (1)  by  2. 

2a;-4i/  =  8 
(2)  is  2x-    y  =  5 

Subtract,  —3y  =  3 

.-.  2/  =  -l. 

Substitute  value  of  y  in  (2), 

0?  +  2  =  4. 
.'.  a;  =  2. 

3.  7a;  +  2y  =  30     (1) 
.Sx+    y-    2     (2) 

(l)i8  7:|  +  2y  =  30 

(2)  by  2,    -6a;  +  2.v=    4 

Subtract,    13  a;  =26 

.  *.  3;  ^  ^. 

Substitute  value  of  x  in  (1), 

14  +  2y  =  30, 
2y  =  16. 
.-.  y  =  8. 

4.  3a;-5y  =  51     (1) 
2a;  +  7y  =  3       (2) 

Multiply  (1)  by  2,  and  (2)  by  3, 

6a;-10y  =  102 
6a;  +  21.v=     9 

Subtract,         -31y=    93 

...  y  =  -3. 

Substitute  value  of  y  in  (1), 

3a; +  15  =  51, 

3a;  =  36. 

.-.  a?  =12. 


6.  5a;  +  4y  =  58     (1) 

3ar  +  7y=67     (2) 

Multiply  (1)  by  3,  and  (2)  by  5, 

15a;4-12y=    174 
15g  +  35.v=    335 

Subtract,         -23y=-161 

.-.  y  =  7. 

Substitute  value  of  y  in  (1), 

5x  +  28  =  58. 
.'.  a;  =  6. 

6.  3a;  +  2y  =  39    (1) 
3y-2a;-13     (2) 

Multiply  (1)  by  3,  and  (2)  by  2, 

9a;  +  6y=117 
-4a;  +  6.v=    26 

Subtract,    13  a;  =91 

.*.  a;  =  7. 

Substitute  value  of  x  in  (1), 

21  +  2y  =  39,  2y  =  18. 
.-.  y  =  9. 

7.  3a;-4y  =  -5  (1) 
4a;-5y  =  l       (2) 

Multiply  (1)  by  4  and  (2)  by  3, 

12a;-16y  =  -20 
12a;-15.v=       3 

Subtract,  —  y  =  —  23 

.-.  y  =  23. 

Substitute  value  of  y  in  (1), 

3a;-92  =  -5,  3a;  =  87. 
.-.a;  =  29. 

8.  lla;  +  3y  =  100  (1) 

4a;-7y=     4(2) 

Multiply  (1)  by  4  and  (2)  by  11, 

44a;  +  12y  =  400 
44  a;  — 77y  =  44 

Subtract,  89y  =  356 

_  .-.  y  =  4. 

Substitute  value  of  y  in  (1), 

lla;  +  12  =  l(X),  lla;  =  88. 

.%  a;  =  8. 
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9.  x  +  49y^    693(1) 

49  a;  4-      y=   357(2) 

Add,       50a; +  503/ =  1050(3) 

Divide  by  50,  a;  -f  y  =  21     (4) 

Subtract  (4)  from  (1), 

483/ =  672. 
.*.  y  —  14. 

Subtract  (4)  from  (2), 

48  a;  =  336. 


•    •    •& 


7. 


12.  2x-1y^   8 

^9a;  +  4y  =  19 

Multiply  (1)  by  4  and  (2)  by  7, 

8a;-28y=    32     (3) 
63a;  +  28.v  =  133     (4) 

Add, -55  a;  =165 

• '.  a;  =  ~~  o. 
Substitute  value  of  x  in  (2), 

27  +  4y  =  19, 
4y  =  -8. 
.-.  y  =  -2. 


10.  17a;  +    3y  =  573 

-3a; +  163/=    23 

Multiply  (1)  by  3  and  (2)  by  1 7, 

51a;  +      93/ =  171 
-51a;-h272y  =  391 

Add,  2811/ =  562 

.-.  y  =  2. 

Substitute  value  of  y  in  (2), 

3x  +  32  =  23, 
-3a;  =  -9. 
.'.  a;  =  3. 


13.  693/ -17  a;  =  103     (1) 

14a?-13y  =  -41    (2) 

Multiply  (1)  by  14,  and  (2) 
by  17, 

-238  a;  +  966  y=  1442  (3) 
238  a;  -  221  y  = -697  (4) 

Add  7453/=    745 

.-.  3/  =  l. 

Substitute  value  of  y  in  (2), 

14a; -13  =  -41, 
14a;  =  -  28. 
.'.  X  —  —  2. 


11.  12a;  +    7y  =  176  (1) 

3y-19a;  =  3       (2) 

Multiply  (1)  by  3  and  (2)  by  7, 

36a;  +  21y  =  528  (3) 
-133a;  +  21v=    21 

Subt.,    169  a;  =507 

•  *.  a;  =  o. 

Substitute  value  of  x  in  (2), 

3y-57  =  3, 
3y  =  60. 
.-.  y  =  20. 


14.  17a;  +  30y  =  59       (1) 

19a;+28y  =  77       (2) 

Multiply  (1)  by  14,  and  (2) 
by  15, 

238a;  +  420y=     826(3) 
285a;  +  420y=  1155(4) 

-47  a;  =-329 

•  •  a;  "*  /  • 

Substitute  value  of  x  in  (2), 

133  +  28y  =  77, 
28y  =  -56. 
r.y^-^2. 
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Exercise  LXIX. 


1.  3a:-4y  =  2 

72r-9i/  =  7 

Transpose  —  4y  in  (1), 

3a;=2  +  4y. 
Divide  by  coefficient  of  x, 

3 

Substitute  value  of  x  in  (2), 

7(5±te)-a,-7. 

Simplify, 

14+28y-27y  =  21. 
.-.  y  =  7. 

Substitute  value  of  y  in  (1), 

3a; -28  =  2, 
3a;  =  30. 
.*.  a;==  10. 


(1)  3.  Zx  +  2y  =  32        (1) 

(2)  20a;-3y  =  l  (2) 

Transpose  2y  in  (1), 

3a;  =  32-3y. 
Divide  by  coefficient  of  a;, 

x  =  32-2y. 
3 
Substitute  value  of  x  in  (2), 

3  ^ 

Simplify, 

640-40y-9y  =  3, 

-  49y  =  -  637. 
.-.  y=13. 

Substitute  value  of  y  in  (1), 

3a; +26  =  32. 
•  •  a;  ^=  i2> 


2.  7a;-5y  =  24        (1) 

4a;-3y  =  ll         (2) 

Transpose  5y  in  (1), 

7a;  =  24  +  5y. 
Divide  by  coefficient  of  x, 

Substitute  value  of  x  in  (2), 

Simplify, 

96  +  20y-21y  =  77, 

-y  =  19. 

.-.  y  =  19. 

Substitute  value  of  y  in  (1), 

7a; -95  =  24, 
7a;  =119. 
.*.  a;  =17. 


2) 


4.  lla;-7y  =  37         (1) 

8x+9y  =  41         ( 

Transpose  7  y  in  (1), 

lla;  =  37+7y. 
Divide  by  coefficient  of  x, 

a;  =  3r±^. 
11 

Substitute  value  of  x  in  (2), 

Simplify, 

296  +  56y  +  99y  =  451, 
155y  =  155. 
.-.  y  =  l. 

Substitute  value  of  y  in. (2), 

8a; +  9  =  41. 
•  *•  a;  ^*  jt. 


8 
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5.  1x+   51/ =  60        (1) 

13a;-lly  =  10        (2) 

Transpose  5y  in  (1), 

7a;  =  60-5y. 

Divide  by  coefficient  of  a;, 

60 -5v 

Substitute  value  of  x  in  (2), 

i3(§2^A_iiy  =  io. 

Simplify, 
780-65y-77y  =  70, 
780  -  142y  =  70, 
142y  =  710. 
.-.  y  =  5. 

Substitute  value  of  y  in  (1), 
7a; +  25  =  60, 
7aj  =  35. 
.'.  a;  =  5. 


7.  10a;  +    9y  =  290       (1) 

12a;-lly  =  130       (2) 

Transpose  9y  in  (1), 

10a;  =  290-9y. 

Divide  by  coefficient  of  a;, 

^  =  290-9y. 
10 
Substitute  value  of  x  in  (2), 

12(29^N_lly  =  130. 

Simplify, 
3480  -  lOSy  -  llOy  =  1300. 
218y  =  2180. 
.*.  y  =  10. 

Substitute  value  of  y  in  (1), 
10a;  +  90  =  290, 
10  a;  =  200. 
.•.  a?  =  20. 


6.  6a;-7y  =  42        (1) 

7a;-6y  =  75         (2) 

Transpose  7y  in  (1), 

6a;  =  42  +  7y. 

Divide  by  coefficient  of  a;, 

^  =  42+^. 
6 
Substitute  value  of  x  in  (2), 

Simplify, 

294  +  49y-36y  =  450, 
13y  =  156. 
.-.  y  =  12. 

Substitute  value  of  y  in  (1), 
6a; -84  =  42. 
.-.  a;  =21. 


8.  3a;-4y  =  18         (1) 

3ar  +  2y  =  0  (2) 

Transpose  4y  in  (1), 

3a;=18  +  4y. 

Divide  by  coefficient  of  at, 

18  +  4y 
x  = ^• 

3 

Substitute  value  of  x  in  (2), 

Simplify, 

54  +  12y +  6y  =  0, 

18  =  -  54. 

...  y  =  _3. 

Substitute  value  of  y  in  (2), 
3a;- 6  =  0. 
»'•  X  =^  ^. 
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9.  9x-5y  =  d2        (1) 

8y-3a;  =  8  (2) 

Transpose  5y  in  (1), 

Divide  by  coefficient  of  a;, 

9 
Substitute  value  of  x  in  (2), 

Simplify, 
72y-156-15y  =  72, 

57y  =  228. 

.-.  y  =  4. 

Substitute  value  of  y  in  (1), 
9a; -20  =  52, 
9x=72. 
•  •.  aj  =  8. 


11.  9y-7a:  =  13        (1) 

15x-7y-9  (2) 

Transpose  —  7  a;  in  (1), 

9y  =  13  +  7a;. 

Divide  by  coefficient  of  y, 

13  +  7« 


y  = 


9 


Substitute  value  of  y  in  (2), 

Simplify, 

135x-91-49x  =  81, 
86x  =  172. 

Substitute  value  of  x  in  (1), 
9y  -  14  =  13. 
.•.  y  =  3. 


10.  5a;-3y  =  4  (1) 

12y-7a;  =  10        (2) 

Transpose  —  3y  in  (1), 

5a;  =  4  +  3y. 

Divide  by  coefficient  of  a;, 

4  +  3y 

Substitute  value  of  x  in  (2), 

Simplify, 

60y-28-21y-50, 
39y  =  78. 
.-.  y  =  2. 

Substitute  value  of  y  in  (1), 
5a;- 6  =  4, 
5x-10. 

»'m    X  ■■   ^. 


12.  5a;-2y  =  51         (1) 

19a;-3y  =  180       (2) 

Transpose  2y  in  (1), 

5a;  =  51  +  2y. 

Divide  by  coefficient  of  x, 

:.  =  51-f2y. 
5 
Substitute  value  of  x  in  (2), 

Simplify, 

969  +  38y-15y  =  900, 

23y  =  -69. 

.-.  y  =  -3. 

Substitute  value  of  y  in  (1), 
6a; +  6  =  51, 
5a;  =  45. 

m'»     X  ^    «/. 
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13.  4a;  +   9y  =  106      (1) 

8x  +  17y  -  198      (2) 

Transpose  9y  in  (1), 

4a;  =  106--9y. 

Divide  by  coefficient  of  », 

^     106-9.V 

Snbstitate  valne  of  x  in  (2), 
8(12i^Ul7y-198. 

Simplify, 

212-18y  +  17y-108. 
.-.  y  =  14. 

Snbstitate  valne  of  y  in  (1), 

4»  +  126  =  106, 
4a:- -20. 
.*.  ap«  — 6. 


«:! 


14.  8x  +  3y=3 

12x  +  9y  =  3  (2 

Transpose  3y  in  (1), 

8a?  =  3-3y. 

Divide  by  coefficient  of  a?, 

^     3-3x 

8 
Snbstitate  valne  of  x  in  (2), 

12(^^^  +  9y«3. 

Simplify, 

9  -  9y  +  18y  -  6, 

9y 3. 

Snbstitate  valae  of  y  in  (1), 

8a;-l  =  3. 
8ar  =  4. 


Exercise  LXX. 


1.  a?  +  15y  =  53 

3x+      y-27  (2) 

Transpose  15y  in  (1)  and  y 
in  (2), 

ar«53-15y(3) 


3a:  =  27-y 
Divide  (4)  by  3, 

X 


27 -y 

3 

Eqnate  valnes  of  a;, 

27^::^ 


53  -  15y  = 


(4) 


(5) 


(6) 


2.  4a;  +   9y  =  51 

8aj  +  13y  =  9 

Transpose  9y  in  (1),  and  13  y 
in  (2), 

4a;  =  51-9y  (3) 
8a;=9  +  13y  (4) 

Divide  (3)  by  4  and  (4)  by  8, 

x^^^-^y  (5) 
4 


Bednce, 

159-45y-27-y, 
44y  =  132. 
.-.  y=3. 

Substitnte  value  of  y  in  (2), 

3a; +  3  =  27, 
3a;  =  24. 
.%  »=-8. 


8 
Equate  values  of  a;, 

51-9y_9  +  13y 
4  8 

Beduce, 

102^18y  =  9  +  13y. 
.-.  y  =  3. 

Substitute  value  of  y  in  (1), 
4x  4-  27  =  51. 


(6) 


(V) 
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3.  4a;  +  3y  =  48  (1) 

5y--3a;  =  22  (2) 

Transpose  3y  in  (1)  and  by 

"^(^)'      4a;-48-8y  (3) 

3a;«5y~22  (4) 

Divide  (3)  by  4  and  (4)  by  3, 

48~3y 

4 


X 


by  -  22 


Equate  values  of  a;, 

48 --3y     by  -  22 

4       "■       3      ' 
Beduce, 

144-9y«20y-.88, 
-29y  =  -232. 
.-.  y  =  8. 

Substitute  value  of  y  in.(l), 

4a  +  24  -  48, 
4a;  ^24. 


6.         bx-   7y  =  33  (1) 

llaj  +  12y-100  (2) 

Transpose  5  a;  in  (1)  and  11a; 

i^(2).      5a;  =  33+7y     (3) 
llx  =  100-l2y(4) 
Divide  (3)  by  5  and  (4)  by  11. 

bx 
^,100-12y 

11 
Equate  values  of  x, 

33  +  7y     100  -  12y 

5       "        11       * 
Beduce, 

363  +  77y  «  500  -  60y, 
147y  =  147. 
.-.  y=.l. 

Substitute  value  of  y  in  (1), 

.6a;- 7  =  33, 
5a;  =  40. 
.'.  a;  =  8. 


2a;  +  3y«43  (1) 

10a;-    y=-7  (2) 

Transpose  3y  in  (1)  and  y  in 

(^)'  2a; «  43 -8y     (3) 

10a;- 7 +y         (4) 
Divide  (3)  by  2  and  (4)  by  10, 

^  =  13^:^, 
2 

x=.l±M. 
10 
Equate  values  of  a;, 

43-3y^7^, 

2  10 

Eeduce, 

215  -  15y  =.  7  +  y, 
-16y  =  -208. 
.-.  y=»13. 

Substitute  value  of  y  in  (1), 

2,a;  +  39  =  43. 
.'.  »  — 2. 


ip 


0.  5a;  +  7y  =  43 

lla;  +  9y  =  69  (2) 

Transpose  9y  in  (2)  and  7y 

^^W'      5a;  =  43-7y     (3) 
lla;  =  69-9y     (4) 
Divide  (3)  by  5  and  (4)  by  11, 


X 


43 


— ^1 


x^e9-9y, 

11 
Equate  values  of  a;, 

43  -  7y  _  69  -  9y 

5  11 

Beduce, 

473  -  77y  =  345  -  45y, 
-32y  =  -128. 
.-.  y-4. 

.Substitute  value  of  y  in  (1), 

6«;  +  28  =  43. 
.'.  aj*«3. 
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7.  8x-21y  =  33  (1) 

6a;  +  35y  =  177  (2) 

Transpose  21  y  in  (1)  and  35  y 
in  (2),      8x  =  33  +  21y  (3) 
6x=177~35y  (4) 
Divide  (3)  by  8,  and  (4)  by  6, 

33  +  21y 


X 


8 
177 -35y 


Equate  values  of  a?, 

33  +  21.v_177-35y 

8  6 

Beduce, 

99  +  63y  =  708-140y, 
203y  =  609. 
.-.  y  =  3. 

Substitute  value  of  y  in  (1), 

8a?-63  =  33, 

8a:  =  96. 

.-.  a;  =12. 


9.       21y  +  20a;  =  165  (1) 

77y-30x  =  295  (2) 

Transpose  20  a;  in  (1)  and  30  x 

"^(^)'21y  =  165-20a?(3) 
77y  =  295  +  30a;  (4) 

Divide  (3)  by  21  and  (4)  by  77, 

165  -  20a; 

y  =  - 


y  = 


.  21 
295  +  30  a; 

77 


Equate  valu^fes  of  a;, 

165  -  20  a;  _  295  + 30  a; 

21  77 

Beduce, 

1815 -220  a;  =885  + 90  X, 
-310x  =  -930. 

Substitute  value  of  x  in  (1), 

21y  +  60  =  165, 
21y  =  105. 
.-.  y  =  5. 


8.  3y-7x  =  4  (1) 

2y  +  5x  =  22  (2) 

Transpose  7x  in  (1)  and  5x 

i^(2).      3y  =  4  +  7a;  (1) 

2y  =  22- 5x  (2) 

Divide  (3)  by  3  and  (4)  by  2, 

„     4  +  7a; 


--   ■      3     " 
..     22  -  5a! 

y=     2    • 

Equate  values  of  y, 

4  + 7a;     22 -5x 

3               2 

Beduce, 

8  +  14x  =  66 -15x, 
29x  =  58. 
.-.  x=-2. 

Substitute  value  of  x  in  (1), 

3y-14  =  4. 
.-.  y-6. 

10.     llx-10y  =  14  (1) 

5x+    7y  =  41  (2) 

Transpose  lOy  in  (1)  and  7y 
in  (2),  iia.'„i0y  +  l4  (3) 
5x  =  41-7y     (4) 
Divide  (3)  by  11  and  (4)  by  5, 
^     lOy  +  14 

^ — n     • 

^     41  -  7y 

Equate  values  of  x, 

lOy  +  14  ^  41  -  7y 

11  5 

Beduce, 

60y  +  70  =  451-77y, 
127y  -  381. 
.-.  y  =  3. 

Substitute  value  of  y  in  (1), 

llx-30=14. 


X 


4. 
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11.  7y-3a:=139  (1) 
2a;  +  5y  =  91               (2) 

Transpose  7y  in  (1)  and  by 

in  (2),    3a.  =  7y-139  (3) 
2a;  =  91-5y     (4) 
Divide  (3)  by  3  and  (4)  by  2, 
^     7.V  - 139 

3      • 
91 -5y 

Equate  valnes  of  x^ 

1y  - 139  ^  91  -  by 

3  2 

Bednce, 

14y  -  278  =  273  -  15y, 
29y  =  551. 
.-.  y=il9. 

Substitute  value  of  y  in  (2), 

2a;  =91 -95, 
2a;  =  -4. 

•  *•  2/  =  —  ^. 

12.  17x  +  12y  =  59  (1) 
19a; -4y   =153  (2) 

Transpose  12y  in  (1)  and  4y 

«i(^).  17a;  =  59-12y   (3) 

19a;=153  +  4y   (4) 

Divide  (3)  by  17  and  (4)  by  19, 

59  -  12y 
x  = : *» 

17 
153  +  4y 

19 
Equate  values  of  x, 

153  +  4y  ^  59  -  12y 

19  17 

Beduce, 

2601 +68y=  1121 -228y, 
296y  =  - 1480. 
...  y  =  -5. 

Substitute  value  of  x  in  (1), 

17a;-60  =  59. 

•     »    X  "S*     fa 


18.     24a;  +    7y  =  27 
8a;-33y=115 


X 


(2) 
Transpose  7y  in  (1)  and  33  y 

"^(^)'  24a;  =  27-7y 
8x  =  115  +  33y 

Divide  (3)  by  24  and  (4)  by  8, 

.-27:=1^. 
24 

115  +  33y 

Equate  values  of  x, 

27-7y^ll5  +  33y 
24      ""         8       ' 

Beduce, 

27  -  7y  =  345  +  99y, 
-106y  =  318. 
.-.  y  =  -3. 

Substitute  value  of  y  in  (3), 

24  a;  =27  +  21, 
24  a;  =  48. 
••.  x='2. 


14.  a;  =  3y-19     (1) 

y  =  3a;-23     (2) 

Transpose  3  x  and  y  in  (2), 

3a;  =  23+y       (3) 

Divide  (3)  by  3, 

3:     23  +  y 

Equate  values  of  x, 

3y-19  =  23jJ^. 
^  3 

Beduce, 

9y-57  =  23+y. 
8y  =  80. 
.-.  y  =  10. 

Substitute  value  of  y  in  (1), 

a;  =  30- 19. 
,.•.»=  11. 
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Exercise  LXXT. 


1.  x(y  +  1)  =  v{x+l)m 

2a;  +  20  =  3y  +  l   (2) 

Simplify  (1), 

xy  -\^  7x '^  xy  +  y. 

Transpose  and  combine, 

7x-y  =  0  (3) 

Transpose  and  combine  (2), 

2x-3y  =  -ld      (4) 

Multiply  (3)  by  3, 

21a;-3y-       0 

(4)  is         2a-3y  =  -19 

Subt.,     19  a;  =19 

.*.  3!=  1. 

Substitute  value  of  x  in  (3), 
7-y  =  0. 
.-.  y  =  7. 


2. 


2«-2rz^-4 


-9 


0 
0 


Simplify  (1), 

10a;-y  +  3-20-0. 
Transpose  and  combine, 
10a?-y*17 
Simplify  (2). 

9y  +  a;-2-27  =  0. 
Transpose  and  combine, 
a;  +  9y  =  29 
Multiply  (3)  by  9, 

90a;-9y=.153 

(4)  is  a?4-9y^    29 

Add,       91a?  =182 

Substitute  value  of  x  in  (4), 

2  +  9y  =  29. 
••.  y«3. 


(1) 
(2) 


(3) 


W 


— ^ ^-         (1) 

x+S     y-2         ^^ 

5(a;  +  3)  =  3(y-2)+2(2) 

Simplify  (1), 

2y-4  =  3x  +  9. 

Transpose  and  combine, 

2y-3aj  =  13  (3) 

SimpUfy  (2), 

5a;  +  15-3y-6  +  2. 

Transpose  and  combine, 

5x-3y  =  -19  (4) 

Multiply  (3)  by  3  and  (4)  by  2, 
6y-   9a;  =     39 
-6y  4-10a?  =  ~38 
Add,  X  =  1. 

Substitute  value  of  a;  in  (3), 
2y-3  =  13. 
.'.  y  =  ^. 


x  —  i     y  -f  2 


X 

6  + 


10 

y-2 


(1) 

(2) 


Simplify  (1), 

2aj-8-y-2  =  0, 

2iB-y  =  10  (3) 

Simplify  (2), 

2a;  +  3y-6-36, 

2a;  +  3y  =  42  (4) 

Subtract  (4)  from  (3), 

2a;-    y=      10 
2a;  +  3y=      42 

-4y^ 32 

.-.  y  =  8. 

Substitute  value  of  y  in.  (3), 
2aj-8=10. 
.'.  a:—  9. 
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5. 

(a?  +  l)(y  +  2)-(aj  +  2)(y  +  l)^ 1  (1) 

3(a;  +  3)-%  +  4)  =  -.8  (2) 

Simplify,  (1),      xy +y +  2x -{-Z  —  xy -2y -X'-2="-l. 
Combine,  » —  y  =  ■—  1  (3) 

Simplify  (2),  3a;  +  9  -  4y  -  16  =  -  8. 

Transpose  and  unite,  3x  —  4y  =  —  1  (4) 

Multiply  (3)  by  3.  3a;--3y  =  -3 

Subtract,  —  y  "•     2 

.\y'='-2. 

Substitute  value  of  y  in  (3),  a;  +  2  »  —  1. 


•  • 


x«  — 3. 


A    g  — 2     10  — 0?     y  — 10  Qx 

'      5  3^4  ^  ^ 

2y-f  4     2x-\-y     a? +  13  ^^v 

3 8      ^ V  ^^ 

Simplify  (1),  12aj  -  24  -  200  +  20a;  -  15y  - 150. 

Transpose  and  combine,  32  a?  — 15  y  =  74                 (3) 

Simplify  (2),  16y  +  32 -  6a; -  3y  =  6a;  +  78. 

Transpose  and  combine,  —  12  a;  +  13y  =  46                  (4) 

Multiply  (3)  by  3.  96  a;  -   45  y  =  222  ' 

Multiply  (4)  by  8,  -96  a; +  104y  ^368 

Add,  59  y  =  590 

.-.  y=-10. 

Substitute  value  of  y  in  (3),  32  a;  - 150  =  74, 

32  a;  =  224. 
.•.  X  =  7. 

7    £±l„3LLg^2(g-y)         m 

3  4  6  ^  ' 

?Lzl^]tLl^2y-x  (2) 

4  3^  ^  ^ 

Simplify  (1),  20a;  +  20  -  15y  -  30  =  24a;  -  24y. 

Transpose  and  combine,  —  4a;  +  9y  =  10                  (3) 

Simplfify  (2).  3« -  9  -  4y  +  12  =  24 v  -  12a;. 

Transpose  and  combine,  15a;  —  28y  =  —  3                (4) 

Multiply  (3)  by  15,  60a;  -  135y  =  - 150 

Multiply  (4)  by  4,  60a;-112y  =  -    12 

Subtract,  -  23  y  =  -  138 

.-.  y-=6. 

Substitute  value  of  y  in  (2),  —  4  a;  +  54  =  10, 

—  4a;  =  —  44. 
••.  aj  =  11. 
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^ 


Simplify  (1), 
Transpose  and  combine, 
Simplify  (2). 

Transpose  and  combine, 
Subtract  (3)  from  (4), 


Substitute  value  of  x  in  (4), 


8. 

Sx  —  2y  5a; —  Sy 
5  3 

2x-Sy  4a?-3y 

3  2 

9a?-6y+25a;-15y 

19x-21y 

4a;  — 6y  +  12a;  — 9y 

16a;-21y 
19a;-21.v 


=  a:  +  l 

=  y  +  l 

15a; +15. 
15 
6y  +  6. 

6 
15 


-3a? 

m     *    X 

48-21y 
-21y 


-9 
3. 

6, 

-42. 

2. 


9. 


2a;-y  +  3      a;  — 2v+3 
3  4 

3a?-4y  +  3     4a;-2v-9 
4  3 


=  4 


Simplify  (1),  8a?-4y  +  12-3y  +  6y-9 

Transpose  and  combine,  5a;  +  2y 

Simplify  (2),  9a;  -  12y  +  9  +  16a; -  8y-  36 

Transpose  and  combine,  25  a;  —  20  y 

Divide  (4)  by  5,  5x  —  4y 

(3)  is  5a;  +  2y 

Subtract,  —^y 

-y 

5a; +  10 
5a; 


48. 
45 
48. 
75 

15 
45 


Substitute  value  of  y  in  (1), 


•   •   m7  ■"— 


-30 
5. 

45, 
35. 

7. 


10. 


Simplify  (1), 
Simplify  (2), 

Multiply  (1)  by  3, 
(2)  is 

Subtract, 

Substitute  value  of  y  in  (1), 


^x  =  iy-2l^ 

18a;-16y  =  53 
54a;-    4y  =  -259 

54a;-48y=      159 
54a;-   4y  =  -259 

-44y=      418 

•  '•  y  =  —  9'}. 

18  a; +162  =53, 

18X--109. 
.*.  a;=>  —  6J. 


(1) 

(2) 

(3) 
(4) 


(1) 
(2) 

(3) 
(4) 


(1) 
(2) 

(2) 
(3) 
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11        _i3 3 (1) 

a;  +  2y  +  3     4a;  — 5y  +  6 

^ = 12_  (2) 

6a;-5y  +  4     3a;  +  2y  +  l 


o-     TIL- /i\  55a;  — 59v  =  — 87  (3) 

S^'SS'  -105x  +  101y.73  (4) 

■n^nspose  59y  in  (3)  and  lOly  in  (4).  and  divide  by  55^and  105 
respectively,  x  =  — ^— — » 


101  y- 73 
105 


59^- 87     101  v  -  73 
Equate  valtieB  of »,  55  106 

.••  y  =  8. 

Substitute  value  of  y  in  (3).  55*  -  472  =  -  87. 

55  a?  =  385. 

.'.  a;  =7. 


12.  £iJf  =  ^  (1) 

y-x      8 

9^_3JL±44^100  (2) 

8a;  +  8y  =  15y  —  15a;. 


Simplify  (l)i  *7        f\  fw 

Transpose  and  combine,  23 a?  -  7y  =  0  (d) 


Simplify  (2), 


63aj-3y-44=700. 


Transpose  and  combine,  63a; -  3y  =  744  (4) 

Multiply  (3)  by  3,  .T'f/'^     L« 

Multiply  (4)  by  7,  441x-21y=     5208 

/ -^  ,  -372a;  =-5208 

.  •.  a;  =  14. 

Substitute  value  of  x  in  (3),  322  -  7y  =  0, 

-  7y  =  -  322. 

.-.  y  =  46. 
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Simplify  (1), 
Transpose  and  combine, 
Simplify  (2). 
Transpose  and  combine, 

Multiply  (3)  by  9, 
Multiply  (4)  by  -11, 

Subtract, 

Substitute  value  of  y  in  (4), 


Simplify  (1), 
Transpose  and  combine, 
Simplify  (2),  20y 

Transpose  and  combine, 

Multiply  (4)  by  2, 
Add  (3)  and  (5), 


Substitute  valne  of  x  in  (3), 


Simplify  (1), 
Transpose  and  combine, 
Simplify  (2). 

Transpose  and  combine, 
Subtract, 

Substitute  value  of  y  in  (2),« 


13. 

3a;  — 5y  ,  « 

— 2       +^ 
g_x-2y 

4 
15a;-25y+30 
llaj-27y 
96-3a;+6y 

-9a;  +  2y 

99aj-243y 
99a?-  22y 


2a; +y 
5 

£  +  2t 
2     3 
4x  +  2y. 
-30 
6a:  +  4y. 
-96 

-   270 
1056 


(1) 
(2) 

(3) 
(4) 


-22iy 

•••y 

-9a:+18^ 


14    4a;-3y-7 
^*-  5 

3         2      20 

24a?-18y-42 

15a;— 14y 

20  +  30a?-9y-60 

24x4-  7y 

48a;  +  14y 
15  a;  — 14  V 


-1326 
6. 

-96. 
12. 

3f_2y__5      ... 
10      15     6      ^  ^ 

15       6     10  ^  ' 
9x-4y-25. 
17  (3) 

4y— 4aj  +  10x  +  6. 
86  (4) 

172  (5) 

17 


16. 


63  X  =189 

•  *•  X  =  o. 
45-14y  =  17. 
.-.  y  =  2. 

X  —  4  ^  y  +  2 
5  10 

?4-2^^  =  3 
6        4 

2x-8=y  +  2. 

2x-y  =  10 

2x  +  3y-6  =  36. 

2x  +  3y  =  42' 
2x-    y  =  10 


(1) 
(2) 

(3) 

(4) 
(3) 


4y 

•••y 

2x  +  24  = 


.  •  X 


32 
8. 
42. 
9. 
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16. 


3a;  +  12y__c^ 


11 


(1) 


l-3a;     ll~3y^g^ 
7  5 

Simplify  (1)  and  (2), 

3a;  +  12y-99  (3) 

I5aj-21y 72      (4) 

Divide  (3)  by  3  and  (4)  by  15, 


X 


-72  +  21y. 
15 
Equate  valnes  of  », 

99~12y     ^72  +  21y. 
3        "^         15 
Simplify, 

495-60y  =  -72  +  21y, 
-Sly  =  -567. 
.-.  y  =  7. 

Substitute  value  of  y  in  (3), 
3a; +  84  =  99. 
.*.  aj  =  5. 


17.    5a;-K5y  +  2)  =  32  (1) 

3y+i(a;  +  2)=»9  (2> 

Simplify  (1)  and  (2). 

20a: -5y- 130        (3) 
a;  +  9y=»25  (4) 

Multiply  (4)  by  20, 

20a;  +  180y  -  500        (5). 
20a;-     5y  =  130        (3). 

Subtract,     185y  =  370 

.-.  y  =  2. 

Substitute  value  of  y  in  (3), 
20a:-10=-130. 
.•.  aj-70. 


18.         3a;-.25y-28  (1) 

.12a;  +  .7y  =  2.54       (2) 

Multiply    (l)by.04, 

.12a;-.01y  =  1.12        (3) 
.12  a?  +    .7y^2.54       (2) 

Subtract, -.71y  =  - 1.42 
.-.  y  -  2. 

Substitute  value  of  y  in  (1), 
3a? -.5  =  28. 
••.  »  —  9.5. 


19.  7(a;-l)-3(y-8)(l) 

4g  +  2_5y +  9    /gx 

9  2        ^  ^ 

Simplify  (1)  and  (2), 

7a;-7  =  3y  +  24, 

7a;-3y  =  31  (3) 

8a;  +  4  =  45y  +  81, 
8a;-45y  =  77  (4) 

Multiply  (3)  by  8  and  (4)  by  7, 

56a;-    24y  =  248 
56a;-315y  =  539 

Subtract,     291^/  =  -  291 
.-.  y  =  -l. 

Substitute  value  of  y  in  (3), 
7a; +  3-31. 
,«.  aj  —  4. 
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20.    7a;  +  i(23/+4)  =  16  (1) 

3y-i(a;  +  2)  =  8  (2) 

Simplify  (1). 

35  a; +  2y +  4  =  80. 

Transpose  and  combine, 

35a; +21/ =  76  (3) 

Simplify  (2), 

12y-a;-2  =  32. 

Transpose  and  combine, 

12y-x  =  34  (4) 

Multiply  (4)  by  35, 

-  35  a; +  420y  =  1190 
35a?  +      2.v=      76       (3) 

422y  =  1266 

.-.  y  =  3. 

Substitute  value  of  y  in  (3), 

35  a; +  6  =  76, 
35x  =  70. 


•  •  a7 


2. 


21.    ^^~^y  +  3a;  =  4y-2     (1) 
13  y  V  / 

5a;  +  6y__3a;-2y^gy_2     ^g) 
6  4 

Simplify  (1), 
5a?  -  6y  +  39  a;  =  52y-26. 

Transpose  and  combine, 

44a;-58y  =  -26       (3) 

Simplify  (2), 
10a;+12y-9a;+6y  =  24y-24. 

Transpose  and  combine, 

x-6y 24       (4) 

Multiply  (4)  by  44, 

44a; -264y  =  - 1056 
44a;-   58y  =  -     26  (3) 

206y  =  1030 

.-.  y  =  5. 

Substitute  value  of  y  in  (2), 
a._30  =  -24. 
.  •.  a?  =  6. 


Simplify  (1), 
Simplify  (2), 


22. 

6a;-3     3a; 


19 


Transpose  and  combine  (1), 

Transpose  and  combine  (2), 
Divide  (1)  by  2, 


2  2 

2a;  +  y     9g  — 7 
2  8 

15a;-9-9a;  +  57 
16a;  +  8y-18a;  +  14 
4a;  +6y 


(1) 


Substitute  value  of  y  in  (4), 


2a;  +    y 
2a;  +  3y 


1     3.V-a^ 
3 

3Cv  +  3)     4a;  +  5y    .^. 

4  16        ^  "^ 

24-6y +  2a?. 
12y  +  36-4a;-5y. 
-  24  (3) 

22  (4) 

-12 


2y 

2a;-17 
2a; 


-34 
-17. 

22, 
39. 
19}. 


Hk'^ 
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23. 

3y  +  ll  =  ^^"y(^^^y)  +  31~4:c    (1) 
X  — y  +  4 

(a;  +  7)(y-2)  +  3  =  2xy-^-l)(x  +  l)  (2) 

Simplify  (1).  3ay-3y»4-12y +  lla;-lly  +  44 


Transpose  and  combine,     32y  —  4a;  =  80  (4) 

Divide  by  4,  8  y  -  a;  =  20  (5) 


Simplify  (2),   a^  +  7y-2«~14  +  3  =  2xy-a;y-y  +  »+l  (6) 

Transpose  and  combine,       8y  —  3x  =  12 
Subtract  (5),  Sy-    x  =  20 

--2x  =  -8 
.'.  x  =  4. 
Substitute  value  of  «  in  (5),   8y  —  4  =  20, 

8y  =  24. 
.-.  y  =  3. 

24. 

6g  +  9  3x4-5v^oi       3x4-4     ^y. 

4  4x  — 6"°               2 

8v  +  7  6x-3y_^     4.y-9         ^g) 

10  2y  -  8                 5            ^  ^ 

Multiply  (1) by 4,  6x  +  9+  -^  "^  ^^  =13  +  6x  +  8. 

2x  —  3 

Transpose  and  combine,  •— -^  =  12. 

^x  —  o 

Divide  both  sides  by  (2),  ^^  "^  ^ /  =  6. 

2x  —  o 

Multiply  by  2x  -  3,  3x  +  5y  =  12x- 18. 

Transpose  and  combine,  —  9x  +  5y  =  —  18  (3) 

Multiply  (2)  by  10  8 y  +  7  +  ^^^-^^.V  =  40  +  8y  - 18. 

y  —  4 

Transpose  and  combine,  • ~  ^  ^  =  15. 

y  —  4 

Divide  both  sides  by  15,  — ^^  *=  1. 

Multiply  by  y  —  4,  2x  — y  =  y  — 4. 

Transpose  and  combine,  2x  —  2y  =  4. 

Divide  by  2,  x  -  y  =  -  2  (4) 

Multiply  (3)  by  1  and  (4)  by  9,  -  9  x  +  5y  =  -  18 

9x-9.v  =  -18 

Add,  -4y=.-36 

.*.  y  =  9. 

Substitute  value  of  y  in  (4),  x  —  9  =«  —  2. 

x=-7. 


•    • 
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26,  ;,_g^  =  20-59^     (1) 

*     »-18  3         ^' 

Multiply  (1)  by  2,  2«  -  ^^f^  -  40  -  59  +  2a!. 

Transpose  ftnd  combine,  •  |L^ —  *=*  l^* 

Multiply  by  23  -  ar,  4y  -  2a;  -  437  - 19«. 

Transpose  and  combine,  4y  +  17x  =  437  (3) 

Multiply  both  sides  of  (2)  by  3,        3y  +  ^^^  «  90  -  73  +  3y. 

Transpose  and  combine,  ^  ..q  =17. 

X  —  io 

Multiply  by  a;  - 18,  3y  -  9  =  17a;  -  306. 

Transpose  and  combine,  3  y  —  1 7  a;  =  —  297  (4) 

Add  (3),  4y-fl7a;=     437 

7y  =     140 

.-.  y  =  20. 

Substitute  value  of  y  in  (3),  80  + 17  a;  =  437, 

17x  =  357. 
.-.a;  =  21. 


Exercise  LXXTI. 

1.  a;+y  =  a  (1)         2.  ax  +  by  =  e 

x-y^h  (2)  i)a;  +  5y  =  r 

Multiply  (1)  by  p  and  (2)  by  a. 

Add,  2a;        =<i  +  6  apx-^hpy^cp       (3^ 

a  +  h  gpa;  +  aqy  °  ar       (4) 

...  a;  =  — ^-  Subt.,     yijyp- aq)  =  cp  -  ar. 

Subtract  (2)  from  (1).  •'•^'^^^J* 

2y  «  a  —  5.  Multiply  (1)  by  ^r  and  (2)  by  6, 

/  a-h  aqx  +  bqy^cq 

£-_  .•.  y»3 — — .  opx  4-  6gy  =  or 

Subt.,     (ag  —  6p)  x  :^cq  —  br 

CQ  —  br 
ojf— op 
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3. 


mx  +  ny  =  a  (1) 

=  6  (2) 

and  (2)  by  m, 

=  ap  (3) 

=  w6 (4) 


px  -^  qy 
Multiply  (1)  by  p 
wpx  +  upy 
mpx  +  mqy 


Sub.,  {np—mq)y  =  ap~mb 

ap — mb 


y  = 


Multiply  (1)  by  q 
mqx  +  nqy  = 
mpx + nqy = 


np — mq 
and  (2)  by  n, 
=  aq 
=  nb 


Sub.,  {inq^'np)x 


a?« 


{aq  —  nh) 

aq—nb 

fnq—iyp 


Multiply  (1)  by  m', 
Multiply  (2)  by  m, 
Subtract, 


Multiply  (1)  by  n', 
Multiply  (2)  by  n. 
Add, 


4,  ax+by=^e  (1) 

ax-\-  cy  =  d  (2) 

Subt.,      (6 — c)  y  =  (c — d) 

«  —  c? 

Multiply  (1)  by  e  and  (2)  by  6, 

acx  +  bey  =  ce 

ofta;  +  bey  =«  5c? 
Subt.,  (ckj— a6)x  =  (;e— 6(? 


.*.  » 


a{c— 6) 


5*       mx  —  9iy 

m'aj  +  w'y 

mm^x  —  m^ny 

mmfx  —  m'n^y 


r 
mr 


{m'n  —  m'n')y  ==  mr'  —  m'r 

wir'  —  m'r 


wn^x  —  nvfy 
m'nx  +  nn'y 


win  +  m'n' 

n'r 

nr* 


,(wn'  +  m'n)x  =  n'r  +  n/ 

n'r  +  nr* 


»        0       X    ""- 


mn'  +  m'n 


(1) 
(2) 
(3) 


Multiply  (1)  by  <f, 
Multiply  (2)  by  a, 
Subtract, 


Multiply  (1)  by/, 
Multiply  (2)  by  6, 
Subtract, 


6.  oa;  +  6y  =  c 

adx  +  bdy  =  cc? 
adx  +  afy  =  a(? 
bdy  —  afy  ^^cd  —  ac* 
_  c{d—  ac) 
bd  —  af 
ahx  +  bfy  =  c/ 
6cfo;  +  bfy  =  6c* 


y 


{af—  bd)x^  cf—bc^ 


x  = 


(1) 

(2) 
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7. 


X     y 
a     0 


(1)      9. 


X 


^y=- 


a 


(2) 


Simplify  (1),  bx-\-ay  =  ahc     (3) 
Simplify  (2),  ax  +  bcy  =  0        (4) 

Multiply  (3)  by  a  and  (4)  by  6, 

abx  +  a^y  =  a^bc 
abx  +  b^cy  =  0 

Subt.,        a^y  —  b^cy  =  a^bc 

{a^  —  b^c)y  =  a^bc, 

^     a'-b^c 

Multiply  (1)  by  be  and  (2)  by  a, 

b^cx  +  a&cy  =  aJ^c* 
a^x  +  obey  =  0 

Subt.,        h^cx  —  a'a;  =  aP<? 

(b^c-a')x  =  ab^(^. 
ab^c^ 


62c-a«' 


a 


b +y     3a+x 
ax  +  2by  =  d 
Simplify  (1), 

Sa^-\-ax=  h^  -hby. 

Transpose  and  combine, 

ax-   by  =  b^-Za^ 
(l)ia     ax  +  2by  =  d 


(1) 

(2) 


(3) 


Subt.,      -3iy  =  6«-3a»-d 
.  3a»-y  +  rf 

q  I, 

Multiply  (3)  by  2, 

2aa;-26y  =  26»-6a« 
(l)i8     oo;  +  2  6y  =  rf 


Add,  Box 


aj« 


3a 


8. 


abx  +  cdy  =  2        (1)    iq        ^  V     _     1 


5(2 
Simplify  (2). 

abdx  —  abdy  =^d^b  (3) 

Multiply  (1)  by  6, 

(2)  is      abdx  —  body  =  d—b\b) 
Add,     (ad*  +  ahd)x=^  b  +d 

b  +  d 
db{b-\-)dl 


X 


9     m     X 


or,  a;  =  --. 
ab 

Multiply  (1)  by  d, 

abdx  +  cd^y  =  2d 
(3)  is      abdx  —  bcdy  =  d—b 

Add,     (cd^  +  bcd)y  ^b  +  d 

b  +  d 


^^^2^  =  ^- 


cd{b-\-d) 


+ 


-y-  = 


(1) 

(2) 


a+b     a—b     a—b 
Add  (1)  and  (2), 

2x^1      ^     1    . 

a  +  6     a  +  6    a  — 6 

Simplify, 

2a;(a-6)  =  2a, 

x{a  —  6)  =  a. 

a 
.•.  a;  = -' 

a  —  b 
Subtract  (1)  from  (2), 

2.V    _     1  1 


a— 6     a--6     a+6 

Simplify, 

2y(a  +  5)  =  26, 
y{a  +  b)  =  b. 
b 
a  +  6 
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11. 

a{a  —  x)='b(x  +  y  —  a)  (1) 

a(y-6-ic)  =  %-J)  (2) 

Simplify  (1),  a*  —  ax  =  hx  +  by  —  ab. 

Simplify  (2),  ay  —  ah  —  ax  =  hy  —  6'. 

Transpose  a*  and  hx  in  (3),         ax  -k- hx  —  a^  -\- ah ^hy  (3) 

Transpose  ay  —  ah  in  (4),  aa;  =»  ay  —  a6  —  6y  +  6*. 

Divide  (3)  by  (a  4-  h)  and  (4)  by  a,       «  =  °'  +  ^^  ~  ^y. 

_  ay  —  a&  —  &7  +  J* 
a 

Equate  yalnee  of  a.  c^  +  oi-hy  _  ay-aS-fty  +  y 

a  +  6  a 

Simplify,  a'  +  a*6  —  a6y  =  a'y  —  a*6  —  6'y  +  6', 

ah/  '\-dby  —  h^y=^a^+2a^h  —  6». 
.*.  y  =  a  +  b. 
Substitute  value  of  y  in  (3^        oa;  +  6aj  =  a'  +  ofi  —  aft  —  ft*. 

.'.  aj  =  a  — 6, 


a;  = 


(a-l)(6-l) 
Subtract  (5)  from  (6),    2(a- 1)(6 -  l)y  =  2(a-6). 

_        ct  —  h 
•••y-(a-l)(6-l)' 


(1) 
(2) 


12. 

a;-y-l 

«+y  — 1 

Simplify  (1),  «— y4-l  =  aaj— ay  —  a. 

Simplify  (2),  4j  +y  + 1  =  fta;  +  6y  —  6. 

Trans,  and  combine,  (a — 1)  aj — (a  —  1)  y  =  a  + 1  (3) 

(6-1)  aj+(6-l)y  =  6  +  1  (4) 

Multiply  (3)  by  6  - 1  and  (4)  by  <a- 1), 

(a-l)(6-l)a;-_(a-l)(6-l)y  =  (a  +  l)(6-l)  (5) 

(a-l)(6-l)a;  +  (g-l)(5-l)y  =  (a-l)(6  +  l)  (6) 

Add,  2(a  - 1)  (6  - 1)  a;  =  2(a6  - 1) 

a6-l 
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In  (3),  ^ 

In  (4),  ^ 


13.       aa;  =  6y  +  ^^^        (1) 

{a-h)x'='{a^h)y  (2) 

Simplify  (1).  2aa?-26y-a»  +  6»  (3) 

Simplify  (2),  ax  -  5a?  -  oy  -  6y  =  0  (4) 

a»-|-&»-l-25v 
2a 

c—  ft 

Equate  values  of  x.  ^ ^  =   a-h 

Simplify, 

oa  +  aJ«  +  2a6y  -  o«6  -  6*  -  26^  =  2a»y  +  2a6y. 
Transpose  and  combine,     2a*y  +  2  6»y  =  a*  -  o*6  +  o6»  -  6*. 

o  — 6 

.-.  y  = 

Substitute  value  of  y  in  (1),  ax  = 


oa;  = 


•     .      IW    ^" 


2 

+  t 

2  2 

2 
a  +  & 


14. 

cap  +  5y  «  c^  0) 

^     =0  (2) 


5+y     a+x 

Simplify  (2),  ax-6y a»4-6»  (3) 

Add  (1)  and  (3),  ax  +  by=^<? 

ax  —  hy^  —  a?  +  h^ 


2ax  =  c*  -  a»  +  6* 
_c»-a»  +  6» 


2a 
Subtract  (3)  from  (1),  oo?  +  fty  =  c^ 

oa;  —  5y  =  —  a'  +  6* 


26y  =  c*  +  a*~5^ 

.-.  y  =  - 


25 
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X 

a  +  b 

-^r 

2a 

«-y_ 

x  + 

y 

16. 

(1) 

(2) 

2ab      a«  +  6'  ^ 

Clear  (1)  of  fractions,     aa:  —  5a;  +  ay  +  6y  =  2  a'  —  2  a6»  (3) 

Clear  (2)  of  fraetions,  a^x-\-h^x — c?y  -b^y  =  2  abx  ■[•  2aby  (4) 

^     ,„.                                                                2c^—2ab^  —  ax  +  hx     . 
In  (3).  y ^^^ 

_     ...  a^x—  2abx  +  h^x 

^W-  y°    a'  +  Zab  +  h'  • 

2a'  —  2a&'  —  oa?  +  fta;     a'a;  — 2a5a;  +  5'a; 

^®^®®'  a +6  "     a»  +  2a6  +  6«  * 

2a*  —  2a*J'  —  a^x  +  2a'&  --  2a5'  +  b^x  =  a'a;  —  2a6x  +  6»x. 

Transpose  and  combine,         2a*x-2a6a;  =  2a*-2a«6»  +  2a»J~2a6». 

Divide  by  2a,  ax  —  bx  =' a^  —  ab*  -{■  a*b  -  6' 

a^  —  ab^  +  a^b  —  6* 

.".  x  = z » 

a  —  o 

or,  a;  =  a'  +  2a6  +  6*. 
Substitute  value  of  x  in  (3), 
a»  +  2a2&  +  a&'-a«&-2a6«-6'  +  ay  +  5y  =  2a»-2ai«. 

Transpose  and  combine,  ay+b7/  =  a^  —  a^b  —  ab^  +  l^. 


..y 


a  +  6 
or,  y  =  a'  — 2a&  +  ^. 


16. 

bx  —  bc  =  ay  —  ac  (1) 

x  —  y  =  a—b  (2) 

Transpose  (1),  hx-ay^(b-a)c 

Multiply  (2)  by  a,  ax-^ay  =  {a-h)a (3) 

Subtract, 


(b- 

■a)x=' 

'-C{b- 

—  a)- 

fa(&- 

-a) 

»*»  X  — 

=  c  +  a. 

■ 

bx- 

-ay  = 

-(b- 

a)c 

(1) 

bx- 

-by== 

-(a- 

b)b 

(4) 

Multiply  (2)  by  6, 

Subtract,  {b-a)y=^c{b-'a)-^b{b-'a) 

.'»  y  =  c  +  b. 
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IT. 

£ii|-=c  (1) 

a(a:  — a)  +  6(y  — 6)  +  a6c  =  0  (2) 

Simplify  (1),  x  —  cy  =  a  —  ch  (3) 

(2)  is  ooj  +  6y  =  a'  +  6»  —  a6c  (4) 

Multiply  (3)  by  a,  <ix  —  acy  ~  o*  —  abc 

Sabtar&ct,  by  +  acy  =  6' 

Multiply  (1)  by  6  and  (2)  by  c,   hx  —  hey  ^ah  —  cl^ 

acx  +  bey  =°  a'c  +  6'c  —  o5c^ 

Add,  hx  +  oca?  =»  a5  +  a*c  ~  ode* 

ab(^ 

ctc+  b 

18. 

(a4-5)a;-(a  — 6)y  =  4a6  (1) 

(a  -  6)aj  +  (a  +  6)y  =  2a'  -  26*  (2) 

Multiply  (1)  by  (a  ~  6), 

(a*  -  52)a;  -  (a  -  6)»y  =  4a»6  -  4  a6«  (3) 

Multiply  (2)  by  (a  +  6), 

(a«-5')a;  +  (a  +  J)'y  =  2a»-2a6*  +  2a«5-26»  (4) 
Subtract  (4)  from  (3),  (2a»  +  2¥)y  =  2a»~2a«&  +  2«6«-2y. 

.'.  y  «a  — 6. 

Multiply  (1)  by  (a  +  6)  and  (2)  by  (o  -  6), 

<a  +  6)»a:  -  (a'  -  6»)y  =  4a»6  +  4a6» 

(o  -  6)^3;  +  (g'  -  ¥)y  =  2a»  -  2a'6  -  2a5«  +  2^ 

Add,  (2a«  +  26«)aj  =  2a»  +  2a«6  +  2a6»  +  2ft» 

.'.  a;  =  a  +  6. 

19. 

(aj  +  a)(y  +  6)-(a; -  a)ry  -  6)  =  2(a  -  6)» 
Simplify (1)  and  (2).     ^j-y  +  2(a-6)  =  0 

a?y  +60:  +  ay  +  oo  —  a?y  +  ay  +  6a;  —  a6  =  2(a  —  6)* 

a;-y +  20-26  =  0 
Transpose  and  combine,         2ay  +  26x  =  2a'  —  4a6  +  26" 

jc  — y=»26  — 2a 

Divide  (5)  by  2,  ay  +  6a;  =  a*  —  2a6  +  6* 

Multiply  (6)  by  a,  —  ay  +  aa;  =  2a5  •-  2a* 

Add,  (6  +  a)a;  =  6«-a»    . 

.'.  aj  =  6  —  a. 

Substitute  value  of  y  in  (6),     6  —  a  —  y  =  26  —  2a. 

.'.  y  =  a  — 6. 


TEACHSBS'   EDITION. 


181 


20. 


Simplify  (1), 

Simplify  (2), 

Multiply  (3)  by  a. 
Multiply  (4)  by  b, 

Subtract, 


(a  +  b)ix  +  y]-(a-b){x--y) 
(a -b)(x  +  y)+{a-¥  b){x - y) 

2bx  +  2ay 

2ax  —  2by 

2abx  +  2a^y 
2abx-2b^y 


Multiply  (3)  by  6, 
Multiply  (4)  by  —a, 

Subtract, 


6» 


(2a» +  26»)y 


2h*x-{-2aby 
2a^x  +  2aby 


2(o'  +  6«) 


(2a«-f  26*)« 


•  •  X 


ab(a  +  b) 
2(a«  +  6«)' 


(3) 
(4) 


1.  1  +  2-10 

X     y 

1  +  5-20 
x     y 

Multiply  (1)  by  4. 

^  +  ?=.40 

»    y 

(2)i8  ^  +  ?-20 

»    y 


ExEBCisE  LXXm. 
(1)         2. 


Subtract,  — 

2 


-10 


or,  10  a;  —  5. 

•  '•3?  ^  *. 


(2) 


(3) 


Subtract,  -  =  20 

y 

Multiply  (1)  by  3, 

-  +  5-     30      (4) 

(2)by2,       ?+?-     40      (5) 
X     y  ^  ' 


1     2 

X     y 

3  4, 
-  +  -  =  6 
ar     y 


Multiply  (1)  by  3, 


(2)ifl 
Subtract, 


?  +  «-3a 
»    y 

3     4, 

-  +  -  =  6 
»     y 


-  =  3a-6 

y 

.  .  y 


(1) 
(2) 

(3) 


3a-b 


Multiply  (1)  by  2, 


(2)  is 


2     4     „ 
-  +  -  =  2a 
»     y 

2  +  *-6 

»    y 


Subtract,    - 

X 


.*.  « 


6 -2a. 

1 
b-2a 


3. 

2       5       4 
X     3y"27 

(1) 

l-t-.      cx) 

4.^y      72 

» 

l^l-e      (2, 

(!){. 

2      5        4 

Multiply  (1)  by  (4), 

r=     3y     27 

?-7-^ 

(2)  by  8. 

2     8      11 

(3) 

(2)by3,      LLia 

Subtract. 

29     29 

ar       y 

3y"27 

Subtract.          _i_   2 

.■.y-9. 

y 

Snbatitnte  valaa  of  y  in  (1), 

■■•y— J- 

2      5      4 

I     27  "  27' 

3          D           = 

2     9 

-  +  8  —  5. 

i~27' 

.-.  il!--l. 

.-.K-e. 

1-r?  '" 

4. 

U?-4 

(1) 

5,?.S    (2, 

?_?»4 

(2) 

Multiply  (1)  by  6  and  (2)  by  o, 

«     y 

^  +  ?  =  ac 

Miiltiply  (1)  by  3, 

\   K 

5  +  5.I2 

'    y 

{2)U 

Subtr«=t.      ^^-..-Ic 

<c     y 

*      »    . 

b>-a* 

Sabtract 

?.8 

■•■^     a.-bo 

y 

Multiply{l)by-iand{2)by  J, 

.-.y-l. 

a"     06     o'c 

(l)i» 

«   y 

i"     <i6      ft'c 

(2)» 

£_f_4 

«   y 

!       .8 

I       y        0 

Subtract.      -'-^."''^-^'^ 

Add, 

-.1R_„M 
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7. 


ax     by 
6       2  _3 
cus     by 

Multiply  (1)  by  5. 

10  +  l«-25 
ax     by 

Multiply  (2)  by  2. 

10      4  _   g 
ax     by 

Subtract, 

Multiply  (1)  by  2, 

(u;     oy 

Multiply  (2)  by  3, 

15      6^3 
cus     by 

Subtract 

18-19. 

1 

*      Of  ^  — • 


0) 

(2) 


—  +  —  '^m  +  n  (1) 

nx     Ttiy 

-  +  _  =  m*  +  n*  (2) 

«      y  ^  ' 

Multiply  (1)  by  n.      "^  +  1^  ^n(m  +  n) 

Tio;      my  , 

Multiply  (2)  by  ^.       mn ^ ^ ^ m(m*+_7i?)  i 

n         nx      ny  n  ' 

Subtract, 


n'  —  m'     n^{m  +  n)  —  m(m'  +  n') 


fUTiy  71 

n'  — 771? 
'     i»'n'  +  TTin'  —  771*  —  77i*n' 
1 

771 


Substitute  value  of  y  in  (2),     a?  =»  — 
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Multiply  (1)  by  ft, 
Multiply  (2)  by  a, 

Subtract, 


X     y 

b     a 

—  n 

X     y 

ab     h^      . 

1 —  =  am 

X      y 

ab     a' 

^^an 

X      y 


(1) 
(2) 


a«  +  5» 


Multiply  (1)  by  a, 
Multiply  (2)  by  6, 


Add, 


^  ,ob 

X       y 

b^     ab     , 

^hn 

X      y 


bm^an 

a'  +  h^ 
bm  —  an 

m 


X 
•  •  X 


'^am  —  bn 


Ofn  —  hn 


EZEBCISE  LXXIV. 


f 


1.  5a;  +  3y-6z  =  4 

3:r-y  +  2z  =  8     (2) 
aj-2y  +  2z  =  2    (3) 

(l)is         5a;  +  3y-6z=   4  (1) 
(2)  X  3  is   9a?-3y-f6z  =  24 

Add,        14 »  =28 

(l)is         5a;  +  3y-e2=   4  (1) 
(3)x3is    3a;-ey4-6z=    6 

Add,         8a;--3y         =10 

Substitute  value  of  x  in  (4), 

16 -32/ =  10, 
-3y  =  -6. 
.-.  y  =  2. 

Substitute  values   of  x  and  y 
in  (3), 

2-4  +  22  =  2, 
22  =  4. 


2.      4x-5v  +  22  =  6 
2a;  +  3y-2  =  20 
7a;-4y  +  32=35       (3) 

Multiply  (1)  by  3  and  (3)  by  2, 

12a;-153/+62=     18  (4) 
14a;-  8y+62=      70 

Subt.,-2a;-  1y        =-52  (5) 

Multiply  (2)  by  3  and  (3)  by  1, 

6a;+9y-32=60 
7a;-4y4-32  =  35 

Add,    13a;+5y        =95      (6) 

Multiply  (5)  by  5  and  (6)  by  7, 

10a;  +  35y=     260 
91a;  +  35y=     665 

Subt.,  -81a;  =-405 

,\  aj  — 5. 

Substitute  value  of  x  in  (6), 

65  +  5y  =  95. 
.-.  y«6. 


TEACHEBS     EDITIOX. 


185 


3.  a:  +  y+2  =  6 

5a;  +  4y-l-32  =  22 
15a;4-10y +  6aj  =  53 

3)  is        15a;+10y+62  =  53 
l)x6is    6a;+  6y+Qz^S6 


t 


(3) 


Subtract,  9a;+  4y 


!? 


2)  is 
)x3is 

Subtract, 

(4)  is 

(5)  X  4  is 

Subtract, 


5aj+4yH-3z 
3a?H-3y+32 


17  (4) 
22 


=  18 


2x+  y 

9a;  +  4y 
8a;  +  4y 


=   4  (5) 

17 
16 


X 


«   1 


Substitute  value  of  x  in 

Substitata  values  of  a; 
in(l),         l  +  2  +  3« 

.".  2  = 


^4. 

and  y 

.6. 
3. 


4aj  — 3y  +  2«9  (1] 
9iB  +  y-52=?16  (21 
x-4y  +  32  =  2     (3J 

(l)is  4a;-3y+     2=   9 

(2)x3is  27a;+3y-152==48  (4) 

Add,       31a;       -142  =  57  (5) 

Multiply  (2)  by  4, 

36a;+4y-202  =  64  (6) 
(3)  is  a;-4y+  32=   2 

Add,        37a;        -172  =  66(7) 

Multiply  (5)  by  37, 

1147a;-5272  =  2046 
(7)x31is  1147a;-5182  =  2107 

Subtract,  —  9  2  =  —  63 

.*.  2=7. 

Substitute  value  of  2  in  (7), 

37  a? -119  =  66, 
37  a;  =185. 

.♦.  a;  =  5. 

Substitute  values  of  x  and  y 

in(l),    20-3y  +  7  =  9, 

-3y  =  -18. 


6.        8a;  +  4y  — 32 
X  +  3y  —  z 

4a;  — 5y  +  42 

(l)is        8a;+4y-32 
(2)x3is  3a;-f9y-32 

Subt.,      5  a;— 5  y 

Multiply  (2)  by  4, 

4a;+12y— 42 
(3)  is      4  a;—  5y+42 


-15(4) 

28 
8 


Add,      8a;+  7y 

Multiply  (4)  by  7  and 

35a;-35y  = 
40a;  +  35y  = 

Add,        75  a; 


=  36     (5) 

(5)  by  5, 

=  -105 
=      180 


x  = 


Substitute  value  of  x 

5-5y^ 

-5y  = 

.-.  y  = 

Substitute  values  of 

in  (2),     1  +  12-2  = 

.'.2  = 


75 
1. 

in  (4), 

=  -15, 
=  -20. 
=  4. 

X  and  y 

=  7. 
=  6. 


(4) 
(5) 


6,      12a;  +  5y-42=29 

13a;-2y +  5y  =  58 

17a;  — y  —  2=  15 

(1)18      12a;+5y-42  =  29 
(3)x4is  68a;-4y-42  =  60 

Subt.,    56a;-9y        =31 

(2)  is      13a;-2y+5z=   58 
(3)x5is85a;-5.v-5z=    75  (6) 

Add,      98a;-7y        =133  (7) 

Multiply  (7)  by  9  and  (5)  by  7, 

882a;- 63y  =  1197(8) 
392  a;- 63  y=    217(9) 

Subt.,      490  a;  =    980 

.*.  a;  =  2. 

Substitute  value  of  x  in  (7), 

196-7y  =  133. 
.-.  y  =  9. 

Substitute  values  of  x  and  y 
in(l),  24+45-42  =  29. 
.-.2  =  10. 
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7. 


(l)ifl 
(3)  is 
Add, 


x  —  y  —  z 
X  +y  —z 

x  +  y  +  z- 

x  —  y  —  z 

x  +  y  +  z 


5  (1) 
25  (2) 
36  (3) 

6 
35 


2x 


•  •  37  ~~" 


40 
20. 


Substitute  value  of  a;  in  (2)  and  (3), 

y-2=    5 
y  +  2  =  15 


Add, 


Subtract, 


2y        =20 
.-.  y  =  10. 
-2z  =  - 10. 
.*.  2  =  5. 


8.  {c  +  3/+2  =  30  (1) 

8a;H-4y-f22  =  50  (2) 

27a;  +  9y  +  32=-24  (3) 

Multiply  (1)  by  2, 

2a; +  2y +  22  =  60  (4) 
(2)  is     8a;-f4y  +  22  =  50 


Sub., -6a;-2y  = 

Multiply  (1)  by  3, 

3a;  +  3y +  32  = 
(3)  is    27a;  +  9y  +  32  = 

Sub..~24a;-6y  -= 

Multiply  (5)  by  3, 

-18a?-6y  = 
(7)  is         -^24a;-6y  = 

Subtract,       6  a;  = 

•  •  X  ^* 

Substitute  value  of  y  in 

-12-6y  = 
.-.  y  = 

Substitute  values  of  x 

in(l).       1-7  +  2  = 


10(6) 


90  (6) 

64 


26  (7) 

30  (8) 
26 


.*.  z 


4 

f 

(8), 
30. 

-7. 

and  y 

30. 
36J. 


Multiply  (1)  by  2, 
Multiply  (2)  by  3, 

Add, 

Multiply  (2)  by  7, 
Multiply  (3)  by  16, 

Xdd, 

Multiply  (6)  by  154, 
Multiply  (9)  by  3, 

Subtract, 


9.  15  y 

15  a; 
18  a; -(72 -13) 

20a;  +  30y-482 
45a;-36y  +  482 


242 -10a; +  41 
12y-162+10 
14y 

82 
30 


65a?-   6y 


=  112 
=  70 


105a;-   84y  +  1122 

288a;  -  224y  -  1122  =  -  208 

393a;- 308y 

10,010a; -^924y 
1.179a;- 924y 


=  -^138 

=  17,248 
414 


8,831a; 


a;  = 


Substitute  value  of  x  in  (6), 


130 -6y 

•'•  y 

Substitute  values  of  x  and  y  in  (1), 

20  +  45-242 


17,662 
2. 

112.- 
3. 


-41. 


(2) 
(3) 


(6) 
(9) 


•  *.  2=1. 
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10.  3aj-y  +  2  =  17  (1) 

5x  +  3y-22  =  10  (2) 
7a:+4y-5z  =  3     (3) 

Multiply  (I)  by  2, 

6a;-2y  +  22  =  34  (4) 

(2)  is     5x  +  3.v-22  =  10 
Add,    llx+    y  «44  (5) 

Multiply  (1)  by  5, 

15a;-5y  +  5z  =  85  (6) 

(3)  is  •   7x  +  4y-5z^   3 

Add,    22a;-    y  =88 

(5)  is   11a;  +    y  =44 

33  a?  =  132 

.'.  a;  =  4. 

Substitute  value  of  x  in  (5), 

44  +  y  =  44, 
.'.  y  =  0. 
From  (1),  2  =  5. 


12.        ar  +  2y  +  32  =  6 

2a;  +  4y4-22  =  8 
3a; +2y  + 82  =  101 

Multiply  (1)  by  2, 

la;  +  4y +  62  =  12 
(2)  is    2a;  +  4.v  +  22=   8 


Subtract, 


42  = 
.•.  2  = 


4 

1. 


(2) 
(3) 


[4) 
(5) 


(2)  is     2a;+4y+  22=    8 
(3)x2is6a;+4v4-162=    202    (7) 

Subt.,-4x       --142  = -194    (8) 

Substitute  value  of  2  in  (8), 

-4a;-14  =  -194. 
-4a;  =  -180. 
.'.  aj  =  45. 

Substitute  values  of  x  and  y  in  (1), 

45  +  2y  +  3  =  6, 

2y  =  -  42. 
.-.  y  =  -21. 


11.  a;  +  y  +  2  =  5    (i; 

3a;-5y  +  72=75  (2 

9a;-ll2+10  =  0     (3j 

Multiply  (1)  by  5, 

5aj  +  5y+    52=   25(4) 
(2)  is   Sx-5v+    72=   75 
Add,   8a;  +122  =  100(5) 

Multiply  (5)  by  9  and  (3)  by  8, 

72a; +  1082=  900 
72a;-   88 2  =  -80 

Subtract,  1962=  980 

.'.  2  =  5. 

Substitute  value  of  y  in  (3), 

9a; -55  =  -10, 
9  a;  =  45. 
.  •.  a;  =  5. 

Substitute  values  of  x  and  y 
5  +  y  +  5  =  5. 

y=»-5. 


13.        a;-3y-22  = 
2a;  — 3y+52« 
5a;  +  2y  —  z 

Multiply  (3)  by  2, 

10a;  +  4y-22 
(l)is      g-3.v-22 

Subt.,  9a;+7y 

Multiply  (3)  by  5, 

25a;+10y-52 
(2)  is      2  a;-  3?/+52 


24        (4) 
_1^ 

23        (5) 


60    (6) 
-19 


Add,  27a;+  7y 
(5)  is    9g+  7y 


41    (7D 
23 


Sub.,  18  a; 


•     •     w 


=     18 
=  1. 


t  • 


Substitute  value  of  x  in  (5), 
9  +  7y  =  23, 

^•y=^2- 

Substitute  values  of  x  and  y  in  (1), 

1«6-22  =  1. 
.'.  2  =  —  3. 
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14.  3a;-2y  =  5      (1) 

4a;-3y  +  22=ll     (2) 

a;_2y~5z  =  -7    (3) 

Multiply  (2)  by  5  and  (3)  by  2, 

20aj-15y+102  =     55(4) 
2aj-  4y-10z  =  -14(5) 

Add,    22a;-19y  =     41(6) 

Multiply  (1)  by  19  and  (6)  by  2, 

57x-38y-96    (7) 
44x~38y»82 


16. 


(«) 


Subtract,    13  a; 


=  13 
.•.«  =  !. 

Substitute  value  of  x  in  (1), 

3-2y=.5, 
-2y  =  2. 
.-.  y  =  -l. 

Substitute  values  of  a;  and  y 
in  (2), 

4  +  3+22-11, 
22-4. 


15. 


«+    y 

y+   2 

a?  +2 


1  (1) 
9  (2) 
5     (3) 


Add,      2a;  +  2y  +  22=15 

a;  +  y+2  =  7J     (4) 
Subtract  (1)  from  (4), 

2 

Subtract  (2)  from  (4), 

a?  =  -l}. 
Subtract  (3)  from  (4), 


=  6}. 


(l)i« 
(2)  IS 

Add, 

(3)i8 


2x-3y  =  3 

3y-42-7 

—  6x  +  42  =  2 

2«— 3y  =   3 

3y-42=    7 


(2) 
(3) 


2x 

—5x 


-42  =  10 
+  42=    2 


Add,   -3  a;  =12 

.*.  a?  =  — 4. 

Substitute  value  of  x  in  (1), 

-.8-3y  =  3, 
-3y=ll. 

.  •.  y  =  —  3J. 

Subfititate  value  of  x  in  (3), 

20  +  42  =  2, 
42  =  -18. 

•  *•  2  ^  —  ^2* 


17.  3a!-4y  +  62 

2a;  +  2y  —  2 

7a;  — 6y +  72 

(l)i8        3a;-  4y+6z 
(2)x6isl2a;+12y-62 


Add,      15a;+  8y 
Multiply  (2)  by  7, 

14a;+14y— 72 
(3)  is        7a;-  6y+72 


Add,      21a;+  8y 
Subtract  (7)  from  (5), 


9      (7) 


-6a;  =  -2. 


•     m     X  — 

Substitute  value  of  x  in  (7), 

7  +  8y  =  9, 

8y  =  2. 

.-.  y  =  J. 

Substitute  values  of  x  and  y 
in  (2), 

i  +  i-z-l, 
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IS. 


7«-3y  =  30 

a?  +  y  +  2  =  33 

Multiply  (3)  by  7. 

7a;  +  7y +  7z  =  231 
(l)ifi     7a;-3.v         ==   30 


(3) 


Subtract,      10y4-7z 

Multiply  (2)  by  10  and 

90y~  50z  = 
90y+   63g: 

Subtract,         -llSz- 


(5) 


=  201 

(5)  by  9. 

=       340(6) 
-1809(7) 


Subetitate  value  of  z  in  (5), 

lOy  +  91  -  201, 
lOy  =  110. 
.«.  y  =  ll. 

Sabstitote  values  of  y  and  z  in  (3), 

aj+ll  +  13  =  33. 
.'.  a!=»9. 


.*.  z 


2  3 

Z  tB 

y  +  -  +  - 

^     2  3 

2  3 


-1469 
13. 


6. 

-1, 
17. 


19. 


Simplify, 

6a;  +  3y +  2z 
2a;  +  6y  +  3z 
3a;  +  2y +  6z 


1     2 

-  +  - 
X     y 

3     4 


36 
-6 
102 


(1) 
(2) 
(3) 


20. 


y    « 

3     4 

z      X 


---6 


r-i-e 


(1) 

(2) 
(3) 


(l)x3i8l8a;+9y+62-108 
(3)i8        3g+2y+62  =  102 

Sub.,      15a;+7y        »     6       (4) 

(2)x2i8  4a;+12y+62  =  -    12 
{3)i«      3a;+  2y+62=      102 

Sub.,        a;+10y        =-114  (5) 

Subtract  (5)  x  7  from  (4)  x  10. 

143  a?  =  858 
..•.  a?  =  6. 

Substitute  value  of  x  in  (5), 

y  =  -12. 

Substitute  values  of  a;  and  y  in  (1), 

2  =  18. 

Multiply  (6)  by  4  and  (3)  by  3, 

1?-,??  =  108 
X        z 

-1?  +  ?-  15 

X         2 


Multiply  (1)  by  3  and  (2)  by  2, 

15        (4) 

-12     (5) 


%     6 

-+- 
X     y 


8     6 

-  +  - 

2    y 


Subtract, 


?  +  ?=     27    (6) 

»       2  ^   ' 


41 

—  =  123 

z 

•  *•  2  ^  y. 

Substitute  value  of  z  in  (3), 
9--  =  5. 

X 

»    »    X  ^*  X. 

Subetitate  value  of  z  in  (1), 
1+--5. 
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Add, 
(l)is 

Subtract, 


111 

-  + =a 

X     y     z 

1     1     1     I. 

+  -  =  & 

X     y     z 

111 

-  + =  c 

y     2      X 


21. 

(1)       W  is 


(2) 
(3) 


-  +  -  +  -  =  a+6+c  (4) 
X     y     z  ^  ' 

111 

-  + =  a 

X     y     z 

2      , 
-=•6  +  0 

2 


••.  z 


6  +  c 


111 

-  +  -  +  - 

X     y     z 

111 

+  - 

X     y     z 


h 


Sabtract, 


2 

y 


.-.  y  = 


111 

-  +  -  +  - 
X     y     z 

111 

X     y     z 


2 

a  +  c 


=  c 


Subt.,      f 
a; 


.     •    aC  — 


a  +  6 
2 

■  ■■  • 

a  +  6 


22. 


Multiply  (1)  by  a, 
Multiply  (2)  by  5, 
Multiply  (3)  by  c 

Add  (4),  (5),  and  (6), 
Subtract  twice  (4)  from  (7), 
Subtract  twice  (5)  from  (7), 
Subtract  twice  (6)  from  (7), 

In  (8), 
In  (9), 
In  (10), 


hz-\-  cy 

az  +  ex 

ay  +  bx 

abz  +  acy 
abz  +  bcx 
acy  +  bcx 


=>  a 
=  c 

=  c2 


2abz  +  2aey  +  2bcx  =  a'  +  6^  +  c* 
2bcx 
2  acy 
2  abz 


X 


=  J»  +  c« 

=  a»  -  6^  +  c» 

^a^  +  h^-c' 

6»+^-a» 


y  = 


«= 


2ic 
a»  _  JJ  +  (J 


2ac 


(1) 
(2) 
(3) 

(4) 
(5) 
(6) 

(X) 

(8) 

(9) 

(10) 


2ai 
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23.         3_A  +  1  =  7« 
X     by     z 

Zx     2y     z 

i._±+i  =  16A      (3) 
5a;      2y     z 


(1) 
(2) 


Multiply  (1)  by  60  and  (2)  by  30, 

(4) 


182_^  +  ^  =  456 
X       y      z 

12  +  1^+52  =  305 
a?      y      2 


Sub., 


170    63 


=  151 


(6) 


X       y 
Multiply  (2)  by  60  and  (3)  by  30, 

(7) 


20  +  30^120  ^gjO 
X      y       z 
24_15^120^433 

X      y        z 


a   V        4      45 

Sub.,  —  +  — 
X     y 


=  127 


(8) 
(9) 


540_126^3(j2       (10) 

X  V 

340  +  3825^^0795  ^^^^ 


X 


y 


Add, 


3699 


= 11097 


y 

Substitute  value  of  y  in  (9), 
_^  +  135  =  127, 

X 

8a:  =  4. 

a    m    X  ^^   2  • 

Substitute  values  of  x  and  y 
in  (5), 

Rft 

20+45+— =  305, 

z 

2402  =  60. 
.•.  z  =  J. 


24. 


2_3     4 


5_6 


7 


9     10_8 
y       2      a; 


2.9  (1) 
-10.4(2) 
14.9    (3) 


Add, 


_1  +  Z  =  7.4     (4) 
X      z 


(5)       Multiply  (1)  by  2, 


(2)  is 

Subt., 
(4)  is 


4_6     8 
X     y     z 

5_6_7 
X     y     z 


1  15 

--      +  — = 
X  z 

X      z 


5.8 

(5) 

-10.4(6) 

16.2 

(7) 

7.4 

(8) 

Multiply  (6)  by  2  and  (9)  by  85,  Subtract, 


5=   8.8 


z 

,',  z 


a- 


Substitute  value  of  z  in  (4), 

_l  +  7.7  =  7.4. 
a; 

Simplify,  -l  +  7.7a;=  7.4  a?, 

3a;  =  10. 
.%  a;  =  3J. 

Substitute  values  of  a;  and  z  in  (1), 
.6  -  -  +  4.4  =  2.9. 

y 

Simplify, 

.6y-3  +  4.4y  =  2.9y. 

•*•  y  =  '^i' 
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X     y     z 
2      y 


1      1 

-  +  - 
X      z 


Multiply  (1)  by  2, 


(2)  is 
Add, 


X     y     z 

y    2 


4 

a; 


-2  =  2 


25. 

(1)  (5)i8  i-3.2 

(2)  Mul.(3)by3,    ?  +  §«4 


IJ      (3)     Add, 


(4) 


7 
a; 


«6 


Sabstitate  valne  of  a;  in  (5), 
#-2-2. 

7         2 


.*.  2  —  ^to* 

(^)      Substitute  values  of  x  and  y  in  (1), 
___^ 10 

(5) 


12  +  l-±^  =  0. 
7     y     7 

.'.  y  =  3J. 


Add  (1)  and  (2), 


26. 

ooj  +  5y  +  cz  =  a 
ax—hy  —  cz  =  h 
flw?  +  cy  +  6z  =*  c 

2a  ' 


•  •  (C  --~ 


Multiply  (2)  by  6  and  (3)  by  c. 

«6a;  —  2>*y  —  6c2  =  6* 


2a 


(1) 
(2) 
(3) 

(4) 


Add,  abx  +  aca;  —  h^y  +  <?y  ^b'^  ^^ 

Substitute  "value  of  aj  in  (7), 

-(6«-c«)y  =  6«  +  c«. 

a5+ac  +  6c  — 6'  — 2c» 


(7) 


y  = 


Substitute  values  of  x  and  y  in  (3), 

a  +  5  ,  abc  +  oc*  +  ftc^  —  6*c  -  26* 


2(5«-c2) 


+ 


2(62 -c«) 


ft2  = 


2s 


+  62  =  C, 

36«c-a5«-aJc-6» 


2(6«-c2) 
S^—ub—  ac  —  h' 
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27. 

2x-y  ^  3y  +  2z  ^  x  —  y  —  z  ^  ^  q\ 

Simplify,  40a;-20y =45y  4- 30z  =  12a? -12y-12z- 240 
■     ^    -^  ^         ^  40a;-20y  =  240 

45y  +  30z  =  240 
12a:-12y-12z  =  240 
Divide  (1)  by  20,  2  a;  -  y=  12 

Divide  (2)  by  15,  3  y  +.  2  z  =  16  (5) 

Divide  (3)  by  12,  a:  -  y  -  z  =  20  (6) 

Multiply  (4)  by  3,  6a: -3y  =36  (7) 

(5)i8  3v  +  2z  =  16 

Add,  6a;  +2z  =  52  (8) 

(4)  is  2a;-y        =    12 

(3)  is  x-y-z=   20 

Subtract,  x        +z  =  -8  (9) 

8)-- 2  is  3a;  +  z=      26 

9)  is  g+z  =  —   8 

Subtract,  -  2  a;         =     34 

.'.  a;  =17. 

Substitute  value  of  x  in  (4:\  y  =  22. 

Substitute  value  of  y  in  (5),  z  =  —  25. 

28. 

x—y  _^  x  —  a  —  h  ty\ 

a        a  +  h  -\-  c 

y~2  _  x-a-h  (2) 

h        a-k-h  -\-  c 


i 


x  —  a  —  h 
a  +  &  +  c 
a;  +  z     x—a  —  h 


(3) 


c        a  +  h  +  c 

x{a-\-h  +  c)-y{a  +  h'+c)  =  ax-a'^-ah  (4) 

-z(a  +  h  +  c)-hy{a  +  b+c)  =  bx-b'^-ah  (5i) 

x{a  -\-h  +  c)  +  z{a  -\-h  ■\-  c)  =  ex  —  ac  -he (6) 

Add,  2x{a  +  6  +  c)  =  x{a^h+e)-a^-W-2ah-ac-hc 

x{a->rh-\-c)  =  —  {a}  ■\-h'^  ■\-  2ab  +ac-]-  be). 
.*.  x  =  —  (a  +  b). 

. From(4),  -{a+h){a+h+c)-y(a-\-b+e)  =  -2a^-2ab, 

or,  —yla+b+c)  =  —  a"^ -{- b^ -^  ac  +  he. 

.    ^     (a+h)(a-h-c) 
^  a+b+c 

From(6),  -(a+6)(a+&+c)+z(a+6+c)  =  2ab  -  26*, 

z(a-\-b+c)  =  a^  —  b'^+ac+  he. 

.  (a-6  +  c)(a4-5). 

a+o  +  c 
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Exercise  LXXV. 

1.  The  sum  of  two  numbers  divided  by  2  gives  as  a  quotient 
24,  and  the  difference  between  them  divided  by  2  gives  as  a  quo- 
tient 17.    What  are  the  numbers? 


Let 
and 

Then 
and 


X  =  first  number, 
y  =  second  number. 

£±Jf  =  24 
2 


Add  (1)  and  (2), 
Subtract  (2)  from  (1), 


2 
x  =  41 


(1) 

(2) 


2.  The  number  144  is  divided  into  three  numbers.  When  the 
first  Ls  divided  by  the  second,  the  quotient  is  3  and  the  remainder 
2 ;  and  when  the  third  is  divided  by  the  sum  of  the  other  two 
numbers,  the  quotient  is  2  and  the  remainder  6.  Find  the  num- 
bers. 

Let  X  =  first  number, 

y  =  second  number, 
and  z  =  third  number. 

Then  a?  +  y  +  z  =  144  (1) 

x-2     o  (2) 

(3) 

(4) 

(5) 
(6) 


Ld 

«-6_2 

x+y 

Simplify  (2), 

x-3y  =  2 

Simplify  (3), 

z-2y-2x=     6 

Multiply  (1)  by  2, 

2a;  +  2y +  2z==288 

Add  (5)  and  (6), 

3  2  =  294 

.-.  z  =  98. 

Substitute  value  of 

z  in  (l),a;  +  y +  98  =  144, 

x+    y  =  46 

(4)18 

x-Sy=    2 

Subtract, 

4y  =  44 

.-.  y  =  ll. 
Substitute  value  of  y  in  (7),      a;  +  11  =  46. 

,♦.  x  —  35. 


(7) 


i 
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3.  Three  times  the  greater  of  two  numbers  exceeds  twice  the 
less  by  10 ;  and  twice  the  greater  together  with  tliree  times  the 
less  is  24.     Find  the  numbers. 

Let  X  =  greater  number, 

and  y  =  less  number. 


Then 
and 

3a;-2y=-10 
2a;  +  3y  =  24 

(1) 
(2) 

Multiply  (1)  by  2, 
Multiply  (2)  by  3, 
Subtract, 

ex-   4y=     20 

6a;  +   19y=      72 

-13y  =  -62 

.•.y  =  4. 
Substitute  value  of  y  in  (1),  3  a;  —  8  =  10. 

.'.  a;  =  6. 

4.  If  the  smaller  of  two  numbers  be  divided  by  the  greater, 
the  quotient  is  .21  and  the  remainder  .0057;  but  if  the  greater  be 
divided  by  the  smaller,  the  quotient  is  4  and  the  remainder  .742. 
What  are  the  numbers? 

Let  X  =  larger  number, 

and  y  =  smaller  number. 

y 
Then       -  =  smaller  divided  by  larger, 


X 

-  =  larger  divided  by  smaller. 

if 


.0057 


Hence.  5!  =  .21  +  :^^^  (1) 

X  X 

and  f  =  4  +  :^  (2) 

y  y 

Simplify  (1),  y  =  .21  a;  +  .0057 

y-. 21  a;  =.0057  (3) 

Simplify  (2),  x  =  4y  +  .742 

a;-4y=.742  (4) 

Multiply  (3)  by  4,        4y  -  .84a;  =  .0228 
(4)  is  -4y+       a;  =.742 

Add,  .16  a;  =.7648 

.-.  a;  =  4.78. 
Substitute  value  of  x  in  (4), 

-4y  =  -.  4.038 

.•.y  =  1.0096. 
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5.  Seven  years  ago  the  age  of  a  father  was  four  times  that  of 
his  son ;  seven  years  hence  the  age  of  the  father  will  be  double 
that  of  the  son.    What  are  their  ages? 

Let  X  =  number  of  years  in  father's  age. 

Then    a;  +  7  =  number  of  years  in  father's  age  7  years  hence, 

05  —  7  —  number  of  years  in  father's  age  7  years  ago. 
Let  y  —  number  of  years  in  son's  age. 

Then   y  +  7  =  number  of  years  in  son's  age  7  years  hence, 
y  —  7  »  number  of  years  in  son's  age  7  years  ago. 

a;-7  =  4(y-7)  (1) 

a;4-7  =  2(y  +  7)  (2) 

aj_4y--21  (3) 

x-2y^       7  (4) 

Subtract.  --2y^-1^ 

.-.  y  - 14. 

Substitute  value  of  y  in  (4), 

a;- 28  =  7. 
•  *•  X  ^*  oo. 


6.  The  sum  of  the  ages  of  a  father  and  son  Is  one-half  what 
it  will  be  in  26  years ;  the  difference  between  their  ages  is  one- 
third  of  what  the  sum  will  be  in  20  years.    What  are  their  ages? 

Let  .  X  =  number  of  years  in  father's  age, 

and  y  =  number  of  years  in  son's  age. 

Then    »  +  y  =  sum  of  ages, 
«  +  y  +  50  =  sum  of  ages  in  twenty-five  years. 

a  +  y  +  60 
2 

a.-V:,^  +  .y  +  ^ 

^  3 

a;  +  y  =  50 
2a;  — 4y  =  40 

a?  +    y  -=  50 
^-2y-.20 


aJ+y 


Simplify 
Simplity 

(3Jis 
(4) -5- 2  is 

Subtract, 


(1). 

(2). 


(1) 

(2) 

(3) 
(4) 


3y  =  30 
.-.  y-10. 
Substitute  value  of  y  in  (3), 

«  + 10  -  50. 

»     •     X    ^"    ^SJm 
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7.  If  B  give  A  $25,  they  will  have  equal  sums  of  money;  but 
if  A  give  B  $  22,  B*s  money  will  be  double  that  of  A's.  How 
machhas  each? 

Let  X  =  number  of  dollars  B  has, 

and  y  »  number  of  dollars  A  has. 

Then  oj  —  25  =  number  of  dollars  B  has  after  giving  f  25  to  A, 

y  +  25  =  number  of  dollars  A  has  after  receiving  $25. 

a;-25  =  y  +  25  (1) 

y  —  22  =  number  of  dollars  A  has  after  giving  $25  to  B. 

a;  +  22  «  number  of  dollars  B  has  after  receiving  ^22. 

a;  +  22  =  2(y- 22)  (2) 

Transpose  and  combine, 

a;-    y=      50  (3) 

a?  -  2y  =  -  66  (4) 

Subtract,  y=    116 

Substitute  value  of  y  in  (3), 

a; -116 -50. 
.-.  a;  =166. 


8.  A  farmer  sold  to  one  person  30  bushels  of  wheat  and  40 
bushels  of  barley  for  $67.50;  to  another  person  he  sold  50 
bushels  of  wheat  and  80  bushels  of  barley  for  $  85.  What  was 
the  price  of  the  wheat  and  of  the  barley  per  bushel? 

Let     X  =  number  of  dollars  received  per  bushel  of  wheat, 
and         y  =  number  of  dollars  received  per  bushel  of  barley. 

Then  30a;  +  40y  =  67}  (1) 

50aj  +  30y-85  (2) 

Simplify  (1),  60a;  +  80y  ^  135  (3) 

Multiply  (2)  by  I,    60a;  +  36y  =  102  (4) 

Subtract,  44y=    33 

Substitute  value  of  y  in  (3), 

60aj  +  60  -  135. 
60a;  =  75. 

.'.  OJ  —  IJ, 


i 
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9.  If  A  give  B  $5,  he  will  then  have  $  6  less  than  B ;  but  if  he 
receive  ^6  from  B,  three  times  his  money  will  be  ^20  more  than 
four  times  B's.     How  much  has  each? 

Let  X  =  number  of  dollars  A  has, 

and  y  —  number  of  dollars  B  has. 

Then  a;  —  5  =  number  of  dollars  A  has  after  giving  B  $5, 

and  y  +  5  =  number  of  dollars  B  has  after  receiving  $5. 

Hence,        oj  —  5  =  y  +  5  —  6, 
and  3(a;  +  5)  =  4(y  -  5)  +  20. 

Transpose,  a;  —  y  =  4  (1) 

3a;_4y=,_15  (2) 

Multiply  (1) by  3,  So;  -  By  =     12  (3) 

(2)  is  3a:-4y  =  -15 

.-.  y=     27 
Substitute  value  of  y  in  (1), 

x-27  =  4. 
.-.  a;  =  31. 


10.  The  cost  of  12  horses  and  14  cows  is  $1900;  the  cost  of 
5  horses  and  3  cows  is  $650.  What  is  the  cost  of  a  horse  and  a 
cow  respectively? 


Let                     X  =  number  of  dollars  a  horse  costs, 

and                       y  =  number  of  dollars  a  cow  costs. 

Then                            12  a;  +  14  y  =  1900 

(1) 

and                                     5a:  +    3y  =  650 

(2) 

Multiply  (1)  by  3,       36  a;  +  42y  =  5700 

(3) 

Multiply  (2)  by  14,      70  a;  +  42y  =  9100 

(4) 

Subtract,                      34  a;             =  3400 

.-.  a;  =100. 

Substitute  value  of  x  in  (2), 

500  +  3y  =  650, 

3y  =  150. 

.-.  y  =  50. 
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11.  A  certain  fraction  becomes  equal  to  2  when  7  is  added  to 
its  numerator,  and  equal  to  1  when  1  is  subtracted  from  its 
denominator.     Determine  the  fraction. 

■Let  _  =  required  fraction. 

y 

By  conditiona,       ?-±^  =  2  (1) 

and  -^—  =  1  (2) 

Simplify  (1^  a;  +  7  =  2y  (3) 

Simplify  (2),  x  =  y-l  (4) 

Transpose  (3),  a;  —  2y  =  —  7  (5) 

Transpose  (4),  a;  —    y  =  —  1  (6) 

Subtract,  y  =      6 

Substitute  value  of  y  in  (5), 

a?- 12  =  -7. 

.'.  fraction  =  f. 

12.  A  certain  fraction  becomes  equal  to  J  when  7  Is  added  to 
its  denominator,  and  equal  to  2  when  13  is  added  to  its  numera- 
tor.   Determine  the  fraction. 

Let  -  =  required  fraction. 

y 

■n  -     j:.--  X  1  r-iN 


^                         y  +  7     2 

K^) 

Id                          ^  +  13^2 

(2) 

Simplify  (1),        2x-y  =  7 

(3) 

Simplify  (2).        a;-5y  =  - 13 

(4) 

Multiply  (3)  by  2, 

4a;-2y=      14 

(4)  is                     a;-2y  =  -13 

Subtract,           3x          =27 

•*•  X  —  y. 

Substitute  value  of  x  in  (3), 

18-y=7. 

.-.  y  =  11. 
.'.  fraction  ==  ^. 
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13.  A  certain  fraction  becomes  equal  to  J  when  the  denomi- 
nator is  increased  by  4,  and  equal  to  ff  when  the  numerator  is 
diminished  by  15.    Determine  the  fraction. 

Let  -  =  fraction. 

y 

Then  -^  =  1  (1) 


(2) 


a;-15_20 

y         41 

Simplify  (1),  9a:  =  7y  +  28. 

Simplify  (2),  41 X  -  615  =  20y. 

Transpose,  9x  —  7y  =  28 

41a:-20y  =  615 

Multiply  (3)  by  20,         ISOa?  -  140y  =       560 
Multiply  (4)  by  7,  287  a;  -  UOy  =     4305 

Subtract,  - 107  oj  =  -  3845 

.-.  x=  35. 

Substitute  value  of  x  in  (3),  315  —  7y^  28. 

.*.  y  =  41. 
.  ••  fraction  =  |f . 

14.  A  certain  fraction  becomes  equal  to  f  if  7  be  added  to  the 
numerator,  and  equal  to  f  if  7  be  subtracted  from  the  denomina- 
tor.   Determine  the  fraction. 

Let  -  =  fraction. 

y 

Then  £±1  =  ?  (I) 

y       3 

and  -^ « ?  (2) 

y-7     8  ^^ 

Simplify  (1),  3  a;  +  21  =  2y. 

Transpose,  3a;  —  2y  =  -  21  (3) 

Simplify  (2),  8a;=3y-21. 


Transpose,  8  a;  —  3  y  =  —  21  (4) 

Multiply  (3)  by  3,  9 a;  -  6y  =  -  63  (5) 

Multiply  (4)  by  2,  16a?  -  6y  =  -  42  (6) 


Subtract,  —7x  =  —  21 

« *.  a;  ^  o. 

Substitute  value  of  x  in  (3),      9  —  2y  =  —  21. 

.'.  y  — 15. 
.  *.  fraction  =  ^. 


—  • 

+  -  = 

;  — . 

X 

y 

2 

2 

5 

2 

4--  = 

y 

a; 

4 

10 

-  + 

3 

X 

y 

25 

—  + 

10 

10 

X 

3/ 

21 

7 

X 

• 

•.  a;  = 

3. 
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15.  Find  two  fractions  with  numerators  2  and  6  respectively, 

whose  sum  is  1^,  and  if  their  denominators  are  interchanged 

their  sum  is  2. 

Let  X  =  denominator  of  first  fraction, 

and  y  »>  denominator  of  second  fraction. 

Then  ?  +  5  =  ?  (1) 

x^y     2  ^^ 

and  ?  +  5  =  2  (2) 

y     aj 

Multiply  (1)  by  2,  -  +  -  =  3  (3) 

X      y 

Multiply  (2)  by  5,  ^  + 19  =  10  (4) 

Subtract, 


Substitute  value  of  x  in  (2),  y  =  6. 

.".  first  fraction  =  f ,     second  fraction  =  f . 

.  16.  A  fraction  which  is  equal  to  §  is  increased  to  ^j  when  a 
certain  number  is  added  to  both  its  numerator  and  denominator, 
and  is  diminished  to  f  when  one  more  than  the  same  number  is 
sabtracted  from  each.    Determine  the  fraction. 

Let  X  equal  numerator,  y  the  denominator,  and  z  the  number 
to  be  added. 

Then  H  =  ?  (1) 

X  +  z  _  8  fc)\ 

jTT^-ii  ^^^ 

and  x-(z  +  l)^5  (3^' 

y-(z+l)     9  ^^ 

Clear  of  fractions  and  transpose, 

3x-2y  =  0 
llx-8y  +  Sz  =  0 
9a?-5y-4z=-=4  (6) 

Multiply  (2)  by  4,    44a;-32y  +  12z=   0 
Multiply  (3)  by  3,     27x- 15y-12z  =  12 

Add,  71a:- 47  y  =12  (7) 

Multiply  (7)  by  3,  213  a;  ~  141  y  «  36 

Multiply  (4)  by  71,         213a;- 142 .v=   0 

Subtract,  y  =  36 

Substitute  value  of  y  in  (1),  aj«=24, 

.'.  fraction  =  ||. 
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17.  The  sum  of  the  two  digits  of  a  number  is  10,  and  if  64  be 
added  to  the  number  the  digits  will  be  interchanged.  "What  is 
the  number? 

Let  X  =  digit  in  tens'  place, 

and  y  =  digit  in  units'  place. 

Then  10  a;  +  y  =  number. 

By  conditions,  a;  +  y  =  10  (1) 

and  10a;  +  y  +  54  =  lOy  +  x, 

9x-9y 54. 

Divide  by  9,  a;  -  y  =  -  6  (2) 

Add  (1)  and  (2),  2  a;  =  4. 

.  .  a;  ^^  ij. 

Subtract  (2)  from  (1),        2y  =  16. 

.-.  y  =  8. 

number  =  10  a;  +  y. 
.".  number  =  28. 


18.  The  sum  of  the  two  digits  of  a  number  is  6,  and  if  the 
number  be  divided  by  the  sum  of  the  digits  the  quotient  is  4. 
What  is  the  number? 


r 


Let 

X  =  digit  in 

tens' 

place. 

and 

y  =  digit  in 

units 

'  place. 

Then 

10  a;  +  y  =  number, 

and 

a;+y  =  6 

(1) 

But 

lOaj  +  y      ^ 
6       "" 

(2) 

Clear  of  fractionB, 

lOa;  +  y  =  24 
x-i-y^'   6 

Subtract, 

9a;        -18 
.*.  aj-=2. 

Substitute  value  of 

X  in  (1). 
2  +  y  =  6. 

,\  y  =  4:. 

••.  number  =  24. 
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19.  A  certain  number  is  expressed  by  two  digits,  of  which 
the  first  is  the  greater.  If  the  number  be  divided  by  the  sum  of 
its  digits  the  quotient  is  7;  if  the  digits  be  interchanged,  and 
the  resulting  number  diminished  by  12  be  divided  by  the  differ- 
ence between  the  two  digits,  the  quotient  is  9.    What  is  the 

number? 

Let  X  =  digit  in  tens'  place, 

and  y  =  digit  in  units'  place. 

Then  10  a;  +  y  =  number. 

By  conditions,  ^  =  7  (1) 

a;  +  y  ^  ' 

x  —  y  ^  ' 

Simplify  (1),  3a;-6y=0  (3) 

Simplify  (2),  -8a?  +  19y  =  12  (4) 

Multiply  (3)  by  I,  Sx-lQy^   0 

Add,  3y  =  12. 

.-.  y  =  4. 
Substitute  in  (3),  a;  =  8. 

.'.  number  =5  84. 

20.  If  a  certain  number  be  divided  by  the  sum  of  its  two 
digits,  the  quotient  is  6  and  the  remainder  3 ;  if  the  digits  be  in- 
terchanged, and  the  resulting  number  be  divided  by  the  sum  of 
the  digits,  the  quotient  is  4  and  the  remainder  9.     What  is  the 

number? 

Let  X  =  digit  in  tens'  place, 

and  y  =  digit  in  units'  place. 

Then  10  a;  +  y  —  number. 

By  conditions,  10a;-fy-3  _  ^ 

^  x  +  y  ^  ' 

10y4-x-9^^ 

x-\-y  ^ 

Clear  (1)  and  (2)  of  fractions,  transpose  and  combine, 

4a;-5y  =  3  (3^ 

3a;  +  6y  =  9 
Divide  (4)  by  3,  -x  +  2y==3 

Add  4  X  (5)  and  (3),  4a;  +  By  =  12 

Ax  —  5y=    3 

3y  =  15 
.-.  y  =  5. 
Substitute  value  of  y  in  (3),  a;  =  7. 

.-.  number  =  75. 
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21.  If  a  certain  number  be  divided  by  the  sum  of  its  two 
digits  diminished  by  2,  the  quotient  is  6  and  the  remainder  1 ;  if 
the  digits  be  interchanged,  and  the  resulting  number  be  divided 
by  the  sum  of  the  digits  increased  by  2,  the  quotient  is  5  and 
the  remainder  8.    Find  the  number. 

Let  X  =  digit  in  tens'  place, 

and  y  =  digit  in  units  place. 

Then  10a;  +  y  =  number. 

By  conditions,  \Ox  +  y  _  g  ^ 1 ^ 

X  +  y  —  2  x  +  y-'2 

and  i0iH:^„5  +  _8 

a;  +  y  +  2  x-hy  +  2 

Clear  of  fractions,  10a;  +  y  =  5aj  +  5y  — 10  4- 1. 

lOy  +  a;  =  5aj  +  5y  +  10  4-  8. 

Transpose  and  combine,     5aj  —  4y  =  —  9 

5y-4a;  =  18 


IS 


Multiply  (1)  by  5,  25a;  -  20y  =  -  45 

Multiply  (2)  by  4,       -  16a;  +  20y  =      72 

Add,  9  a;  =     2/ 

a;  =  3. 


•    • 


Substitute  value  of  x  in  (1),    .       y  ■»  6. 
.*.  number  =  36. 


22.  The  first  of  the  two  digits  of  a  number  is,  when  doubled, 
3  more  than  the  second,  and  the  number  itself  is  less  by  6  than 
five  times  the  sum  of  the  digits.    What  is  the  number? 

Let  x  =  digit  in  tens'  place, 

and  y  =  digit  in  units'  place. 

Then  lOx  +  y  =»  number. 

By  conditions,  2  a;  =  y  +  3 

and  10a;  +  y  +  6  =  5aj +  53/ 


8! 


Transpose  and  combine,        2  a;  —  y  =  3  (3) 

5a;-4y  =  -6  (4) 

Multiply  (3)  by  4,  8a;  -  4y  =  12 

(4)  is  5a;  — 4y  =«  —  6 

Subtract,  3  a;  =18 

,  •.  x  =  6. 

Substitute  value  of  a?  in  (3),  y  =«  9, 

,'.  number  «  69. 
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23.  A  number  is  expressed  by  three  digits,  of  which  the  first 
and  last  are  alike.  By  interchanging  the  digits  in  the  units' 
and  tens'  places,  the  number  is  increased  by  54 ;  but  if  the  digits 
in  the  tens'  and  hundreds'  places  are  interchanged,  9  must  be 
added  to  four  times  the  resulting  number  to  make  it  equal  to  the 
original  number.     What  is  the  number? 

Let  X  =■  digit  in  hundreds'  and  units'  place, 

and  y  —  digit  in  tens'  place. 

Then  101  a? +  10y=*  number. 

By  conditions,  110  a;  +  y  =  101  a?  +  lOy  +  54      (1) 

4(11  a?  +  lOOy)  +  9  =.101  a;  +  lOy  (2) 

Transpose  and  combine  (1),    9a?—  9y  =  54  (3) 

Divide  (3)  by  9,  a;  -  y  =  6  (4) 

Transpose  and  combine  (2), 

-57a;  +  390y  =  -9 
Multiply  (4)  by  57,  57a;-    57y«342 

Add,  333y  =  333 

Substitute  value  of  y  in  (4),  a;  =  7. 

.*.  number  =  717. 

24.  A  number  is  expressed  by  three  digits.  The  sum  of  the 
digits  is  21 ;  the  sum  of  the  first  and  second  exceeds  the  third 
by  3 ;  and  if  198  be  added  to  the  number,  the  digits  in  the  units' 
and  hundreds'  places  will  be  interchanged.    Find  the  number. 

Let  X  =  digit  in  hundreds'  place, 

y  =  digit  in  tens'  place, 
and  z  =  digit  in  units'  place. 

Then    100a;  +  lOy  +  z  =  number. 

By  conditions,  a;  +  y  +  2  =  21  (1) 

and  a;  +  y  —  z  =  3  (2) 

100a;  +  lOy  +  2  +  198  =  lOOz  +  lOy  +  a;        (3) 
Subtract  (2)  from  (1),  2z  =  18. 

.-.2  =  9. 
Divide  (3)  by  99,  a;  -  2  =  -  2  (4) 

Substitute  value  of  z  in  (3),         a;  —  9  =  —  2. 

.'.  a;  =7. 
Substitute  values  of  x  and  y  in  (2),  y  =>  5. 
.'.  number  =  759. 
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25.  A  number  is  expressed  by  three  digits.  The  sum  of  the 
digits  is  9 ;  tlie  number  is  equal  to  forty-two  times  the  sum  of 
the  first  and  second  digits ;  and  the  third  digit  is  twice  the  sum 
of  the  other  two.    Find  the  number. 


Let 

and 
Then 

X  =  digit  in  hundreds*  place, 
y  =  digit  in  tens'  place, 
z  =  digit  in  units'  place. 

a;  +  y  +  z  =  9 
100a;  +  10y  +  z  =  42(a;  +  v) 
z  =  2(x  +  y) 

From  (2), 
From  (3), 

5Sx-S2y-\-z  =  0 
-2x-   2y+z  =  0 

Subtract, 

60a;  -ZOy        =0 

Divide  by  30, 
Subtract  (3)  from 

2x-y=0 
(1),          3a;  +  3y  =  9 

Divide  by  3, 
(4)  is 

a;  +  2/  =  3 
2a;-y  =  0 

Add, 

3a;        =3 

(1) 

2) 
3) 


i 


r 


(4) 
(5) 


Substitute  value  of  x  in  (5),  y  ==2. 

Substitute  values  of  x  and  y  in  (1),  z  =  6, 
.'.  number  =  126. 

26.  A  certain  number,  expressed  by  three  digits,  is  equal  to 
forty-eight  times  the  sum  of  its  digits.  If  198  be  subtracted  from 
the  number,  the  digits  in  the  units*  and  hundreds'  places  will  be 
interchanged;  and  the  sum  of  the  extreme  digits  is  equal  to 
twice  the  middle  digit.     Find  the  number. 

Let  X  =  digit  in  hundreds'  place, 

y  =  digit  in  tens'  place, 
and  2  =  digit  in  units'  place. 

Then  100a;  +  I0y -^  z  =  iS{x +  y  +  z)  (1) 

lOOx  +  lOy  -f-  2  -  198  =  1002  +  lOy  +  x        (2) 

and  X  +  z  =  2y  (3) 

From(l),  52a; -38y- 472  =  0  (4) 

From  (2),  99  a;- 992  =  198. 

Divide  by  99,  a;  -  z  =  2  (5) 

From  (3),  a; -27/ +  2  =  0  (6) 

Subtract  (6)  from  (4),        33  a;  -  66  2  =  0. 

Divide  by  33,  a;-2z  =  0  (7) 

Subtract  (7)  from  (5),  2  =  2. 

Substitute  value  of  2  in  (5),  a;  =  4. 

Substitute  values  of  x  and  z  in  (6),  y  =  3. 

.".  number  «  432. 
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27.  A-waterman  rows  30  miles  and  back  in  12  hours.  He 
finds  that  he  can  row  5  miles  with  the  stream  in  the  same  time 
as  3  against  it.  Find  the  time  he  was  rowing  up  and  down 
respectively. 

Let  X  =^  number  of  hours  he  rowed  down, 

and  y  =  number  of  hours  he  rowed  up. 

By  conditions,  a;  +  y  =  12  (1) 

and  5x  =  3y  (2) 

Transpose  (2),  5a;— 3y=    0 

Multiply  (1)  by  3,  3a:  +  3y  =  36 

Add,  8  a;  =36 

.*.  a;  =  4J. 

Substitute  value  of  x  in  (1),  4J  +  y  =  12. 

.-.  y  =  7J. 


28.  A  crew,  which  can  pull  at  the  rate  of  12  miles  an  hour 
down  the  stream,  finds  that  it  takes  twice  as  long  to  come  up  the 
river  as  to  go  down.     At  what  rate  does  the  stream  flow? 

Let  X  =  rate  of  pulling, 

and  y  ==  rate  of  stream. 

aj  -I-  y  =s  rate  down  stream, 

x  —  y  =  rate  up  stream. 
Then  a;+y  =  12  (1) 

x~-y=    6  (2) 

Subtract,  2y  =    6 

,  •.  y  =  3  =  rate  stream  flows. 

Substitute  value  of  y  in  (1), 

a;  +  3  =  12, 

a;  =12 -3. 
.  *.  a;  =  y. 


29.  A  man  sculls  down  a  stream,  which  runs  at  the  rate  of  4 
miles  an  hour,  for  a  certain  distance  in  1  hour  and  40  minutes. 
In  returning  it  takes  him  4  hours  and  15  minutes  to  arrive  at  a 
point  3  miles  short  of  his  starting-place.  Find  the  distance  he 
palled  down  the  stream  and  the  rate  of  his  pulling. 
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Let  X  =  rate  the  man  sculls, 

and  y  =  number  of  miles  he  goes. 

.  Then       a?  +  4  =  rate  going  down  the  stream, 
and  a;  —  4  =  rate  going  up  the  stream, 

(a;  +  4)  J  =  number  of  miles  he  goes. 

.'.{x  +  i)i  =  y  (1) 

and  (ic-4)V  =  y-3  (2) 

(l)x4is  20a;  +    80=12y  (3) 

(2)x3is  51x-204  =  12y-36  (4) 

Subtract,  -  31  a;  +  284  =  36 

.  •.  a;  =  8,  rate  of  pulling. 
Substitute  value  of  a?  in  (1),      y  =  20. 


30.  A  person  rows  down  a  stream  a  distance  of  20  miles  and 
back  again  in  10  hours.  He  finds  he  can  row  2  miles  against  the 
stream  in  the  same  time  he  can  row  3  miles  with  it.  Find  the 
time  of  his  rowing  down  and  of  his  rowing  up  the  stream ;  and 
also  the  rate  of  the  stream. 

Let  X  —  rate  of  rowing, 

and  y  =  rate  of  stream. 

Then  -1-. L.  (1) 

»— y     x+y 

20    +JL=10  (2) 


a;-fy     a:  — y 
Simplify  (1),  a;  =  5y  (3) 

Substitute  this  value  of  x  in  (2), 

6y     4y 

From  (3).  «  -  4J. 

20 
Therefore, =  4  (time  of  running  down), 

20 
and  ~ — -  ■•  6  (time  of  rowing  up). 

4t  —  f 
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31.  A  grocer  mixed  tea  that  cost  him  42  cents  a  pound  with 
tea  that  cost  him  54  cents  a  pound.  He  had  30  pounds  of  the 
mixture,  and  by  selling  it  at  the  rate  of  60  cents  a  pound,  he 
gained  as  much  as  10  pounds  of  the  cheaper  tea  cost  him.  How 
many  pounds  of  each  did  he  put  into  the  mixture? 

Let  X  =  number  of  pounds  of  tea  at  42  cents, 

and  y  =  number  of  pounds  of  tea  at  54  cents. 

Then  a;  +  y  =  30  (1) 

42a? +  54y  =  1800 -420       (2) 

Multiply  (1)  by  42,  42a;  +  42y  =  1260 

42a; +  54y  =  1380 
12y=    120 

.-.  y  =  10. 

a;  +  10  =  30. 

.-.  a;  =  20. 


32.  A  grocer  mixes  tea  that  cost  him  90  cents  a  pound  with 
tea  that  cost  him  28  cents  a  pound.  The  cost  of  the  mixture  is 
$61.20.  He  sells  the  mixture  at  50  cents  a  pound,  and  gains 
$3.80.     How  many  pounds  of  each  did  he  put  into  the  mixture? 

Let  X  =  number  of  pounds  of  tea  at  90  cents, 

and  y  =  number  of  pounds  of  tea  at  28  cents, 

28  y  =  number  of  cents  second  kind  cost 
Then  90  a;  +  28y  =  number  of  cents  whole  cost, 

X  +  y  =  number  of  pounds  in  whole  mixture, 
and  50(a;  +y)  =  number  of  cents  received. 


Hence, 

60  a;  +  50y  =  6500 

(1) 

90  a; +  28y  =  6120 

(2) 

Multiply  (1)  by  a. 

28  a; +  28y  =  3640 

(3) 

Subtract, 

62x             =2480 
.-.  a;  =  40. 

Substitute  value  of  x  in 

(1),               y  «  90. 
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33.  A  farmer  has. 28  bushels  of  barley  worth  84  cents  a  bushel. 
With  his  barley  he  wishes  to  mix  rye  worth  J^  1.08  a  bushel,  and 
wheat  worth  $1.44  a  bushel,  so  that  the  mixture  may  be  100 
bushels,  and  be  worth  $1.20  a  bushel.  How  many  bushels  of 
rye  and  of  wheat  must  he  take? 

Let  X  =  number  of  bushels  of  wheat, 

and  y  =  number  of  bushels  of  rye. 

Then     2352  =  cost  in  cents  of  barley, 
144  a;  =  cost  in  cents  of  wheat, 
108  y  =  cost  in  cents  of  rye, 
and       12,000  =  cost  in  cents  of  mixture. 

0?  +  y  +  28  =  100, 

x  +  y  =  72         (1) 
144  a;  +  108y  +  2352  =  1200, 

144  a; +  108y  =  9648        (2) 

Divide  (2)  by  36,  4a;  +  3y=268                    (3) 

Multiply  (1)  by  3,  3a;  +  3y  =  216                    (4) 

Subtract,  x           =52 

Substitute  value  of  x  in  (1),  y  =  20. 


34.  A  and  B  together  earn  $40  in  6  days ;  A  and  C  together 
earn  $54  in  9  days ;  B  and  C  together  earn  $80  in  15  days.  What 
does  each  earn  a  day? 


Let 

and 
Then 


and 

Simplify  (1), 
Simplify  (3), 
Subtract, 
Multiply  (2)  by  3, 

Add, 


x  =  number  of  dollars  A  earns  in  one  day, 
y  =  number  of  dollars  B  earns  in  one  day, 
2  =  number  of  dollars  C  earns  in  one  day. 

a;  +  y  =  ¥ 

X  +  2=6 

a;-fz  =  H 

3a;  +  3y  =20 

3y-f  3z  =  16 


3a;  -32=    4 

3a;  +32  =  18 


(1) 
(2) 
(3) 

(4) 
(5) 
(6) 
0) 


6x 


Substitute  value  of  x  in  (1), 
Substitute  value  of  x  in  (2), 


=  22 

.  *.  X  =  o^. 

y  =  3. 

2=2J. 
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35.  A  cistern  has  three  pipes,  A,  B,  and  C.  A  and  B  will  fill 
it  in  1  hour  and  10  minutes ;  A  and  C  in  one  hour  and  24  min- 
utes ;  B  and  C  in  2  hours  and  20  minutes.  How  long  will  it  take 
each  to  fill  it? 

Let  X  =  number  of  minutes  it  takes  A  to  fill  it, 

y  =  number  of  minutes  it  takes  B  to  fill  it, 

and  z  =  number  of  minutes  it  takes  0  to  fill  it, 

-I  -I  -,  =  parts  A,  B,  C  can  fill  in  one  minute. 
X  y  z       ^ 

Hence,  *  1  + 1  =  JL  (i) 

(2) 

(3) 
y     z      i^u 

Add,  and  divide  by  2, 

Subtract  (1), 
Subtract  (2), 
Subtract  (3), 


36.  A  warehouse  will  hold  24  boxes  and  20  bales;  6  boxes 
and  14  bales  will  fill  half  of  it.  How  many  of  each  alone  will  it 
hold? 

Let  X  =  number  of  boxes  it  will  hold, 

and  y  =  number  of  bales  it  will  hold. 

Then      -,  -  =  parts  one  box,  one  bale,  can  fill. 

X  y     ^ 

XT                                       24     20     ,  ,,, 

Hence,  —  -\ =  1  (1) 

X       y  ' 

and  _+__  =  -  (2) 

X      y      2 

(2)x4-(l)  !?  =  1. 

y 

.'.  y  =  36. 
Substitute  value  of  y  in  (2),  a?  =  54. 


X 

y 

VU 

1 

X 

+  1= 

z 

1 
84 

1 
y 

+1= 

z 

1 
140 

1 

X 

4-1 

y 

+1= 

z 

1 
60 

z  = 

420. 

y  = 

=  210. 

x  = 

=  105. 
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37.  Two  workmen  together  complete  some  work  in  20  days ; 
but  if  the  first  had  worked  twice  as  fast,  and  the  second  half  as 
fast,  they  would  have  finished  it  in  15  days.  How  long  would  it 
take  each  alone  to  do  the  work? 

Let  X  =  number  of  days  it  would  take  the  first  alone, 

and  y  =  number  of  days  it  would  take  the  second  alone. 

Then      -,  -  =  parts  they  can  do  in  one  day, 
X  y 

-  4-  _  =  part  both  could  do  in  one  day, 

•''    y 

2      1 

-  H — .  =  part  they  could  do  if  first  worked  twice  as  fast, 

^     2y        and  second  worked  half  as  fast. 

(1) 

(2) 


and 


and 


(1)  -  }  of  (2)  is 


Substitute  value  of  y  in  (1), 


•  .  —  -l 

X     y 

1 
20 

X     2y 

1 
15 

3 

4y 

1 
60 

.',y  = 

45. 

x  = 

=  36. 

38.  A  purse  holds  19  crowns  and  6  guineas ;  4  crowns  and  5 
guineas  fill  JJ  of  it.     How  many  of  each  alone  will  it  hold? 


Let 


Then 


x 


number  of  crowns  bag  holds, 
y  =  number  of  guineas  bag  holds. 

-  =  part  of  bag  1  crown  occupies. 


X 

1 


=  part  of  bag  1  guinea  occupies. 


and 


(I)x5-(2)x6is 


Substitute  value  of  x  in  (1), 


19 

X 

6 

+  -  = 

y 

1 

4 

X 

5 

+  -  = 

y 

17 
63 

71 

X 

213 
63 

• 

\  x  = 

=  21. 

19 
21 

y 

1. 

• 

••y= 

.63. 

(1) 

(2) 


I 
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39.  A  piece  of  work  can  be  completed  by  A,  B,  and  C  together 
in  10  days ;  by  A  and  B  together  in  12  days ;  by  B  and  C,  if  B 
work  15  days  and  C  30  days.  How  long  will  it  take  each  alone 
to  do  the  work? 

Let  X  =  number  of  days  it  takes  A, 

y  =  number  of  days  it  takes  B, 

and  z  =  number  of  days  it  takes  C. 

Then  -.  -,  and  -,  respectively,  =  part  each  can  do  in  one  day. 
X  y  z 

...i+i+i=i-  (1) 

a;     y     2      10  ^  ' 

Ui  =  i  (2) 

X     y     12 

A  15     30     -  ,,. 

and  —  +  __  =  1  (3) 


Subtract  (2)  from  (1), 


y       z 

1_J^ 

2  "60 

.*.  2  =  60. 

15     1 
Substitute  value  of  z  in  (3), 1-  _  =  1. 


y    2 

.  •.  y  =  30. 

Ill 
Substitute  value  of  y  in  (2),      -  h =  — . 

^       ^  ^       a;     30     12 

X     20* 
.-.a;  =  20. 

40.  A  cistern  has  three  pipes,  A,  B,  and  C.  A  and  B  will  fill 
it  in  a  minutes ;  A  and  C  in  &  minutes ;  B  and  C  in  c  minutes. 
How  long  wiU  it  take  each  alone  to  fill  it? 

Let  «  =  number  of  minutes  it  takes  A, 

y  =  number  of  minutes  it  takes  B, 

and  z  —  number  of  minutes  it  takes  0. 

Then  -,  -,  -,  respectively,  ==  part  each  fills  in  one  minute, 
X  y  z 

and         _  -f-  _  «=  part  A  and  B  fill  in  one  minute, 
ay 

But  -  ==  part  A  and  B  fill  in  one  minute. 

a     ^ 
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X     y 

1      1 

-  +  - 
X      z 

1      1 

-  +  - 

y    g 


1 

a 
1 
b 
1 
c 


Add,  and  divide  by  2, 
Subtract  (1)  from  (4), 


Subtract  (2)  from  (4), 


Subtract  (3)  from  (4), 


1      1      1 

X     y     z 

1 

z 

.'.   z 

1 

y 

1 

X 


6c 

+  ac-{- 

ab 

2abc 
ae  +  ab- 

be 

2abc 
2abc 

ac  -\-ab — 
ab  —  ac  + 

be 
be 

2abc 
2abc 

ab 
ae 

—  ac  + 

—  ab-\- 

be 
be 

2abc 
2abc 

(1) 

(2) 
(3) 

(4) 


a^~ab  -^  be 


41.  A  man  has  $10,000  invested.  For  a  part  of  this  sum  he 
receives  6  per  cent  interest,  and  for  the  rest  4  per  cent ;  the  in- 
come from  his  5  per  cent  investment  is  $50  more  than  from  his 
4  per  cent.    How  much  has  he  in  each  investment? 

Let  X  =  number  of  dollars  invested  at  r%, 

and  y  =  number  of  dollars  invested  at  4%. 

Then    x  +  y  =  total  number  of  dollars  invested. 

.-.  a; +y  =  10,000  (1) 

5a; 


As  he  receives  5%  on  x  dollars, 


100 


interest  at  5%. 


As  he  receives  4%  on  y  dollars,  —^  =  interest  at  4%. 

But  interest  at  5%  is  $50  more  tkan  that  at  4%. 

...-^-i^  =  50 
100      100 

5a; -42/=       5000 

5a;+5y=     50000 

-  9y  =  -  45000 

.    .-.  y=:5000. 

Substitute  value  of  y  in  (1),  x  =  5000. 


(2) 


Simplify  (2), 
Multiply  (1)  by  6, 
Subtract, 
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42.  A  sum  of  money  at  simple  interest  amounted  in  6  years 
to  $26,000,  and  in  10  years  to  $30,000.  Find  the  sum  and  the 
rate  of  interest. 

Let  X  =  number  of  dollars  at  interest, 

and  y  =  rate  of  interest. 

Then       -^  =  interest  on  x  dollars  for  one  year, 
100  -^ 

—^  =  interest  on  x  dollars  for  six  years, 
100  ^ 

aJid  -^  =  interest  on  x  dollars  for  ten  years. 

100  .    ^ 

...?5J^  + a;  =,26,000  (1) 

100  ^  ' 

and  i^  +  a;  -  30,000  (2) 

100  ^  ^ 

Multiply  (1) by  5,  ^^  +  5x  =  130,000 

Multiply  (2)  by  3,  ?^  +  3  a;  =  90,000 


Subtract,  2  a;  =  40,000 

.-.  a;  =  20,000. 
Substitute  value  of  x  in  (1),  y  =  5. 


43.  A  sum  of  money  at  simple  interest  amounted  in  10 
months  to  $26,250,  and  in  18  months  to  $27,250.  Find  the  sum 
and  the  rate  of  interest. 

Let  X  =  sum, 

and  y  =  rate  of  interest. 

Then  —^  =  interest  for  one  year. 

100  ^ 

Since  10  months  equals  -J  of  a  year, 

t:  0^  -rXi:  =  interest  for  10  months, 
6       100  * 

and  -  of  -^  =  interest  for  18  months. 

2      100 

But  26,250  —  a;  =  interest  for  10  months, 

and  27,250  —  x  =  interest  for  eighteen  months. 
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and 
Multiply  (1)  by  I 

Subtract, 

Substitute  value  of  x  in  (2), 


...  ^=26,250-0: 
600 

^  =  27,250  -  X 
200 

3  gy_  236,250 -9a? 
200  5 


(1) 
(2) 


0- 


100,000 -4  a; 


4  a;  =  100,000. 
,*.  a;  =  25,000. 
y  =  .6. 


44.  A  sum  of  money  at  simple  interest  amounted  in  m  years 
to  a  dollars,  and  in  n  years  to  b  dollars.  Find  the  simi  and  the 
rate  of  interest. 

Let  X  =  sum, 

and  y  =  rate  of  interest. 

Then      ^^  =  interest  on  sum  for  m  years, 

100  ^ 

and  — ^  =  interest  on  sum  for  n  years. 

100  ^ 

r.'^+x^a 
100 


and  V^  +  x^b 

100 

Multiply  (1)  and  (2)  by  100, 

mxy  +  100  a;  =  100  a 
nxy  +100aj  =  1006 

mnxy  +  100  wa?  =  100  an 
mnxy  +  1007?ia;  =  1006m 


(1) 
(2) 


(3) 
(4) 


Multiply  rS)  by  n, 
Multiply  (4)  by  w, 

Subtract, 

Divide  by  100, 


lOOnx  -  lOOma;  =  100 an  -  100  Jw* 
na;  —  mx  =  an  —  bm^ 
an  —  6m 


x  = 


n—  m 


Substitute  value  of  a?  in  (3), 

many  —  mb'^y     100  an  —  100  bm     -  _  . 

^ ^  + =100a. 

»    n  —  m  n  —  m 

Multiply  by  n~m, 

many  —  mb'^y  +  100  an  —  100  6m  =  100  an  — 100  am, 

many  —  m^by  =  100  bm  —  100  am^ 
any  —  mby  =  100  b  —  100  a. 
100(6 -a) 


y  = 


an  —  bm 
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I 

I  45.  A  sum  of  money  at  simple  interest  amounted  in  a  months 

to  c  dollars,  and  in  b  months  to  d  dollars.    Find  the  sum  and  the 

rate  of  interest. 

Let  X  =  sum, 

and  y  =  rate  of  interest. 

Then  -^  ==  interest  of  $a;  for  one  year, 

100  ^ 

X  H — ^  =  amount  of  So;  for  a  months, 
1200 

X  -I — ^  =  amount  of  $a;  for  h  months. 
1200 

^^^  +  x^c  (1) 

1200  ^  ^ 

P^-^^-d  (2) 

1200  ^  ' 

Simplify  (1),  oajy  +  1200a;  =  1200c  (3) 

Simplify  (2),  hxy  +  1200  x  =  1200  d  (4) 

Multiply  (3)  by  b  and  (4)  by  o, 

abxy  +  12006a;  =  12005c  (5) 

abxy  +  1 200  oa;  =  1200  ac?  (6) 

(6)  -  (5)  is  1200 a;(a  -b)  =  1200 {ad-  be) 

ad—  be 
.'.  x== ■ — 

a  —  b 
Substitute  value  of  x  in  (3), 

ayJ^^^^U  1200(^^j5|-^U  1200c. 

Simplify,  ay(ac^-6c)  +  1200(a(^-  5c)  =  1200(ac-5c). 

Transpose  and  unite,         ay  (ad  —  be)  =  1200  a{c^  d). 

1200  (e-d) 
ad—  be 

46.  A  person  has  a  certain  capital  invested  at  a  certain  rate 
per  cent.  Another  person  has  $  1000  more  capital,  and  his  capi- 
tal invested  at  one  per  cent  better  than  the  first,  and  receives  an 
income  $80  greater.  A  third  person  has  $  1600  more  capital,  and 
his  capital  invested  at  two  per  cent  better  than  the  first,  and  re- 
ceives an  income  $  150  greater.  Find  the  capital  of  each,  and 
the  rate  at  which  it  is  invested. 
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Let  X  =  capital, 

and  y  =  rate. 

Theii^^±i^^5KS^  =  interest  on  capital  $1000  greater,  at  1% 
1^^  greater, 

and       (g -f  1500)  (y  +  2)  _  ^j^^erest  on   capital  f  1500  greater,  at  2% 
^^  greater. 

-^  +  80  =  interest  on  first  capital,  increased  by  $80, 

—2^  +  150  =  interest  on  first  capital,  increased  by  $  150. 

(a;  +  1000)(y  +  l)^^      gQ  .^. 

100  100  ^  ^ 

(a:  +  1500)(y  +  2)^^     .^gQ  ^2) 

100  100  ^  ^ 

Simplify,  xy  +  1000y+    a;  +  1000  =  art/ +  8000, 

scy  +  1500y  -\-2x  +  3000  =  icy  + 15000 
Combining,  1000  y  +    a?  =7000 

1500y  + 2a;  =  12000 

Multiply  (3)  by  2,  2000y  +  2ar  =  14000  (5) 

(4)  is  1500y  + 2a;  =  12000 

Subtract,  500y  =    2000 

.-.  y  =  4.. 
Substitute  value  of  y  in  (5),  x  =  3000. 

.-.  the  capitals  are  $3000,  $4000,  $4500;  and  tlie  rates  4%,  5%,  6%. 

47.  A  person  has  $12,750  to  invest.  He  can  buy  three  per 
cent  bonds  at  81,  and  five  per  cents  at  120.  3^'ind  the  amount 
of  money  he  must  invest  in  each  in  order  to  have  the  same 
income  from  each  investment. 

Let  X  =  number  of  dollars  in  three  per  cent  bonds, 

and  y  =  number  of  dollars  in  five  per  cent  bonds. 

Then  - — -  =  interest  of  money  invested  in  three  per  cents. 

But  ^  =  interest  of  money  invested  in  three  per  cents. 

120  •" 

300  a;  ^500y  ^v 

81         120  ^  ^ 

a;  +  y  =  12750  (2) 

Keduce(l),  '  8a;-9y  =  0 

Multiply  (2)  by  8,  8 a;  +  8y  =  102000 

Subtract,  17y  =  102000 

.-.  y  =  6000. 
Substitute  value  of  y  in  (2),  x  =  6750. 
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48.  A  and  B  each  iuvested  $1500  in  bonds;  A  in  three  per 
cents  and  B  in  four  per  cents.  The  bonds  were  bought  at  such 
prices  that  B  received  $  5  interest  more  than  A.  Both  classes  of 
bonds  rose  ten  per  cent,  and  they  sold  out,  A  receiving  ^50  more 
than  B.    What  price  was  paid  for  each  class  of  bonds? 

Let  X  =  amount  paid  for  $1  three  per  cents, 

and  y  =  amount  paid  for  $1  four  per  cents. 

1500 


X 

1500 


=  face  value  of  three  per  cents, 
face  value  of  four  per  cents. 


X  —  =  income  from  three  per  cents, 

a;        100  ^  '  . 

X =  income  from  four  per  cents. 

y        100  ^ 

Then    fl^OO^AV   fl500^J_V 

V  y        100  J     \   X        100  J       ' 

\^  X      looy    V  y      100^ 

Simplify,  ?-f  =  ^  W 

5-5  =  1  (2) 

X     y 

Multiply  (2)  by  20,  _  52  +  52  =  20  (3) 

y       X 

Add  (1)  and  (3),  ?  =  5.  ' 

X 

.  *.  a;  =  .60. 

12 
Substitute  value  of  x  in  (3), 15  =  1. 

y 

.'.  y  =  .75. 

That  is,  the  three  per  cents  were  bought  at  60  and  the  four 
per  cents  at  75. 
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49.  A  person  invests  $10,000  in  three  per  cent  bonds,  $16,500 
in  three  and  one-half  per  cents,  and  has  an  income  from  both  in- 
vestments of  $  1056.25.  If  his  investments  had  been  $  2750  more 
in  the  three  per  cents,  and  less  in  the  three  and  one-half  per 
cents,  his  income  would  have  been  62}  cents  greater.  What 
price  was  paid  for  each  class  of  bonds? 


Let 
and 

Then 


and 


10000 

X 

16500 

y 


X  =  amount  paid  on  f  1  three  per  cent  bonds, 

y  =  amount  paid  on  $  1  three  and  one-half  per 

cent  bonds. 
3 
X  — — -  =  number  of  dollars  income  from  first  invest- 
1^         ment, 

X  — ^  =  number  of  dollars  income  from  second  in- 
100         vestment. 


30000  ^  115500 

100  a;        200  y 

12750.. 


1056.25 


(1) 


Then 


-  T7^  —  iiuniber  of  dollars  income  of  3  per  cents  if 
X         100         the  stated  addition  in  the  amount  invest- 

13750      3i  ®^  ^^^  ^^^'^  made, 

X  — ^  =  number  of  dollars  income  of  3  J  per  cents  if 

y         1^^         the  stated  deduction  in  the  amount  invest- 

^82*50     962^50         ®^  ^^^  been  made. 

=  number  of  dollars  income  on  both. 


100  a; 
38250 


-f 


200y 
96260 


100a;      200y 
Multiply  (1)  by  5, 

Multiply  (2)  by  6, 
Subtract, 


=  $1056.87} 


150000  .  577500 


100  a; 

229500 

100  a; 


+ 


+ 


200y 

577500 

2002/ 


=  5281.25 


=  6341.25 


(2) 
(3) 

(4) 


79500 


=  1060, 


100  a; 
106000  a;  =79500. 
,',  X  =  .75. 
That  is,  the  3  per  cent  bonds  were  bought  at  75. 
Substitute  value  of  x  in  (1), 

30000  _^  1^5500  ^^(j5g  25, 


75 


200  y 
115500 


=  656.25. 


200  y 
.-.  y  =  .88. 
That  is,  the  3}  per  cent  bonds  were  bought  at  88. 
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50.  The  sum  of  ^2500  was  divided  into  two  unequal  parts 
and  invested,  the  smaller  part  at  two  per  cent  more  than  the 
larger.  The  rate  of  interest  on  the  larger  sum  was  afterwards 
increased  by  1,  and  that  of  the  smaller  sum  diminished  by  1 ;  and 
thus  the  interest  of  the  whole  was  increased  by  one-fourth  of  its 
Talue.  If  the  interest  of  the  larger  simi  had  been  so  increased, 
and  no  change  been  made  in  the  interest  of  the  smaller  sum,  the 
interest  of  the  whole  would  have  been  increased  one-third  of  its 
value,    rind  the  sums  invested,  and  the  rate  per  cent  of  each. 

Let  X  =«  number  of  doUarfl  in  larger  part, 

and  y  =  number  of  dollars  in  smaller  part. 

Then  a  +  y  =  2500  (1) 

Let  z  =  rate  per  cent  on  larger  part, 

and  2  +  2  =  rate  per  cent  on  smaller  part. 

Then  xz  +  y[z-{-2)  =  interest  on  whole  amount. 

Changing  rate  per  cent, 

«  +  1  =  rate  per  cent  on  larger  part, 
and  «  +  1  =«  rate  per  cent  on  smaller  part. 

Then        a;(2  + 1)  +  y  (2  + 1)  =  interest  on  whole  after  change. 

Then        a;(2  +  l)+y(2  +  l)  =  J[iC2+y(2+2)]  (2) 

Changing  rate  per  cent  again, 

2  +  1  =  rate  of  larger  part, 
z  +  2  =  rate  of  smaller  part. 

Then      0^(2+ l)  +  y  (2 +  2)=  J[a;2  +  y  (z  +  2)]  (3) 

Simplify  (2),  4a;  —  63/  ~  arz  —  3/2  =  0. 

Simplify  (3),  3  a;  —  2  y  —  X2  —  y2  =  0. 

Subtract,  a;  —  4y  =  0  (4) 

Subtract  (4)  from  (1),  5y  =  2500. 

.-.  y  =  500. 
Substitute  value  of  y  in  (1),  x  =  2000. 

Substitute  value  of  x  and  y  in  (3), 

6000  -  1000  -  2000  2  -  500  2  =  0, 

25002  =  -5000. 
.-.2  =  2. 
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51.  If  the  sides  of  a  rectangular  field  were  each  Increased  by 
2  yards,  the  area  would  be  increased  by  220  square  yards ;  if  the 
length  were  increased  and  the  breadth  were  diminished  each  by 
6  yards,  the  area  would  be  diminished  by  186  square  yards. 
What  is  its  area? 

Let  X  =  number  of  yards  in  length, 

and  y  =  number  of  yards  in  width. 

Then        xy  =  number  of  yards  in  area. 

(a;  +  2)(y  +  2)  =  xy  +  220  (1) 

(x  +  5)  (y  -b)  =  xy  -  185  (2) 

Simplify  (1),  ay  +  2aj  +  2y  +  4  =  ay  +  220, 

2a;  +  2y  =  216, 

x  +  y  =  108  (3) 

Simplify  (2),  xy  —  bx-\-by  —  25  =  xy  —  185, 

5a; -51/  =  160 

a;-2/  =  32  (4) 

Add  (4)  and  (3),  2  a;  =140 

.  •.  a;  =  70. 

Subtract  (4)  from  (3),  2  y  =  76. 

.'.  y  =  38. 
.\  xy  =  2660  square  yards. 


52.  If  a  given  rectangular  floor  had  been  3  feet  longer  and  2 
feet  broader  it  would  have  contained  64  square  feet  more ;  but  if 
it  had  been  2  feet  longer  and  3  feet  broader  it  would  have  con- 
tained 68  square  feet  more.  Find  the  length  and  breadth  of  the 
floor. 

Let  x  =  number  of  feet  in  length, 

and  y  =  number  of  feet  in  breadth. 

Then        xy  =  number  of  feet  in  surface. 

(a;  +  3)(y  +  2)  =  ay  +  64  (1) 

{x  +  2)(y  +  3)  =  xy-\-6S  (2) 
Simplify  (1),             xy -\-3y -\-2x +  6  =  xy +  64:. 

3y  +  2x==58  (3) 
Simplify  (2),             xy  -\-  2y  +  'dx  +  6  =  xy  +  6S. 

2y  +  3a;  =  62  (4) 

Multiply  (3)  by  2,  6y+4a;=    116  (5) 

Multiply  (4)  by  3,  6y4-9a;=    186  (6) 

Subtract,  —  5  a;  =  —  70 

.-.?/  =  14. 

Substitute  value  of  x  in  (3),    3y  +  28  =  58, 

3?/ =  30. 
.'.  y  =  10. 
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53.  In  a  certain  rectangular  garden  there  is  a  strawberry-bed 
whose  sides  are  one-third  of  the  lengths  of  the  corresponding 
sides  of  the  garden.  The  perimeter  of  the  garden  exceeds  that 
of  the  bed  by  200  yards ;  and  if  the  greater  side  of  the  garden 
be  increased  by  3,  and  the  other  by  5  yards,  the  garden  will  be 
enlarged  by  645  square  yards.  Find  the  length  and  breadth  of 
the  garden. 


X 

f 

* 

Let 
and 

Then 
and 

Also, 

and 
Then 


X  =  number  of  feet  in  length  of  garden, 
y  =  number  of  feet  in  width  of  garden. 
2aj  +  2y  =  perimeter  of  garden, 
xy  =  area  of  garden. 
-  =  number  of  feet  in  length  of  bed, 

I  =  number  of  feet  in  width  of  bed. 
—  +  -2^  =  perimeter  of  bed. 


Add  3  to  one  side  of  garden,  a;  +  3. 
Add  5  to  other  side  of  garden,  y  +  5. 
Then  {x  +  3)  (y  +  5)  =.area. 

2a;  +  2y-J^  +  |^^  =  200. 


Simplify, 

Simplify, 
Multiply  (1)  by  5, 

Subtract, 


x  +  y  =  150 
(a;  +  3)(y  +  5)  =  a;y  +  645. 

5a? +  3?/ =  630 
5a;  +  5y  =  750 


(1) 


(2) 


2y  =  120 
.•.3/  =  60. 
Substitute  value  of  y  in  (1),      a;  +  60  =  150. 

.-.a?  =  90. 


y 
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54.  In  a  mile  race  A  gives  B  a  start  of  100  yards,  and  beats 
him  by  15  seconds.  In  the  second  trial  A  gives  B  a  start  of  45 
seconds,  and  is  beaten  by  22  yards.  Find  the  rate  of  each  in 
miles  per  hour. 

Let  X  =  number  of  yards  A  runs  in  one  second, 

and  y  =  number  of  yards  B  runs  in  one  second. 

Since  there  are  1760  yards  in  one  mile, 

and   =  number  of  seconds  A  ran  in  first  and  second 


X  X 


trials  TQSpectively, 


and  =  number  of  seconds  B  ran  in  first  and  second 

y  y  trials  respectively. 

Then  l!60_l^^jg  ^^j 

and  m.m^-^5  (2) 

X  y 

Multiply  (1)  by  88.  146080  _  154880  ^     ^^^ 

y  X 

\ir  u-  1     /ox  k     Qo  146080  .  144254         ^^-_ 

Multiply  (2)  by  83, h =  —  3735 

y X 

Add.  _  15516  __  2415 

X 

Therefore,  A  runs  4^*^  yards,  or  -^  of  a  mile,  in  one  second, 
and  in  one  hour  (=  3600  seconds),  9  miles. 

Substitute  value  of  x  in  (1),  y  =  4. 

Therefore,  B  runs  4  yards  in  one  second,  or  8^^  miles  in  one 
hour. 

55.  In  a  mile  race  A  gives  B  a  start  of  44  yards,  and  beats  hun 
by  51  seconds.  In  the  second  trial  A  gives  B  a  start  of  1  minute 
and  15  seconds,  and  is  beaten  by  88  yards.  Find  the  rate  of  each 
in  miles  per  hour. 

Let  X  =  number  of  yards  A  ran  in  one  second, 

and  y  =  number  of  yards  B  ran  in  one  second. 

1    =  number  of  seconds  A  ran  in  first  and  second 

^  ^  trials,  respectively. 

.   =  number  of  seconds  B  ran  in  first  and  second 

y         y  trials,  respectively. 
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Then  m6_1760_5i  ^ 

y        ^ 

and  1672_1760__y5 

X  y 

'  tr  ix:  1    /1M.    1ft         33440      32604  ^^^ 

Multiply  (1)  by  19, +  - =       969 

X  y 

Multiply  (2)  by  20,      ^^^  -  ?5?22  =  - 1500  • 

X  v 


Add,  -2596^_   53 J 

y 

.'.  y  =  4}. 

Therefore,  B  runs  4}  yards  per  second,  or  12  miles  per  hour. 

Substitute  value  of  y  in  (1),  x  =  5Jf . 

l3ierefore,  A  runs  5|^f  yards  per  second,  or  10  miles  per  hour. 


56.  The  time  which  an  express-train  takes  to  go  120  miies  is 
^  of  the  time  taken  by  an  accommodation-train.  The  slower 
train  loses  as  much  time  in  stopping  at  different  stations  as  it 
would  take  to  travel  20  miles  without  stopping;  the  express- 
train  loses  only  half  as  much  time  by  stopping  as  the  accommo- 
dation-train, and  travels  15  miles  an  hour  faster.  Find  the  rate 
of  each  train  in  miles  per  hour. 

Let  X  =  the  rate  of  the  accommodation-train, 

and  y  =  the  rate  of  the  express-train, 

120 

- —  =  number  of  hours  accommodation-train  goes  120 

^  miles  without  stopping, 

120 

=  number  of  hours  it  takes  express-train  to  go  120 

y  miles  without  stopping, 

20 

—  a>  number  of  hours  accommodation-train  loses  in 

^  stopping, 

—  «■  number  of  hours  express- train  loses  in  stopping, 

X 

1 =*  number  of  hours  accommodation-train  goes  120 

^        ^  miles  including  stops, 

f-  —  =»  number  of  hours  express-train  goes  120  miles 

y        *  including  stops. 
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.   120     10 _  9  /120     20\ 
y        X      14  \^  »        X  / 

(1) 

1 

y-a;=15 

(2) 

Simplify 
Multipr 

7  (2)  by  80, 

120a;-80y  =  0 
-80  a; +  80y  =  1200 

40a;            =  1200 
.-.  a;  =  30. 

) 


B. 


I 


Substitute  value  of  a;  in  (2),  y  =  45. 

57.  A  train  moves  from  P  towards  Q,  and  an  hour  later  a 
second  train  starts  from  Q  and  moves  towards  P  at  a  rate  of  10 
miles  an  hour  more  than  the  first  train ;  the  trains  meet  half-way 
between  P  and  Q.  If  the  train  ftom  P  had  started  an  hour  after 
the  train  from  Q,  its  rate  must  have  been  increased  by  28  miles  in 
order  that  the  trains  should  meet  at  the  half-way  point.  Find 
the  distance  ftom  P  to  Q. 


j  Let  X  =  number  of  hours  first  goes  half  the  distance. 

'  Then    a;  —  1  =  number  of  hours  second  goes  half  the  distance. 

j  Let  y  =  rate  of  first. 

•  Then  y  + 10  =  rate  of  second. 

j  Hence,  xy  =  one-half  of  the  whole  distance. 

i  But  (a;—  1) (y  +  10)  =  one-half  the  whole  distance. 

.-.  (a;  — l)(y  + 10)  =  a;y. 
Simplify,    10a;-y  =  10  (1) 

In  second  statement, 
if  x  —  2  =  number  of  hours  first  goes  half  distance, 

and  y  +  28  =  rate  of  first, 

then    {x  —  2)  (y  -I-  28)  =  one-half  of  the  whole  distance. 

But,  from  (1),     xy  =  one-half  of  the  whole  distance. 
.-.  (a;-2)(y-|-28)  =  a;y  (2) 

Simplify  (2),  28  a;  -  2y  =  56 

(l)x2is  20a;-2y  =  20 

Subtract,  8  a;  =36 

Substitute  value  of  x  in  (1),  y  =  35. 

Therefore,  one-half  the  distance,  xy,  is  157J  miles,  and  the 
whole  distance  is  315  miles. 
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58.  A  passenger-train,  after  travelling  an  hour,  meets  with  an 
accident  which  detains  it  one-half  an  hour ;  after  which  it  pro- 
ceeds at  four-fifths  of  its  usual  rate,  and  arrives  an  hour  and  a 
quarter  late.  If  the  accident  had  happened  80  miles  farther  on, 
the  train  would  have  been  only  an  hour  late.  -  Determine  the 
usual  rate  of  the  train. 

Let         X  =  number  of  miles  train  usually  goes  per  hour, 
and  y  =  number  of  miles  train  travels. 


X 


number  of  hours  usually  required, 


and     '  .       =  number  of  hours  actually  required  after  accident. 

Since  the  detention  is  i  hour,  and  the  train  is  1^  hours  late,  the 
loss  in  running-time  is  }  of  an  hour. 


.•.JL^-5^_|  (1) 

4a;  X         4 


5 
If  the  accident  had  occurred  30  miles  farther  on,  the  loss  in 

running-time  would  have  been  }  an  hour. 

^    y-X^SO     y-x-30      1  ,2^ 

"4a;  X  2  ^  ^ 

6 

Simplify  (1),  y  —  4a;  =«    0 

Simplify  (2),  y-3a;  =  30 

Subtract,  x  =  30 

59.  A  passenger-train,  after  travelling  an  hour,  is  detained  16 
minutes ;  after  which  it  proceeds  at  three-fourths  of  its  former 
rate,  and  arrives  24  minutes  late.  If  the  detention  had  taken 
place  6  miles  farther  on,  the  train  would  have  been  only  21  min- 
utes late.     Determine  the  usual  rate  of  the  train. 

Let  X  —  usual  rate  of  train  per  hour, 

and  y  =»  number  of  miles  train  has  to  run. 

y  —  x  =  number  of  miles  train  has  to  run  after  detention, 

^ =a  number  of  hours  usually  required  to  run  y  —  x 

^  miles, 

and        y         =»  number  of  hours  actually  required  to  run  the 
_  y—x  miles. 

4  ^ 
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Since  the  detention  wad  15  minutes,  ftnd  thd  train  is  24  minutes 
late,  the  loss  in  running-time  is  9  minutes  -«  ^  of  an  hour. 

3 


37"^     X    "20  ^  ' 

4 
If  the  detention  had  occurred  5  miles  farther  on,  thd  loss  in 
running-time  would  have  been  6  minutes  » -|^  of  an  hour. 

.  y-a?-5     y--x--b      l^  .„! 

Ji  «  10  ^  ' 

4 
Simplify  (1),  20y-29aj=     0 

Simplify  (2),  20y-26a  =  100 

Subtract,  3  a;  =100 

.•.  »-33f 

60.  A  man  bought  10  oxen,  120  sheep,  and  46  lambs.  The 
cost  of  3  sheep  was  equal  to  that  of  5  lambs ;  an  ox,  a  sheep,  and 
a  lamb  together  cost  a  number  of  dollars  less  by  57  than  the 
whole  number  of  animals  bought ;  and  the  whole  sum  spent  was 
92841.50.  Find  the  price  of  an  ox,  a  sheep,  and  a  lamb,  respec- 
tively. 

Let  X  <•  number  of  dollars  paid  for  an  oz, 

y  ^  number  of  dollars  paid  for  a  sheep, 
and  z  »  number  of  dollars  paid  for  a  lamb. 

lOaj  + 120  y  4-  462  =  number  of  dollars  paid  for  all. 

.-.  lOaj  +  120y  +  462  -  2341.60  (1) 

a;  +  y  +  2  -  119  (2) 

3y-52  (3) 

(l)is  10«+120y  + 462 -2341.50 

Multiply  (2)  by  10,  lOaj  +    lOy  +  IO2  -  1190 

Subtract,  llOy  +  36  2 « 1151.50  (4) 

Multiply  (4)  by  3,  330y  +  108  2  -  3464.50. 

Multiply  (3)  by  110,        330y  --  6502  =  0. 

6582-3454.50. 

.-.  2  =  5.25. 
Substitute  value  of  z  in  (3),  y  —  8.75. 

Subtract  value  of  y  and  2  in  (2),       x  —  105. 


(3) 
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61.  A  farmer  sold  100  head  of  stock,  consisting  of  horses, 
oxen,  and  sheep,  so  that  the  whole  realized  $  11.75  a  head ;  while 
a  horse,  an  ox,  and  a  sheep  were  sold  for  9110,  $62.50,  and 
$7.50,  respectively.  Had  he  sold  one-fourth  of  the  number  of 
oxen  that  he  did,  and  25  more  sheep,  he  would  have  received  the 
same  sum.  Find  the  number  of  horses,  oxen,  and  sheep,  respec- 
tively, which  were  sold. 

Let  X  —  number  of  horseB, 

y  =  number  of  oxen, 
and  z  =  number  of  sheep. 

Then  x  +  y  +  2  - 100  (1) 

110a;  +  e2iy  +  7iz  =  1175      (2) 

and   110a:  +  (|xif^)4-i|^+5|5.ii75 

Multiply  (3) by  8,  880aj  +  125y  +  60z  =  7900 
Multiply  (2)  by  8,  880a;  +  500y  +  60z  =  9400 

Subtract,  -  375y  =  - 1500 

.-.  y  =-  4. 

Substitute  value  of  y  in  (1),         a;  +  z  =  96  (4) 

Substitute  value  of  y  in  (2), 

110a?  +  250 +  7}z  =  1175. 
110  a; +  7}z  =  925. 

Multiply  by  2,  220a;  +  15z  -  1850 

Multiply  (4)  by  15,  15a;  +  15z  =  1440 

*  Subtract,  205  a;  =   410 

.*.  a;=»2. 
Substitute  values  of  x  and  y  in  (1),      «  ->  94. 
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62.  A,  B,  and  C  together  subscribed  $100.  If  A's  subscrip- 
tion had  been  one-tenth  less,  and  B's  one-tenth  more,  C's  must 
have  been  increased  by  $  2  to  make  up  the  sum ;  but  if  A's  had 
been  one-eighth  more,  and  B's  one-eighth  less,  C's  subscription 
would  have  been  $  17.60.    What  did  each  subscribe? 

Let  X  —  number  of  dollars  A  subscribed, 

y  =  number  of  dollars  B  subscribed, 

and  2  =  number  of  dollars  C  subscribed. 

9a; 

—  =  -j^  of  A's  subscription, 

-— ^  =  a  of  B's  subscription, 

2  +  2  =  f  2  more  than  C's  subscription, 

—  =  f  of  A's  subscription, 
8 

_^  =  I  of  B's  subscription, 

100  =  number  of  dollars  all  subscribed, 

—  H 2l  -I-  2  +  2  =  number  of  dollars  all  subscribed, 

10       10 

-^  +  -^  +  17.5  =  number  of  dollars  all  subscribed. 
8        8 


.-.  a; +  y  +  2=100 

(1) 

9^  +  112/  +  , +  2-100 
10       10 

(2) 

9^ +  12/ +  17.5 -100 
8        8 

(3) 

Multiply  (1)  by  10,    10  a;  +  lOy  +  102  =  1000 
Simplify  (2),                9a;  +  lly  +  IO2  =    980 

Subtract,                         x—      y            =20 

(4) 

Simplify  (3),                             9  a; +  73/ =  660 
Multiply  (4)  by  7,                   *jx-1y  =  140 

Add,                                                  16  a;  =  800 

. '.  a;  =  50. 

Substitute  value  of  x  in  (4),                y  =  30. 

Substitute  values  of  x  and  y  in  (1),   z  =  20. 
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63.  A  gives  to  B  and  C  as  much  as  each  of  them  has ;  B  gives 
to  A  and  C  as  much  as  each  of  them  then  has ;  and  C  gives  to  A 
and  B  as  much  as  each  of  them  then  has.  In  the  end  each  of 
them  has  $6.    How  mucH  had  each  at  first? 

Let  X  =  number  of  dollars  A  had  at  first, 

y  =  number  of  dollars  B  had  at  first, 

and  2  =»  number  of  dollars  C  had  at  first. 

x  —  y  —  z  —  number  of  dollars  A  had  at  1st  distribution, 

2y  »  number  of  dollars  B  had  at  1st  distribution, 

2z  ==  number  of  dollars  C  had  at  1st  distribution, 

2y— {(ar— y— 2)+22}  =  number  of  dollars  B  had  at  2d  distribution, 

or  3y  —  a;  —  2  =  number  of  dollars  B  had  at  2d  distribution, 

2x  —  2y  —  2z  =  number  of  dollars  A  had  at  2d  distribution, 

42  «=  number  of  dollars  C  had  at  2d  distribution, 

42-{(2a;— 2y— 22)+(3  y—x—z)],  or  *7z  —  x  —  y 

=  number  of  dollars  C  had  at  3d  distribution, 
4a;  —  4y  —  42  =  number  of  dollars  A  had  at  3d  distribution, 
6y  —  2x  —  2z=>  number  of  dollars  B  had  at  3d  distribution. 


.*.  *7z  —  x  —  y  =  Q 

(1) 

4a;  — 4y  —  42  =  6 

(2) 

6y  — 2a;  — 22  =  6 

(3) 

Multiply  (1)  by  4, 

282-4x-4y  =  24 

(2)  is 

—  42  +  4a;  — 4y=    6 

Add, 

242           -8y  =  30 

(4) 

Multiply  (1)  by  2, 

142  -  2a; -2y  =  12 

(3)  is 

-22-2a;  +  6y=    6 

Subtract, 

I62           -8y=    6 

(5) 

(4)  is 

242           -  8y  =  30 

Subtract, 

82                    =24 
.-.  2  =  3. 

Substitute  value  of  2  in  (5),               y  =  SJ. 

Substitute  values  of  y 

and  2  in  (1),   x  =  Qf. 
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64.  A  pays  to  B  and  C  as  much  as  each  of  them  has ;  B  pays 

to  A  and  C  one-half  as  much  as  each  of  them  then  has ;  and  C 

pays  to  A  and  B  one-third  of  what  each  of  them  then  has.    In 

the  end  A  finds  that  he  has  $1.50,  B  $4.16|/c  $.58}.     How 

much  had  each  at  first? 

Let  X  =  number  of  dollars  A  had  at  first, 

y  «  number  of  dollars  B  had  at  first, 

and  z  =  number  of  dollars  C  liad  at  first. 

SB  —  y  —  2  =  number  of  dollars  A  has  left  after  giving  to  B 
and  C, 
2y  =  number  of  dollars  B  has  after  A  pays  him, 

2z  =  number  of  dollars  C  has  after  A  pays  him, 
^~    y  ~ — -  =  number  of  dollars  A  has  after  B  pays  him, 

y  —  x  —  z  _  jjQjjj][jej.  of  dollars  B  has  left  after  paying  A  and  C, 

3z  =  number  of  dollars  C  has  after  receiving  B's  money, 
^~ — ^^ — ~  =  number  of  dollars  A  has  after  C'pays  him, 

— y  ~         — -  =  number  of  dollars  B  has  after  C  pays  him, 

— ^'~^""y  =  number  of  dollars  C  has  after  paying  A  and  B. 

.-.^^-^■V-^^  =  l^(>  (1) 

2  ^  ^ 

my~2x-2z^^^Q^  ^2) 

^^^-^-y  =  .58i  (3) 

Simplify  (1>,  or  -  2/  -  2  =  .75  (4) 

Simplify  (2),  lOy  ~  2  a?  -  2  2  =  12.50  (5) 

Simplify  (3),  11 2  -  a?  -  y  =  1.75  (6) 

(4)  is  x  —  y  —  z=    .75 

Add  (4)  and  (6),  lOz  -2y=  2,30  (7) 

(5)  is  lOy- 2a; -22  =12.50 
Multiply  (4)  by  2,             -2y  +  2a7-22=    1.50 

Add,  8y  -42=14.00  (8) 

Multiply  (7)  by  4.  -  8  y  -f  40  2  =  10.00 

(8)  is  8y-    42  =  14.00 

Add,  362=24.00 

.\  2=  .66f. 

Substitute  value  of  2  in  (8),  y  =  2.08}» 

Substitute  values  of  y  and  2  m  (4),         x  =  $.50. 
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Exercise  LXXVI. 

1.  (a^y  2.  (afif  3.  {xyy 


V2a»6V 


2*  2*a»^*6*^* 

^a"68  _243^^ 

16'  "32a"  610* 

6.  (x  +  2)» 

-  (a?)»  +  3(a;)'(2)  +  3(«)(2)«  +  (2)» 
=«ar»  +  6a^+12a;  +  8. 

7.  (a: -2)* 

=  or*- 4(a;)»(2)  +  6(a:)>(2)»- 4(aj)(2)»  +  2* 
=  as*-  8ar8  +  24a:«-  32aj  +  16. 

8.  (a; +  3)5 

=  (a:)5  +  5(a:)*(3)  +  10(aj)»(3)«  +  10(.r)«(3)»  +  5(a?)(3)*  +  (3)» 
=  jc*  +  15a^  ^  90aJ  ^.  270a^  +  405a;  +  243. 

9.  (l  +  2x)5 

=  1*  +  5(2a;)  +  10{2xy  +  10(2xf  +  5(2a?)*  +  {2xf 
=  1  +  10a;  +  40a"  +  80«»  +  80a;*  +  32a;^ 

10.  (2m-l)»  13.   (-7m»na;»y*)» 

-  (2m)»-3(277i)«+3(2mHl)»  =  -  7«mSx8n«a;«x«y4xS 
=  8wi»  -  12m'  +  6m  -1.  =  49m«7i«  a;*y«. 

11.  (2a«6c»)*  1^    /     2aJ»vV 

=  16a«6*ci^  ■      _^^ 

12.  (-5aar»y«)»  "  36a*6*c«i 
=  -5*  a'  a:«x8y2x8  32  a;"  V* 
=  -125a»a^y«                                  ""243^* 

15.  {3aj  +  l)* 

=  (3a?)*  +  4(3a:)»  +  6(3a;)«  +  4(3a;)  +  1 
=  81a;*  +  108»;«  +  54a;»  +  12a;  +  1. 

16.  (2»-a)* 

-  (2a;)*  -  4(2a;/(a)  +  6(2a;)«(a)3  -  ^2x)(af  +  (a)* 
=  16a;*  -  32aa;'  +  2^a^x^  -  8a»a;  +  a*. 

17.  {Sx-¥2af 

-  {Sxf  +  5(3a;)*(2a)  +  10(3a;)»(2a)« 

+  10{Sxy(2af  +  5(3a;)(2a)*  +  {2af 

-  2430*  +  810oa;*  +  lOSOaV  +  720a8a;a  +  240a*a;  +  32a*. 


234 


ALGEBRA. 


18.  {2x-yf 

=  (2a:)*  -^2xf{y)  +  ^2xf{y)'  -  4(2ir)(y)»  +  (y)* 
=  16ic*-  32ar»y  +  24a^3/«  -  8a;^  +  y*. 

19.  {x^y-2xy^f 

=  (x^yf-6{x^yf(2xy^)+15{x^yy{2xy^f-20{x^yY{2xy^y 
+  15(a:2y)2(2a;y2)4  _  6(a;2y)(2a:y2)6  ^  (2a:y*)« 

«  x^y^  -  12a:iiy^  ^  60a;i0y8  -  160 a^y*  +  240a:8y«> 

-192icTy"  + 64  a^y» 

20.  (a6-3)T 

=  (a6y  -  7  (a6)«  (3)  +  21  (abf  (Sf  -  35  (ai)*  (3)» 

+  35  (a6)^  (3)*  -  21  (a6)*  (3)*  +  7  (a6)  (3)«  -  (3)' 
=  a^6T  -  21a«6«  +  189a5  6'^  -  945a*6* 

+  2835  a8  6«  -  5103  a«  6*  +  5103  ab  -  2187. 


21.  {-San^cf 

^_  35  a2x6  52x5^5 

=  -243aio6iV. 

22.  (-3ay»)« 

=  -3'"5a:*y3x« 
=  729  a;«yi8. 

23.  (-5a2  6r»)5 

„_  55^2x5  55  <j8x5 

=  - 3125  aW  65a;". 


25. 


24. 


(- 


3a5n* 
4c8  j 
81a*&8 
256  c^' 


/^yvy 

r/^XT  yiX7  >^X7 
2^ 

a.Uy21g28 

128 


26.  (l-a-a^)* 
=  {l-(a4-a«)}« 
=  l»-2(a  +  a2)+(a  +  a»)« 
=  l-2a-2a»4-a2  +  2a»  +  a* 
=  l--2a-a*+2a»  +  a* 


27.  (2-3x  +  4a;7 
=  r2-(3a;~4ir»)]» 

=  (2)»~3(2)2(3a;-4a;«)+3(2)(3a;-4ar')«-(3a;-4ir')» 


I 

8  -  36a;  +  48ic2  ^  54aj  __  144^^3 

+  96  a;*  -  27  a;»  +  108  a;*  -  144  a;*  +  64  iB* 
8-  36a;  +  102a;«~  171ar»  +  204a;*-  X44a;5  +  64a;». 


28.  (l-2a;4-a;2) 

=  Kl-2a;]4-a;2}8 


-6a;*  +  a^ 


29. 


=  {(l-2a;}4-a;2}8 

=  (1  -  23;)^^  +  3(1-  2xfx'  +  3(1  -  2x)(x^y  +  {x^f 
=  1  -  6a;  +  12a:2  -  8 x^  +  3 a;»  -  12ar»  +  12a;*  +  3a?* 
=  1  -  6a;  +  15a;2  _  20ar»  +  15a;*  -  6a;6  4.  a^^ 

(1  _  a;  +  3^f 
=  n  _(a;_a;2)"is 

=  l-3(a;-a;2)  +  3(a;-a;2)2-(a;-a;2)» 

-  1  -  3a;  +  3a;a  +  3a;2  -  6a;S  +  3a^  _  ajS  4.  3jp4 _  3aj6  ^  a« 

«  1  -  3a;  +  6a;8  -  7ar^  +  6a;* -  3a;5  ^  a^j 
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30.  (l+ic  +  a^)*     ^ 

« 1  +  4a;  +  10»»  +  16ar»  +  19a^  +  16a^  +  lOa^  +  4a;^  +  sr^. 

Exercise  LXXVII. 


1.  Vr*  =  ±2, 
V4a^  =  ±2a*&, 

2.  ^-1728  c«d^2ar»2/« 12M*iry», 

^3Tll696=-v/2*x3*x7*, 
^2*x3*x7*c^'*z*=  ±  42c*z. 


8.    V533616*c8y"z^* 


3^ 

7 

7 

IP 


53361 


5929 


847 


121 


V5336l=V3«x7»XlP. 
,  •.  V5336n*?p?«  =  231 6«cV28. 

8/_2166V^ 

\7' 


343  2^* 
729  r^         3/ 


1^ 


4    V25^^F^  +  ^S^ggg-  V^SH^F?  -  -^2  g^j^ 
=  V52'a^6V  +v/23a8  6«c»-v^3*a*68c*-V2*a^6i0c* 

=  Saft^c  +  2ab'^c  -  Sah^c  -  2a6*c 
=  2a62c. 

6.    v'^ST^*  X  v^243  2/ V  X  VI6  a:*2» 
=  3a;y2x3i/zx4.x2z 

=  36ar»y»z^ 

6.  4>/2a;  —y/ahxy  +  6y/a^Pxy  

-4V2X1-Vlx3j<^2x6+5VPX3»X2X6 

^4V4_V36  +  5V324 
=  4x2-6  +  5x18 
«92. 

==2xlV8-Sa^+3^;/l2^^3^6  +  4xlx3x2V33r2^ 

«2VT6+3v^^  +  24V36 
=-2x4  +  3x6  + 24  X6 

-170. 
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=  (a  +  J)  X  (a  +  i) 
-=  (1  +  3)  X  (1  +  3) 
-16. 

9.   v^y-35«o  +  36a»-a«-^VyH-a«-2o6 

„^(6_a)»+V(6-a)« 
—  (6  —  a)  -s-  (6  —  a) 


2o*  +  2a 


Exercise  LXXVJXL, 

1. 

q*  +  4a?  +  2a»-4o  +  l|a»  +  2o~l 

a*_ 

4a»  +  2a* 
4a'  +  4a' 


2a«  +  4a-l 


.-2a» 
-2a« 


4a +  1 
4a-|-l 


2. 


ap*  —  2a;'y  +  3a;^y'  —  2a!y»  +  y*|a:'— gy -f  y* 
or* 


2a^--a?y 


-2a;»y+3a;»y« 
^  2a;'y  +    g^y' 


2a*-2ajy +y^ 


2a:»y»-2ajy»  +  y* 

2ar'y^-2gy«  +  y* 


3. 


4a«  -  12a*a;  +  5aV4-  6a»aj'  +  aVl  2a«-3a'a;-aa!* 
4a« 


4a»-3a*a; 


-12a«^a?  +  9a*aj» 


4  a'-- 6o*a;  — oa;'* 


— 4aV  +  8a'aj*  +  aV 
—  4  a*a^  +  6  a V  +  aV 


6a^— 4jcy* 


4. 

9z»-24a:*y»-12g»y»+16a;».V*+16a!y^+4y'|3a»^gy«-2y» 

9a:« 

-24  a:*y«-l  2  ai'y'+ie  ic^y* 
^24  ar^y'^+lG  ar>y*4-16  rr^y* 


6a^-8ajy'»-2y3  -12a:3y« 

-12ar».y» 


+16ajy*+4y* 
+16a^^+4y* 


TEACHERS     EDITION. 


287 


4a*+4a«c* 


6. 

4g«  +  16aV-32aV-f  16c8|2g*-t>4oV 

4a8 

16a«c«-32a*c« 
16a«ci+16a*c* 


-4c* 


4o*  +  8a«c2-4c* 


-16a*c*-32a«c«  +  16c8 
-16a*c*-32oV-|-16<^ 


4a^— 5a; 


4a?*-20ir»  +  37»* 

4«* 

-20»»  +  37ic» 
--20a;»  +  25a» 


6. 

30a;  4- 9 |2g^- 5a;  4- 3 


4a;»-10a;  +  3 


12a;3 
12a^' 


30  a; +  9 
30a; +  9 


7. 


8«*-2aA 


16a;*-  16a6a;»  +  166'a;*  +  4a»6»-  8a5«  +  45*|4a;»-2a5  +  2y 

16a;* 

-16a6a;*  +  165*a;»4-4a«6« 
- 16  a6a;«  +4a'6» 

-8a5»  +  46* 
-8a6«  +  46* 


8j;"-4a6  +  26» 


1662a:« 
lei^a^a 


8. 


16  -  24a;  +  25a;*  -  20ar»  +  10a;*-  4a;6  +  a;*|4-3a;  + 2a;'-a;» 
16 


8-3a; 


-24aj  +  25«» 
~24a;+    9a;» 


8-6a;  +  2a;2 


16a:«-20a;8  +  10a;* 
16a;'-12ar»+   4a;* 


8-6a;  +  4a;»-ar' 


—  8ar*+   6a;*  — 4a;*  +  a^ 

-  8a;»+    6a;*-4a:5  +  a^ 


9. 


z'-4a^V+8a;*.v'— 10a;^.v'+8a;'.v*— 4a^y^4-y*|a;^-2a;'t/+2a^'— y* 
a* 


2a^-2a^'y 


— 4a;*y+8a;*y' 
— 4a^y+4a;*y* 


2  a;'— 4a;^  +  2a:!y* 


4a;*3/«-l0a;».V»+8a;»y* 
4j^y2^  8ar^y'+4a;*y* 


2a;*-4^y+4ay'— y* 


^  2a;'y^-f4a;*.V*— 4a^v^+.v* 
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10. 


4a! 
4a»-a» 


4a«-4a6-lla*  +  14a3  +  5a«-12a  -i- 4|2o^~a'- 3a  +  2 


-4a*-lla* 
-4a^+      a^ 


4a«-2a«~3a 


-12a*  +  14a'  +  5a» 
-12a*+   6a»4-9a' 


4a»-2a«-6a  +  2 


8a3-4a«-12a  +  4 
8a8-4aa-i2a  +  4 


11. 


3a— 6+5c+c? 


6a  — 6 


9  a«  -6  a6+6'+30  ac-10  bc-^26(^+Qad-2hd+10  cd+cP 

-6ah+b^ 
-6ab+b^^ 

'30  ac-10  6c+25c» 
30  ac-10  6c+25c\ 

'6ad[-26d[+10c(f+6P 


6a  — 26  +  5c 


6a-26  +  10c  +  d 


12. 


6ad-2bd-\-l0cd+d^ 


lOs^-Sx^y 


25  a*  -  ZOafiy  -  31ic*y«  +  34ar»3/»  +  lOa^y*  -  8a^  +  y« 
25  a* 

-30a^y-31ar*y« 
-30a:^.V+    9a:*y' 


10s^  —  6x^y  —  4:xy^ 


-  40a;*3/'  +  34ar»y'  +  10a:*y* 
40a;\v^  +  24a*y»  +  16a;^v* 


10ar»-6a;«y-8a;y2  +  y3 


lOar^f-   6a;V-8a;y*  +  3/* 
10ar>y»-    6x^y*- 8ayy^  +  y* 


13. 

I  m*— 2  m'+3  m'— 4  m+5 

m8-4m'^+10m«-20mH35m*-44m»+46m«-40m+25 


m" 


2m*-2m' 


-4m^+10m« 
— 4m^+  4  m® 


2m*-4m«+3m=' 


6m8-20m5+35m* 
6m«-12mH  9m* 


2  m^— 4  m'+6  m^— 4  m 


-  8m8+26m*-44m»+46m» 

-  8m8+16m*-24m8+16m» 


2m*^4m»+6m*-8m+5 


10m*-20m«+30m«-40m+25 
10m*-20m«+30m«-40tM+25 
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14. 


23?  —  \xy 


—  3?y  —  ist^y^ 

—  3?y  +  I  ar^y' 


23?  —  xy  —  y^ 


—  23?y'^  +  ajy*  +y* 

—  2a;y  +  gy^  +  y* 


16. 

6a^/  +  5y*-^  +  3^ 


a;       a;" 


«'  —  2ajy  +  y'  —  — 


2a:»-2a;y 


—  ^3?y  -\-63?y^ 

—  4ar^y  +  4g^y^ 


23?  — ^xy  +y^ 


2rc2y2 
2a;V 


4gy^  -i-    y* 


23?-4:xy  +  2y^-^ 

X 


2x^  +  43/* 
2a^  +  4y* 


a;       a* 

X  3? 


16. 


a 


a'a; 


9-T  + 


43  oV 

48 


^a3?     3? 


3 


3aa;     ^ 
4        2 


2a^ 


3aj; 
4 


g^a;  43  a^g' 

2  48 

_a^  21o?3? 

2  48 


o  /a'     3aa;\  ,  x^ 


a?3? 


a?3? 


Za3?     ^ 

4         4 

Saa?*  ,  ar* 

-r  — ■ 

4        4 
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ALGEBRA. 


> 


1  + 

4    : 

-  +  - 

X 

10 

4- 

17. 

20     25  _^  24  . 

16 
aJ» 

^444 

1 

2  +  ? 

X 

4     10 

X        X^ 

X      a^ 

^ 

2  +  * 

X 

3 

6 

aj»' 
6 

4.20^25 
12      9 

X       0^ 

^1 

8+1^24 

a5»^a*^a*^ 
8      16     24 

a^  "^  a^  ■*■  a*  "^ 

16 

a* 
16 

7^ 

-1+5 

a 

18. 

a«     2a     3     26     6* 
6»      b              a      a" 

a 
b 

« 

a' 

h 

?if~l 
6 

i 

2%  3 

0 

-4^  +  1 
•  6 

2a 
6 

_2  +  » 
a 

2     2^^ 
a      a' 

2  2*+*; 

a      a' 

a^ 

19. 

12      3     9 

2     3 

2aj»  +  ^ 
2 

1 

>a;» 

12 
aj^ 

4 

2a^  +  »- 

1 
3 

2a:«     aj     1 

3       3     9 
2a^     X     1 

3       3     9 
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Exercise 

LXXIX. 

1. 

2. 

(1) 

(2) 

120409 (347 
9 

64)304 
256 

687)4809 
4809 

4816.36(69.4 
36 

(1) 

16803.9369(129.63 
1 

22)68 
44 

249) 2403 
2241 

2586) 16293 
15516 

25923) 77769 
77769 

129)  1216 

(2) 

4.54499^61  (2.1319 

1161 

4 

1384)  5536 

41)  54 

5536 

41 

423) 1349 
1269 

(3) 

18671041  (43. 
16 

83)267 
249 

21 

4261)  8097 
4261 

42629) 383661 
383661 

862)1810 
1724 

(3) 

.24373969  (.4937 

8641)  8641 

^ 

16 

89) 837 

8641 

801 

983) 3639 

(4) 

1435.6521(37.89 

2949 
9867) 69069 

9 

69069 

67)535 

469 

(4) 

.5687573056  (.75416 

748) 6665 

49 

5984 

145) 787 

7569)68121 

725 

68121 

1504) 6257 
6016 

(5) 

64.128064  (8.( 
64 

16008) 128064 
128064 

}08 

15081)24130 
15081 

150826) 904956 
904956 

96o6o60606(.94868        (5) 


1888)16400 
15104 
18966)129600 
113TO6 
189K8)l58040O 
1517S24 


i29.06060606(l  13578 


156949 
227148)1855100 
1817164 


34^.2590(18.6348 
1 
38)247 
224 
366)2325 
219S 
3723)12990 
11169 
37264)182100 
149056 
372688) 3304400 
2981504 
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(1) 


(2) 


(3) 


(4) 


4. 

14295.3870(119.5633 

21J42 
21 

229)2195 
2061 

2385) 13438 
11925 


(5) 


23906)151370 
143436 


239123)  793400 
717369 


2391263)  7603100 
7173789 

2.50000(1.5811 
1 

25J15O 
125 

308)2500 
2464 

3161)  3600 
3161 

31621)  43900 
31621 

2000(44.721 
16 

84)400 
336 


887) 6400 
6209 


8942)  19100 
17884 


89441)  121600 
89441  ' 

.36060606  (.5477 
25 

104j50b 
416 

1087)  8400 
7609 

10947)  79100 
76629 


(6) 


(1) 


(2) 


(3) 


.03000606(.1732 

27J2OO 
189 

343)1100 
1029 

3462)  7100 
6924 


111(10.5356 
1 

205)1100 
1025 

2103)  7500 
6309 


21065)119100 
105325 

210706) 1377500 
1264236 


5. 

.06111  (.033a 
9 

63)  210 
189 

663)2100 
1989 


.0646o6o6(.0632 
36 

123)400 
369 

1262)3100 
2524 

.0656  (.07071 
49 

1407) 10000 
9849 

14141)15100 
14141 
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(4) 


(5) 


(6) 


(7) 


2.00000000(1.4142 

24)100 
96 

281)  400 
281 

2824)11900 
11296 

28282)60400 
66564 


6.00(2.236 
4 

42J1OO 
84 

443) 1600 
1329 

4466)  27100 
26796 


3.25(1.8027 


28)  225 
224 

3602) 10000 
7204 

36047) 279600 
252329 


8.600000(2.932 
4 

49J46O 
441 

683)  1900 
1749 

6862)  15100 
11724 


(1) 
(2) 
(3) 
(4) 


(4) 


6. 


7. 


(1)     i = .5. 

.60  (.7071 
49 

1407) 10000 
9849 

14141) 15100 
14141 

(2)  i  =  .666666. 

.666666  (.816 
64 

I61J266 
161 

1626) 10566 
9756 

(3)  }  =  .75. 

.750606  (.8660 
64 


166)1100 
996 

1726)10400 
10356 


1732)4400 

yV  =  .03125. 

.031256(.1767 

27J212 
189 

346) 2350 
2076 

3527) 27400 
24689 
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(5)    tJt  - -0546875. 

(7) 

f  =  .857142. 

.05468750  (. 
4 

43) 146 
129 

2338 

.857i42(.9258 
81 

182)471 
364 

463)1787 
1389 

4668)  39850 
37344 

1845) 10742 
9225 

18508)151700 
148064 

(6)    x}y  =  .048. 

(8) 

^  =  .08333333. 

.08333333  (.2886 

4 

.0480  (.2190 
4 

( 

48)433 
384 

41)80 
41 

• 

568)4933 
4544 

429)3900 
3861 

5766)38933 
34596 

Exercise  LXXX 

• 

1. 


(3a;  +  2y)2y 


3a» 


Qxy  +  4y 


3?  +  6a!*y  +  12a:y'  +  8y*[£_+2y 

6ic«y  +  12ajy2  +  83/» 
6a;'v  +  12a^v'-^8y» 


3x'  +  6a:y  +  43/=* 
2. 


a»_9a«  +  27a-27|a~3 


a- 


3a* 


-3(a-3)=.        -9a  +  9 


3a»-9a  +  9 


-9a«  +  27a-27 
-9a«-i-27a~27 


(3aj  +  4)4 


Za? 


12a; +  16 


3. 

ar»  +  1 2  a;«  +  48  0?  +  64  |a;  +  4 

12ar»  +  48a;  +  64 
12a;»  +  48a;  +  64 


3ic»  +  12aj  +  16 
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3a^ 


4. 

X 

— 3aa;*+5aV— 3a*d; 


(Saj*— aa!)(— <M?)  =      — 3aar^+oV 


3a:*-3(Kc»+aV 

3(ifc*-aa;)»= 3a?*-6(Kc'+3aV 
(3a*-3aa;-aX-a)= 


-3oa;S+3aV-aV 


-3aV+3a»a;-a* 


3a?*-6aaj" 


+3a'a;— a* 


-3aV+6a?a^-3a5aj-a^ 
-3aV+6oV-3a*a;-a* 


(3x»+aj)fl;' 


5. 


afi  +3a!*4-6«*+7ir'+6««4-3«+l  |{B*+a?+l 
a!«  


3a?* 


+3a;'+a!» 


3a;*+3a;»+a^' 

3aj*+6a:'+3a!» 
(3ic»+3a?+l)  (1)  = 3a;'+3a;+l 


3a^+6a;*+7a^ 
3ar^+3a;*+  3^ 


3a;*+6a^+6ar»+3a;+l 


3a:*+6ic'+6aj*+3aj+l 
3a:*+6a;»+6a;"+3a;+l 


6. 


l-Sx  +  ^os* 


1  -  9aj  +  39flj«  -  99a^  +  156  a;*  -  144a*  +  64a« 
1 

-9aj+39a:»-99a^ 


-9fl;  +  9a:* 


3- 


3-9a;  +  9ar» 
18a;  +  27a^' 


-9a;  +  27a:«-27a:» 


12a;»-36ar»  +  16a* 


3-18a?  +  39a?-36»»  +  16a* 


12«»-72»»  +  156«* 
12a:«~72»8  +  156a:* 


144a*  +  64a« 
144a*  +  64a« 


7. 


a«_6a'^+  9a*+4a'-9a*-6a— 1 


(3a«-2aX-2a)» 


3a* 


6a"  +  4o2 


3a*+6a3  +  4a« 

3(a«-2a)»«3a*-12a'+12a» 
(3a«-6a-l)(-l)  - -  3aH6a+l 


-6a'^+  9a*+4a' 
-6a*  +  12a*-8a' 


3a*-12a»+  9aH6a+l 


-3a*  +  12a8-9a«-6a~l 
-3a*  +  12a*-9a«-6a~l 
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48x* 
(12aj»+4a:)4a;  48g»+16a» 


8.  |4a;»+4g-l 

64a*+192aj6+144a?*-32a^-36a;«+12a;-l 

64a:« 

■'l92a:*+144a?*-32a^ 


48ar*+48a:»+16a:2 

3(4a^+4a;)'  =48a^+96a^+48a;' 
(124?+12a;-l)(-l)= 


192a;B+i92a:4^.64a3 


-12aj«-12a:+l 


48iC*+96a;»+36a;»-12a;+l 


9. 


48aj*-96aj»-36a»+12a;-l 
-48«*-96aJ»-36x»+12a;-l 


1— ar+x*— a^ 


1  -3a;+6aj»-10a;8+12aj*-12a:»+10a^-6aB*+3a;8_j^ 
1 


3 

—3xW 

-3a;+6a?-10a;» 

3-3a;+rc* 

— 3a!4-3a? —    ar 

3-8a;+3a:« 

3aj«-3i 

r»+ic* 

3a:^-  9aj»+12a:»-12a*+10ai» 
3a;»-  6a:»+  6ar*-  3aJ^+    ai» 

3-6a;+6rc*-3a!»+a:* 

3-6a;+9aJ»-6a?*+3x* 

-3a:*+3a:*-3a^+a!" 

-  3aj»+  eai^-  9a^+  9a^-6a^+3a;«-a* 

3-6a;+9iB«-^a:»+6a;* 

-3a;*H 

ha^ 

-  3a:»+  6aj*-  9aJ^+  9a^-6a;'+3a^-a:» 

10.  \a*+Sab+9b> 

€fi  +9a«6-135a»6»+729a2>*-7296» 


Zaf' 


9(i»6+9a»6« 


SaH9a»6+9a«62 

3tf*+18a»6+27a«6* 

27a«6»-81aZ»«-81&* 


3a*+18a«6 


-81a6»-816* 


9a*6-135a»6»+729a5» 
9a56+27a*6«+27a»6» 


-27a*6»-162a«Zr»+729a66-7295» 
-27a*6«-162a»6»+729a&6-7295» 


11. 


ci_46c4-46« 


3c* 


-126c»+166V 


<«-126c»+60Z>V-1606»c'+240&*(;«-192&*c+646« 

-126c»+60&V-16065c» 
-12&c«+486«c*-  646»c» 


3c*-126c»+1662c« 

3c*-246c8+486V 

126»c*-486»c-166* 


3c*-246c»+606V-486»c+166^ 


126V-  966»c»+2406*c»-1926»c+646» 


126M-  966»c»+2406*c«-1926»c+646» 


48a'6+60o*6'-  80o'6' 


24o'S+16o 

12a<+24<^6+16o 

12a'+4Sa"6+48<i'6' 

-ISa'ft'- 

&^    48a''ft+96a*6'+  64a>6' 

103ai"-276« 

aeais+gi' 

-ZSa'b'-Uia'b'-90a'b' 

12a'+48o'6+30o't>-36<i&>+96' 

-36a'i'-H4a'6'-90a'6'+108aP-2V5« 

1. 

3(60)»-10800 

3(60x5)-      900 

^=        25 

11725" 

Exercise  LXXXI. 

3. 

274625165 

216       ■"                        6-  = 

586S5                      3(60)*- 10800 

3(60x5)=      720 

4^-        16 

58625                                     11636 

262144164 
216 
46144 

46144 

4800 

46592 

3  (901' -24300 

BRO 

3(90x6)-    1620 

61 

6624 

46593 

25956 

5. 

1092153521478 

3(40)'  = 

4800 

45215 

3(40X7)- 

840 

49 

5689 

39823 

5392362 

3(470)'  = 

662700 

25 

674044 

5392352 
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1»= 

3(10)2  = 
3(10x1)  = 

12  = 

6. 

300 
30 

1 

i48i544 1 114 
1 

481 

331 
150544 

150544 

9. 

1»  = 

3(10)2=  300 

3(10x4)=   120 

42=   16 

2.80322i  11.41 
1 

1803 

331 

436 

1744 

3(110)2  = 

3(110x4)  = 

42  = 

36300 

1320 

16 

3(140)2  =  58800 
3(140x1)-  420 

12=     1 

59221 

37636 

69221 

59221 

10. 


7.  p, 

i60i.613lll7     o/?P/x 
13=  1  ^ 3(10x9) 

92 


3(190)2 

3(190x2) 

22 


70778881192 


3(10)2=  300 
3(10x1)=   30 

12=     1 

601 

331 

331 

3(110)2  =  36300 

3(110x7)=  2310 

(7)2  =   49 

270613 

38659 

270613 

8. 


1»- 
3(10)2  = 

3(100)2: 
3(100x8). 
82 


300 

30000 

2400 

64 

32464 


1259712 [108 
"259712 


300 

270 

81 

6077 

651 

5859 

108300 

1140 

4 

218888 

109444 

218888 

11. 


3(20)2 

3(20x3) 

32 


3(20x3) 
2(3)2 

3  (230)2 

3(230x4) 

42 


12.81290412.34 
8  


259712 


1200 

180 

9 

4812 

1389 

4167 

180 

18 

645904 

158700 

2760 

16 

161476 

645904 
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12. 


3» 

3(30)2 

3(30x8) 

8^ 


56.62310413.84 

27 


3(380)2 
3(380  x4J 


4»  = 


2700 

720 

64 

29623 

3484 

27872 

433200 

4560 

16 

1751104 

437776 

1751104 

13. 


3» 

3(30)2 

3(30x2) 

(2)2 


3(30x2) 
2(2)2 

3(320)2 

3(320x1) 
1^ 


33076.161 1321 

27 


2700 

180 

4 

6076 

2884 

5768 

180 
8 

308161 

307200 
960 

1 

308161 

308161 

14. 


48 

3(40)2 

3(40x6) 

62 


3(460)2 

3(460x8) 

82 


102503.232 146.8 
64 


4800 

720 

36 

38503 

5556 

33336 

634800 

11040 

64 

5167232 

645004 

5167232 
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15. 


9» 

3(90)» 

3(90x3) 

33 


820.025856 19^ 
729  ' 


3(930)« 

3(930x6) 

6« 


=  24300 

=   810 

9 

91025 

25119 

75357 

810 
18 

15668866 

: 2594700 

:  16740 

36 

2611476 

15668856 

16. 


2» 

3(200)^ 
5(200  X  5) 
(5)V 


3(2050)« 

3(2050  X  5) 

(3)« 


8653.002877120.53 


120000 

3000 

25 

653002 

123025 

615125 

12607500 

18450 

9 

37877877 

12625959 

37877877 

17. 


1» 

3(10)» 
3(10x1^ 


3(110)' 

3(110  X  1) 

(1)^ 


3(1110)« 
3(1110X1) 


1371330631  [l.Ul 
1  


300 

371 

30 

1 

331 

331 

36300 

40330 

330 

1 

36631 

36631 

3696300 

3699631 

3330 

1 

3699631 

3699631 
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18. 


2» 

3(20)« 
3(20x7) 


3(270)' 

3(270  X  5) 

5* 


20910.518876127.55 
8 


3(2750)« 

3(2750x5) 

6» 


=  1200 
=  420 
=  49 

12910 

1669 

11683 

420 

98 

1?.27518 

=  218700 

=   4050 

25 

222775 

1113875 

4050 
50 

113643875 

=  22687500 

=   41250 

25 

22728775 

113643875 

19. 


4» 

3(40)» 

3(40  X  5) 

(5)« 


3(4500x4) 
4« 


91.398648466125 1 4.5045 
64 


3(45040x5) 
5« 


4800 

600 

25 

27398 

5425 

27125 

600 
50 

273648466 

60750000 

54000 

16 

243216064 

60804016 

54000 

82 

30432402125 

6085804800 

675600 

25 

a086480425 

30432402126 

teachers'  edition. 


253 


20. 


1» 


5.340104393239 1 1.7479 
1 


3(10)» 
3(10x7) 


3(170)' 

3(170x4) 

(4)^ 


3(1740)» 
3(1740x7) 


3(17470)« 
3(17470  X  9) 


93 


:300 
:210 

.  49 

4340 

559 

210 

98 

3913 
427104 

86700 
=  2040   . 
16 

« 

88756 

355024 

2040 
32 

72080393 

=  9082800 

■•     36540 

49 

9119389 

63835723 

36540  . 

98 

8244670239 

: 915602700 

471690 

81 

916074471 

8244670239 

21. 


(1) 


1» 

3(10)« 

3(10x3) 

32 


3(130x5) 
5« 


3(1350x7) 
72 


2.500  1.3572 

1 

300 

1500 

90 

9 

1197 

399 

303000 

90 

18 

50700 

1950 

25 

263375 

52675 

39625000 

1950 

50 

« 

5467500 

\ 

28350 

49 

39471293 

5495899 

153707000 
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(2) 


5» 

3(50)'» 

3(50X8) 

8« 


7500 

1200 

64 


8764 

1200 
128 


3(580)« 
3(580x4) 


1009200 

6960 

16 


1016176 

6960 
32 


.200000000000 1 .5848 
125 

75000 


3(5840)» 
3(5840x8^ 


8*  = 


102316800 

140160 

64 


102457024 


70112 


4888000 


4064704 


823296000 


819656192 


(3) 


2» 

3(20)« 
3(20x1) 


3(210)2 
3(210x5) 


.016006006006 1.2154 
8 


3(2150)' 

3  (2150  X  4) 

4» 


1200 

60 

1 

2000 

1261 

1261 

60 
2 

739000 

132300 

3150 

25 

135475 

677375 

3150 
50 

61625000 

13867500 

25800 

16 

13893316 

55573264 
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(4) 


4.00000000000011.5874 
1  


3(10)» 

3(10x5) 

5« 


300 

150 

25 


475 

150 

50 


3(150)« 

3(160x8) 

8« 


3(1580)« 
3(1580x7) 


3000 


2375 


625000 


3(15870)» 

3(15870x4) 

4^ 


67500 

3600 

64 

71164 

569312 

3600 
128 

55688000 

7489200 

33180 

49 

7522429 

52657003 

33180 
98 

3030997000 

755570700 

190440 

16 

755761156 

3023044624 

(5) 


•  • 


7» 

3(70)« 

3(70x3) 

33 


3(730)« 
3(730x6) 


.4000000000001.7368 
343  


3(7360)» 

3(7360x8) 

8« 


14700 

630 

9 

57000 

15339 

46017 

630 
18 

10983000 

1598700 

13140 

36 

1611876 

9671256 

13140 

72 

1611744000 

162508800 

196640 

64 

162705504 

1301644032 

256 


ALGEBRA. 


Exercise  LXXXII. 


18a»-30a6 


1. 

81a*  -540a»6+1350a«6»-1500oy -f  6256*  1 9  a»-30a54-25y 
81a* 

-540a'6+1350a«6« 


18a»-60a6+256=' 


450a26«-1600aJ8+6256* 
450a*62-1500a&»+6256* 


9a»-30a6+256«  [30-66 
9a>  


6a-56 


-30a6+256« 
-30a6+256» 


2. 

a?  -4a;T+10a;«-16a;*+19a;*-16»»+10aj»-4a;+l  |  g*-2g»+3a»-2g4-l 
a? 


L- 


^-2a:» 

-4a;7+  4x« 

2af^-< 

kr»+3a;2 

6aj«- 
6afi- 

-163^+193? 

-12^5+  9a:* 

6ar»+10a:> 
2ar'+  4a:» 

2a:*— 4a^+6ar'- 

-2x 

-4a:S+10ar*-l 
-4x5+  8ar*-l 

2a?*-4a;»+6ar» 

-4a;+l 

2a:*-  4ar»+  6a:2-4a;4 1 
2x*-  4ar»+  6a:»-4a;+l 

3* 
3? 

23?-X 

-2a:»+3a:»-2a;+l  |a:"-a;+l 

-2a:»+3.r« 
-2ar»+  3? 

2x2- 

-2a:+l 

2a;«-2a;+l 

2a;2-2a;+l 

3. 

64  -  192a;  +  240  a:*  - 160  ar»  +  60  a:*  - 123:^  +  a:«l8-12x  +  6^-a» 
64  


16 -12a: 


-192a: +  240  a:* 
-  192  a:  + 144  a:« 


16-24a;  +  6a-2 


96a:»-160ar»+;60a:* 
96a:2-144ar»  +  36a:* 


16-24a:+12a:2_a^ 


-  16ar*  +  24a:*-12ar*  +  a^ 

-  16ar^  +  24a:*-12ar^  +  a^ 
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2»  = 

3(2)2  =  12 
(6  -«)(-  a;)=       —Sx  +  x^ 


8  -  12a;  +  6a^  - a^\2-x 
8 

-12x  +  6x»-a;» 


12  -  6x  +  a;=' 


-12x  +  6a;»-ir' 


4. 

729aj«  -1458a6+1215a;*-540ar»+135a;«-18a;+119^-6«+l 
(9a:3)»  =  729a« 

243aj*  I  -1458a:»+1215a:*-540ar» 


-162iB» 


-\-sex' 


243a:*-162r»H-36a» 


-1458ar5+  972ar*-216ar» 


243a^-324ar»+108a;» 

27aj«-18a: 


+1 


243a:*-324a:»+135a;»-18a;+l 


243a:*-324x»+135aj»-18aj+l 


243rB*-324a^+135a^-18a;+l 


9g»-6g  +  l|3a;-l 
9a^ 


6aj-l 


-6a;  +  l 
-6a;  +  l 


6, 

1  -8i;+28v'-56t/^+70v*--^6vS-i-28V»-8.v^+.v^  |  l-4y+Bv2-4y'+.v* 


2-4y 


-8y+28y' 
•-8y-hl6y» 


2-8y+6y^ 


12y«-56y»+70y* 
12a;«-48y»+36y* 


2-8y+12y*-43/' 


-  8y3+343/*-563/5+28t/» 

-  8y>+32v*-48.V^+16.7/g 


2-8y+12y»-8y»+y* 


2y*_  8y5+12t/«--8y^+y^ 
2.V*-  8y^-fl2V^->8.v^+y^ 


1  ~4.v-h6.v»>-4.v»-f  .V*  I  l~2.v+.v« 


2-2y 


-4y+6y« 


l-2.v+.vMl-y 


2-y 


2-4y+aj« 


-2y+y« 


2y2-4y*+y* 
2y2-4y»+y* 
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1. 


Exercise  LXXXIII. 

3 


x'-3  =  46, 
a;«  =  49. 
.-.  a;  =  ±7. 


5. 


7 
3 


2.  2(a;»-l)-3{a;»+l)+14  =  0. 
Simplify, 

2a^-2-a»»-3+14  =  0, 

x*  =  9. 
.*.  x  =  ±3. 


3  g'-S      2a;'  +  l^l 

3  6  2 

Simplify, 

2x2-10  +  2a;»  +  l  =  3, 
4r»=12, 
»«  =  3. 

.'.  a:  =  ±V3. 


4a;2      Sx* 

Simplify,  9-2  =  28 rB«, 
-28x*  =  -7, 

.  *.  a;  =  ±  J. 


6. 


5a;»-9  =  2a;H24, 
3a;2  =  33. 


a; 


3  _ 


11. 


o; 


=  ±VlT. 


7.  {a;-h2)*-4ar  +  5. 

Simplify, 

jc^  +  4a;  +  4  =  4a;  +  5. 

Transpose  and  combine, 

x^=l. 
.'.  x  =  ±  1. 


8. 


x^    x^-lO  ^^_50+x' 


+ 


=  8. 


25 


1  +  ar     1  —0? 
Simplify, 

3-3x  +  3  +  3a;  =  8-8x», 
8a;2  =  2, 
a;2  =  J. 
.*.  a;  =  ±  J. 

«    3.r2 


5  5 

Simplify, 

Wx'-bxHdO  =  525-150-3a^. 

Transpose  and  combine, 
13aj2_325^ 

a:*  =  25. 
.'.  a;  =  i:  5. 

27  ^  90  4- 4a;'  _  ^ 


a;2  4-  3  a;2  +  9 

Simplify,   (3  x^  -  27)  (a;'  +  9)  +  (90  +  4  x^)  (x^  +  3)  =  7  (a;'  +  3)  (a;'  +  9). 

"    '      243  +  4a^*+102a;2  +  270  =  7a:*  +  84x2  +  89, 

18a;2_i62, 

a;*  =  9. 
.*.  a;  =  ±  3. 


3a;* 


10. 


o^  ,  7     G5x 

ox  +  -=  —--• 

X        7 
Simplify,56a;2  +  49- 65  a;2. 

Transpose  and  combine, 

-9x2  =  -49, 

-yZ  =  49 


11. 


4.7;2-f-5     2a;2-5       7a;2-25 


15 


20 


X 


T 


'.  x  =  ±i 


10 

Simplify, 

24  a;2+30-8  a;2+20  =  21  aj2-75, 
24a;2-8a;2-21a;*  =  -75-30-20, 
-5a;2  =  -125, 
a;2  =  25. 
.*.  x  =  ±5. 
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12. 

8  lla^-S'^      9 

Simplify,         llOa^  +  107 a^  - 136  -  216ar»-  36  =  1102^-168x2  +  64. 
Transpose  and  combine,  59  a;*  =  236, 

x*  =  4. 
•  •.  x^±2. 

13. 

14x^  +  16       2a;«-f  8  _  2a;' 
21  8a;«-ll"  3  * 

Simplify,  112a;*  -  26a;«  _  176  -  420^^  -  168  =  112a;*  -  154a;«. 

Transpose  and  combine,  86  x^  =  344, 

a;2  =  4. 
.  •.  x  =  ±2. 

14.       a;*  +  6a; +  a  =  &a;(l  ~5a;),  16.     a;*  — aa;  +  6  =  aa;(aT— 1), 
x»  +  6a;  +  a  =  6a;  -  6*  a;*,  s^  -  ax -\- b  ^  ax' -  ax, 

^^b^x^  =  -a,  x2-ax»  =  -6, 

^"-rhi-  a;»(l-a)  =  -6. 


''''-'^Frh 


15.  T/ia;*  +  n  =  9, 

mx^  =  9  —  n. 


^^    6 
a-l' 


.*.  a;  =  d=-\/ -. 

'a  — 1 


^  J9  -  n 
.•.  a;  =  ± 

m 


Af 


Exercise  LXXXIV. 

1.                    a^»  +  4a;«12,  2.                    a;'-6a;*=16. 

Complete  the  square,  Complete  the  square, 

x'*  +  4a;  +  4  =  16.  x^  -  6x  +  9  =  25. 

Extract  the  root,  Extract  the  root, 

x  +  2=-±4.  x--3  =  ±5. 

.*.  x=«2or  — 6.  .'.  x  =  8or  — 2. 
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Complete  the  square, 

{r»  -  12x  +  36  =  AJA. 

Extract  the  root, 

a._6  =  ±y. 
.••  a:  =  11}  or  J. 

4.  a»-7«  =  8. 

Multiply  by  4, 

4a:«-28aj  =  32. 
Complete  the  square, 

4aj»-()  +  49  =  81. 

Extract  the  root, 

2a?-7  =  ±9, 
2a;=7±9. 
.'.  a:  =  8or— 1. 


6.  3a!*-4aj=»7. 

Multiply  by  3, 

9a:«-12a?  =  21. 

Complete  the  square, 
9r'- 12a; +  4- 25. 

Extract  the  root, 

3a;-2=»±5, 
3a;  =7  or -3. 
.'.  a:  =  2Jor— 1. 


7.  x^-x^^G. 

Complete  the  square, 

«i        ^1     25 
sr  —  X  +  -==  — 

4      4 
Extract  the  root, 

2        2 

1±5 

x^ — — — 


.'.  as  =« 3 or— 2. 


8.  5a?-3«  =  2. 

Multiply  by  5, 

25a:«-15a;  =  10. 

Complete  the  square, 

25^-()  +  |  =  f 

Extract  the  root, 

K        3     ^7 
2        2 


5a:  = 


3±7 


.•.  a5x=lor— f. 


6.  12a?+aj-l  =  0. 

12ar»  +  a;=l. 

Multiply  by  3, 

36a:«  +  3aj  =  3. 

Complete  the  square, 

^  ^     16     16 

Extract  the  root, 

6»  +  J  -  ±  }, 
6a;  =  ior-2. 
••.  ajs-Jor^J. 


9.  2a? -27  a;  =  14. 

Multiply  by  8, 

16  a? -216  a;  =  112. 

Complete  the  square, 
16a? -0  +  729  =  841. 

Extract  the  root, 

4a;-27  =  ±29, 

4a;  =  56  or 

.••  a;  =  14  or 


2. 
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10.  fB2-?^+i.  =  0. 

3       12 

3  12 

Complete  the  square, 

3      9     36 
Extract  the  root, 

1     ^1 
"-3-*? 

3    6 

.'.  oj  =  -  or  -. 

2      6 


19  3a;.   4  lis 

Simplify, 

9r'-26a;=«-16. 
Complete  the  square, 

9        9 
Extract  the  root, 

13 

3 

3a; 


3a;  — 


X 


4 

6ori 
3 

2or  — 


11.  |-|=2(a;  +  2). 

Simplify,  Sx^-2x  =  12  a;  +  24, 

3ar'-14a;  =  24. 

Multiply  by  3, 

9a;2-42a;=72. 

Complete  the  square, 

9aJ_()  +  49-121. 

Extract  the  root, 

3a;-7  =  ±ll, 

3a;=18or-4. 
.%  a;=«6or  —  IJ. 


13. 


a;  +  l     2a;  — 1 


a; +  4 

Simplify, 

(a;  H-  l)(a;  +  6) 

a!2  +  7x  +  6 

ar'-2ar»+7a;-7a; 

-a^ 

x" 


a;  +  6 


(2a;-l)(a;  +  4), 
2a:*  +  7a?  — 4, 
-4, 
-4, 
4. 
.•.a;  =  ±2.       • 


14. 


Simplify,  18a;« 

Transpose  and  combine. 
Multiply  by  10, 

Complete  the  square. 
Extract  the  root, 


X a;  +  3 

a;  +  l      2(a;  +  4) 


18a;«  +  72a;  -  9a;«  -  36a;  -  27 
^^--  10ar*  +  41a; 


100ar^  +  410a; 
100a;»  +  ()  +  ^  = 

lO.  +  lV 
10a; 


18* 
—  a;*  — 5a; 
23. 
230. 
2601 

4 
.51 


_41^51 
2      2* 


.'.  a;  =  }  or  —  4|. 
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15. 


+ 


Simplify, 


a;— 1      x  —  2x  —  ^ 
2a^  -  12a!  +  16  =  3a;2  -  15a;  +  12  +  2a;2  -  6a;  +  4. 


Transpose  and  combine, 
Divide  by  —3, 


-3a;2  +  9a;  =  0. 

a;2_3a;  =  0, 

or  a;(a;  —  3)  =  0. 

.  •.  a;  =  3  or  0. 


16. 


Simplify, 

Transpose  and  combine, 


5a;(a;-  3)-  2(a:2  -  6)  =  (a;  +  3)(a;  +  4). 
Sar'  -  15a;  -  2a;2  +  12  =  a;2  ^  7a.  ^  12. 

2a;2_22a;=:0, 

a;2  -  11  a;  =  0, 

or  a;{a;  —  11)  =  0. 

.'.  a;=  11  or  0. 

17. 

3a;  5       3a;2  23 


Simplify, 
Divide  by  17, 

Complete  the  square, 
Extract  the  root, 


Simplify, 


2(a;  +  l)      8      ar^-1      4(a;-l) 

12ar»  -  12a;  -  5a'2  +  5  =  24a;2  -46a;  -  46. 
17a;2_34a,_5i^ 

a;*  —  2a;  =  3. 
ar»-()  +  l==4. 
a;  -  1  =  ±  2. 
,',  x  —  Z  or  —1. 

18. 

{x  -  2){x  -  4)  -  2  (a;  -  l)(a;  -  3) «  0. 
a;*  -  6  a;  +  8  -  2  a?«  +  8  ar  -  6  ^  0 . 


Transpose  and  combine, 
Complete  the  square. 
Extract  the  root, 


a;2-2a;  =  2. 
a;2_2a;+l  =  3. 

a;-l  =  ±  V3._ 
.'.  a;  =  l  ±\/3. 


19. 


Simplify, 

Transpose  and  combine, 
Complete  the  square, 
Extract  the  root, 


i(a:-4)-|(a;-2)  =  i(2a;  +  3). 
Y  D  a; 

bx^  -  20a;  -  Ua;^  +  28a;  =  70a;  + 105. 

9a;2  +  62a;  =  -105. 

324a;2  +  ()  + (62)2  =  64. 

18x4-62  =  ±8, 

18a;  =  -54  or -70. 

,  •.  a;  =  —  3  or  —  3f . 
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20. 

|(3a:2_a:-5)-i(a^'^-l)  =  2(x-2)». 

Simplify.  18a?2_6a;-30-5r«-f-5  =  SOx"  -  120a;  +  120, 

17x2  _  114a. «_  145. 

:Multiply  by  17,  289  x^  -  1938  x  =  -  2465. 

Complete  the  square,  289x2  _  (  )  +  3249  =  784. 

Extract  the  root,  17x  -  57  =  ±  28. 

.'.  x  =  5  or  IJf. 

21. 

2x      3g-50  _  123?  +  70 
15^  3(10 +  x)  190 

Simplify,  760x  +  7S3^  +  510x  -  9500  =  38r»  +  510a;  +  2100, 

40x2  + 760  a; -11600. 
Divide  by  10,  4  x*  +  76  x  =  1 160. 

Complete  the  square,  4aj*  +  ( )  +  361  =  1521. 

Extract  the  root,  2x  +  19  =  ±  39. 

.-.  x  =  10or-29. 

22. 

X     ^15-7x 
x2-l      8(l-xy 
X  7x-15 


or 


(x  +  l)(x-l)     8(x-l) 
Simplify,  8x  =  7x2-8x-15, 

7a:2_16x  =  15. 
Multiply  by  7,  49x2  _  ii2x  =  105. 

Complete  the  square,  49x2  -  ( )  +  64  =  i69. 

Extract  the  root,  7x  -  8  =  ±  13. 

.*.  x  =  3  or  —  ^. 

23. 

2x-l      1  _  2x-3 
x-1       6       x-2* 

Simplify,  12x2  _  30x  +  12  +  x2  -  3x  +  2  =  12x  -  30x  +  18. 

Transpose  and  combine,  x2  —  3  x  =  4. 

Complete  the  square,  4x2  -  ( )  +  9  =  25. 

Extract  the  root,  2x  -  3  =  ±  5. 

.*.  x  =  4or  —  1. 
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24. 

X  +  2  _  4  — ar  ^  7^ 

JB-I        2x       3* 
Simplify,  Gar*  +  12a;  +  Sa^-  15a?  +  12=  14»»-  14x. 

Transpose  and  combine,  5  a;*  —  11  a?  =  12. 

Multiply  by  5,  25  a;*  -  55  a?  =  60. 

Complete  the  square,  25  a;»  -()  +  —  =  —• 

11         19 
Extract  the  root,  5  a?  —  — -  =  ±  — . 

2  2 

5a;  =  15  or  —  4. 

.*.  a;  =  3or  —  f. 

26. 

14a;-9^a;«-3 

8x-3       a;  +  l* 
Simplify,  8ar»  +  5a;'-3a;- 14a;2_5a.  ^  9^  3ajS_24a;-3a;*  + 9. 

Transpose  and  combine,  —  6  a;*  +  16  a;  =  0. 

Divide  by  -  2,  3ar»  -  8 a;  =  0, 

a;(3a;-8)  =  0. 

.*.  a;  =  0  or  2J. 
26. 

2a;  +  l~a;-2 
Simplify,  2a;*  -  3a; -2-a;»-3a;-h  10  =2a;*- 11  a:- 6. 

Transpose  and  combine,  a;*  —  5  a;  =  14. 

Complete  the  square,  a;*  —  ()  +  —  =  _ 

Extract  the  root.  a?  —  -  =  ±  -• 

2        2 

.  •.  a;  =  T  or  —  2. 
27. 


7  —  X        X 

Simplify,  10  a;*  +  490  -  140  a;  +  10  a;*  =  203a;  -  29a;». 

Transpose  and  combine,  49a;*  —  343a;  =  —  490. 

Divide  by  49,  a;*  -  7  a;  =  — 10. 

49      9 
Complete  the  square,  a;*  —  ()  +  _  =  11. 

7         ^ 
Extract  the  root,  a?  _  i.  =  ±  £. 

2  .      2 
.  *.  a;  =  5  or  2. 
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28. 

2x  +  3  7-x        7-3aj 


2(2«-l)      2(a:  +  l)      4 -3a; 

Simplify,  -14jc»-12ar»+22a:+24-12ar»4-106a:«-162ar+56 

=  44a:*-40a;-24a:»-28. 

Transpose  and  combine,  48aj*  —  ISOa?  =  —  108. 

Divide  by  12,  4ar«  -  15a;  =  -  9. 

Multiply  by  16  and  complete  the  square, 

64a;»-()  +  225  =  81. 

Extract  the  root,  8  a?  —  15  =  ±  9, 

8a;  =  24  or  6. 

.  •.  a;  =  3  or  f . 
29. 

12g»-lla;»-f  10a;-78         .,         1 
Sx'-lx  +  e  ^        2 

Simplify,  24a;»-22a;«+20a;-156  =  24a;»-21ar'+18a;-8ar'+7a;-6. 

Transpose  and  combine,  *l3^  —  5x  —  150. 

Multiply  by  28,  196  a:*  -  140  a;  =  4200. 

Complete  the  square,  196  a;*  -  (  )  +  25  =  4225. 

Extract  the  root,  14  a;  —  5  =  ±  65. 

.%  a;  =  5  or  — 4J. 
30. 
6  18  7  8 


or 


Combine, 


x  —  1     X  +5     a;  +  1     aj— 5 

__6 7     ^    18 8__ 

a;  — 1     X  +  1      X  +5     a;— 6 
13-a;      10a; -130 


x^-1        x'-25 

IS-x^      10(13-a;) 

^^  x'-l'^        x^-25   ' 

.•.  a;  =  13. 

Hence,  if  13  —  a;  =  0,  the  equation  is  satisfied. 

Otherwise  we  may  divide  by  13  —  a;. 

1     ^   -10 

x^-}''  x^-25 

Simplify,  a;*  -  25  =  10-10  a;«, 

11  a;* -35, 


11 


>/ll 
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Exercise  LXXXV. 

Complete  the  square,  *  2         2    ~    ' 

a;2  +  2ax  +  a^  =  2a\  2x^-5nx-3n^  =  0, 
Extract  the  root,  4  a^  —  10  na?  =  6  n^, 

x  +  a  =  ±aV2.  ^^     ,,  .  25n2     49n2 
.*.  x  =  —  a±  ay/2. 

2.  a?2  =  4aa;  +  7a^ 

Transpose, 

a;2_4aa;=  7a^ 
Complete  the  square, 
a;2-4ax  +  4a2  =  lla*. 
Extract  the  root, 

x  —  2a  =  ^ay/\\.  6, 

.•.a;=2a±aVIl.  J"^  "^  1'     1^~^)' 

^                          «.2      7m2      o  a(a;  —  a)  =  ±  6 (a;  +  a), 

4  aa;  —  a^  =  5a;  +  ah, 

4a;2  =  7m2  -  12ma;,  a;(a  -  6)  =  a^  +  a6. 

4x2  +  12ma;  =  7m«,  a(a  +  6) 

4a:2  +  ()  +  (3m)2  =  16m^  •'•*''  =  "^ZTT ' 

2a;  +  3m  =  ±  4m,  or  oa;  - a^  =  -  6a;  -  o6, 

2a;  =  ±  4m -3m.  x{a-^'b)  =  a^ -ah. 

2     2  •••^ — ^Tirr 


^^"4           4   ' 

2x     5n_^7n 
2           2 

2a;  =  6nor 

—  n 

.  •.  a;  =  3  n  or 

n 
2 

a*               62 

•    • 


6. 


csr  =  ax^  H-  6.c2  — 


ac 


a  +  h 

^     acx  +  hex  =  o2  a;2  +  2  aJa;^  +  6^  x^  -  ac, 
a^x^  +  2a6a;2  ^  523.2  _  ^^3,  _  ^^^  _  ^^^ 

ic*(a*  +  2a6  +  62)_  a;(ac  +  6c)  =  ac, 

x'{a^-\-2ah  +  62)-  ( )  +  £' «  ^<^o  +  c^^ 

4  4 

x{a  +  h)-^=^±y^Ml±l, 
2  2 

a:(a  +  6)  =  e±v5^£+Z. 

2 

2(a  +  6) 
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rr  a^x^  ,  h^      2ax  q  (a^  +  l)a;  =  a.r^  +  a. 

52     '  g2        g  a^j  +  jc  =  ax'^  +  a, 

2^^     A  ,  M  ~  n      '  2aj;-(a2  +  1)  =  ±  («'- 1), 

acar  =  6^,  .  •.  a;  —  a  or  — 

2,2  a 


.'.  a;  =  — 

ac 


9. 


a      ,      6  2c 


x—a     x—h     X— c 

a{x  —  b)(x  —  c)  +  b  (x  —  a)(x  —  c)  =  2c{x  —  a)(x—  b), 
ax^—  abx — acx  +  abc  +  bx^  —  abx  —  bcx  +  abc  =  2  ca;'^— 2  aca;— 2  bcx+2  abc, 
^{a  +  b-2c)  +  xiac  +  bc-2ab)  =  0       ^ah-ac-hc 

.'.  x  =  0  or 

a  -i-  6  —  2c 

I  10. 

abx  =  a6x  +  6^a;  +  bxi^  +  a^a?  +  abx  +  a^c^  +  a^ft  +  ah^  +  a6a?, 
a^(a  +  6)  4- a;(a  4- 5)2  =  -  a6(a  +  6).- 
Divide  hy  (a  +  6),       (^  +  {a  ■}-  b)  x  =  —  ab, 

4a;2  +  (  )  •+  (a  +  6)2  =  a^  -  2a6  +  ft^, 
2x  +  {a-{-b)  =  ±{a-b\ 

2x  =  -2bor-2a. 
.',  X  =  —  b  or  —a. 


11. 

1 

a  — a: 

1 
a  +x 

Z^x^ 

a^  —  x"^ 

a  +  a; 
a;2_ 

—  a  +  x  = 
x^-2x  = 

-  2a;  +  1  = 

3+a;2, 

-3, 

-2. 

x-l  = 

±V-2. 

.  •.  a;  =  1  db  V—  2. 

12. 

^ f  =  Ja?. 

a^  +  62 
a;2  +  2ab  {a"  +  5^)  _  Oa;  (a^  +  i^)^ 
a:^  -  2a;  [d^  +  h'')  =  -  2a^b  -  2a¥, 
a:*  -  (  )  +  (a2  +  52)2  =.  a*  -  2 a=^6  +  2a252  _  2ab''  +  7/, 
a;2  _  (  )  +  (a2  +  ^2)2  _  (^2  +  j2)  (^  __j^2^ 

fl.  _  (a2  +  52)  =  i  (a  -  5)  Va^  +  62. 


a;  ==  a2  _L  2,2  ^  (o^  _  y^^^^z .,_  ^2^ 
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13.      (2^-^)'    ^6. 
2x  —  a  +  2b 

4iX^  -  4:ax -i- a^  =  2bx-ab  +  2h^, 

ix^-2x  (2a  +  6)  =  -a^-ab  +  26*, 

16x'-()+{2a+by  =  9b\ 

4a;-(2a  +  6)  =  ±36, 

4a?  =  2a -25, 

or  2a +  46. 

a— 6^,a  +  26 
or 

•    2  2 


15.  IB*  +  aa;  =  6a;  +  aft. 

a*  +  (a  —  6)  a;  =  a6, 
4a*  +  ()  +  (a-6)«  =  (a  +  6)», 
2a  +  (a-6)  =  ±(a  +  6). 
2a  =  -2aor26. 
,-.  »  =  — aor  6. 


X 


16. 


14.  a:*  +  aa;  =  a  +  a. 

a^  +  ax  —  x  =  a, 
x^  +  (a  —  l)x  =  a, 
4a;*4-()+(a-l)*  =  a2+2a  +  l, 
2a:  +  (a-l)  =  ±(a  +  l), 

2a;  =  — (ar-l)±(a+l). 
.%  a?  =  lor  —  a. 


a;  .  a     a;     6 

-  +  _=+_. 

a     X     o     X 


a^b -{- a^b  =  aa^  +  ab^, 
x^b-a^a  =  ab^-a% 
a^(b  —  a)  =  ab{b  —  a). 
Divide  by  (6  —  a), 

a^'=ab. 
.\x  =  ±Vab. 


X       X  +  0 


17. 

1 

a     a  +  o 


a;     aj-i-o      a     a  +  o 
a*a;  +  a'6  +  abx  +  ab^  +  a'a;  +  a6x  =  ax'  +  abx  +  6a*  +  6'a?  +  ox*  +  a6a?, 
2aa^»  +  6x*  -  2a*a;  +  6*»  =  a*6  +  a6*, 
(2a  +  6)a;*  -  {2a^  -  6*)  a;  =  a*6  +  a6«, 
4a;*(2a+  &)*-()  +  (2a*  -  6*)*  =  4a*  +  8a»6  +  8a*6*  +  4a6»  +  6*, 
2a;(2a  +  6)  -  (2a*  -  6*)  =  ±  (2a*  +  2a6  +  6*), 


2a;(2a  +  6)  =  (4 a*  +  2a6)  or  -(2a6  +  26*). 

.    «.      r.  /^«      6  (a  +  6) 
.'.  a?  =  a  or ^ — ■ — l 


18. 


6x 


X' 


3      4       3a 


4a*+  15aa;-4a:*  =  0, 

4  a;*  — 15  aa;  =  4  a*, 
64a;*-()  + 225a*  =  289a*, 
8a;  — 15a  =  ±  17a, 

8  a;  =  32a  or —2a. 

.*.  a;  =  4aor  — -. 
4 


19. 

a;  +  3 


2a  +  6 
a;  +  3 


a;-3 
a;-3 


=  a  + 


a; -3 
a; +3* 


=  a, 


a;  — 3     a;  +  3 
ar'  +  6a;+9-a;* 

+  6a;-9  =  aa;*-9a, 
aa;*— 12a;  =  9a, 
a*a:*-12aa;  =  9a*, 
oV-  (  )  +  36  =  9a*  +  36, 

aa;-6  =  ±V9(a*_+4X 
aa;  =  6±3Va*  +  4. 

.    6±3Va*+4 
•  '•  a;  *"  . 
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ao. 

77171 

m^ns^  —  77171  =  a;(77i'  —  ti*), 
7n?7\a?  —  {rri?  —  7i')a;  =  77i7i, 
4tm*n^ix?  -  ( )  +  (m»  -  7i«)*  =  77i«  +  277i»7i«  +  n\ 

277l'7Mf  =  2771*  or  —  271*. 
771  71 

21. 

(oo;  —  b){bx  —  a)  =  <?, 
aha^  —  h^x  —  a^x  +  ab^c^, 

aba?  -  (a*  +  J^)  a; «  c»  -  ab, 
iaH^x^  -  4a6  (a»  +  6«)a  =  4ttJc»  -  4a«5*, 
4a«62aj»  _  0  +  (^2  +  62)a  =  (a^  -b^f  +  Aabc', 

2abx-  {a?  +  6*)  =  ±  V(a^  -  b^f  +Tah^, 

.  ^  _  a»  +  6^  rb  y/joT^h^y  +  4  a6c» 

2ab 

22.                 a^jf5^m^  +  n^  23^     _^!_  +  _^„c. 

6a; +  a     7w;  +  77i  tti  +  o;     tti— a; 

ana^  +  67iaj  +  amx  +  bm  vn?  —  rnx -\- rn?  +  mx  =>  err?  —  cs^, 

=  bma?  +  6na;  +  aTTw;  +  an,  cx^  ^  ctti*  -  2  tti*, 

anx^ -  bma?  =^an-bm,  xVc  =  ±viVc^^, 

0?  {an  —  bm)  ^an  —  bm^  /JZ2 

.%  aj  =  ±l. 

24. 

(a-iy!ii^  +  2(3a-l)x     . 

4a-l 

(a-l)2!r»  +  2(3a-l)aj«4a-l, 

4(a-  l)*a:»  +( )  +  (6a-  2)»  =  16a', 

2(a  -lfx  +  {6a-2)  =  ±  4:aVa, 

.2(a  -  1)2  a?  =  2  -  6a  ±  4aVa. 

.   „     1  —  3a±2a Va 
•  *•  X  = : — ■• 

{a -If 
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25. 

a'  +  b^ 

a^x^  -  b^x^  +  a*  -  6«  =  2a«a?  +  2b^x, 
a^x^  -  b^x^  -  2a^x-2b^x  =  5^  -a», 
x'ia^  -  b^)  -  2x(a^  +  b^)  =  b'^  ^  a', 
x"  (a«  -  62)2  _  2x(a*  -  6*)  =  -  a*  +  2a^Iy^-'b\ 
x'ia^  -  b^f  -  (  )  +  (a^  +  b^Y  =  4a^6«. 
a;(a2  -  62)  _  (^2  +  2,2)  =  ±  2a6, 

a;(a2-62)_^3_^52i2a6 
-  (a  ±  by. 

.   ^     a  +  6  «»<*  —  & 
.',  X  — or 


a  —  b      a  +  6 


26. 

a;^  —  4  mno; 


(m  4-  ny 

ic^  —  4  mnaj  =  m*  —  2m*  n'  +  n*, 
jc*  -  0  +  4m2n2  =  m*  +  2m2n"  +  n\ 
X  —  2m7i  =  ±  (m*  +  n*), 

aj  =  2mn  ±  (m*  +  n^) 
=  (-m  +  7i)*  or  —  (m — ny. 

27. 

a;2  +  g-^  ^  14a*-5a6-105»     (2a-35)a; 

lSaH^x^~(lSa'b-27ab^)x^-^ia^-{-13ab-10b\ 
144a2  62aj2  _  (144^25  _  2l6ab^)x  =  -  S2a^  +  104a6  -  SOb\ 
14AaH^s^  -  ( )  +  (6a  -  96)'''  =  4a2  _  4a6  +  b\ 
\2abx  -  (6a  -  9 6)  =  ±  (2a  -  b\ 

\2abx  =  8a  -  106  or  4a  -  86. 

4a  — 56      a  — 26 
.'.  x=  — r^^ —  or -— - — 
6a6  3a6 

28. 

a6a;2  +  ^  _  6a*  +  a6-26*  _  3a«a; 
c  <^  c 

abc^x^  +  y^cx  =  6a2  +  a6  -  26*  -  Sa^caj, 
a6c2a;2  +  (Sa^c  +  b'^c)x^  6a2  +  a6  -  26*. 
^a^h^c^x^  +  4a6cx  (3  a^  +  6^)  =  24a36  +  4a2  6-^  -  8a6', 
4a2  62c'^a;2  +  (  )  +  (Sa^  +  52)2  _  9a*  +  24a36+10a262-8a6H6*, 
2a6ca;  +  3a2  +  6^  =  ±  (3a2  ■+-  4a6  -  6"). 

2a-6  3a  +  26 

.  •.  a;  =» or = 

ac  be 


TEACHERS*    EDITION.  271 


29. 

x^  m^  —  4  a^      X 


3m  — 2a     4a  — 6m     2 


2x'^  id^  —  m' 


3m  — 2a      3m—  2a 

2x^  —  4a2  +  wi'  =  3mx  —  2ax, 
2x2  ^  (2a  _  3m)x  =  4a'^  -m^, 
16a:2  +  (  )  _^  (2a  _  3,yi)2  =,  (3^02  _  i2am  +  m^, 

4  a;  +  (2  a  —  3  m)  =  ±  (6  a  -  m), 

4a;  =  —  8a  +  4?7i  or  4a  +  2?M. 

,'.  a;  =  m  —  2 a  or  a  H 

2 

30. 


6x  +  (^±^  =  5(a-6)  + 


25  a6 


a;  6a? 

36a;2  +  6(a  +  6)2  =  30a:(a-  J)  +  25ab, 
36a;2  -  30x  (a  -  6)  =  25a6  -  6  (a  +  6)^, 

2^         ^  2 

o        6a-46      4a-65 
6a;  = or 


2  2 

6" 


3a-26       ,  2a-36 
X  = and 


31. 

[x^  +  a^  +  ah)  =  \x{20a  +  46). 
8x2  ^  3^2+  8a6  =  20ax  +  46x, 
8x2  _  (20a  +  46)x  =  -  Sa^  _  8a6, 
16x2-2(20a  +  46)x  =  -16a2_i6a6, 
16x2-0 +  (5a+ 6)2  =  9a2_6a6 +  62, 
4x-(5a  +  6)  =  ±(3a-6), 

4x  =  (5a+  6)±(3a  — 6). 

o          a  +  6 
.*.  x  —  2a  or 

2 

32. 

x2  _  (6  —  a)  c  =  ax  —  6x  +  ex. 
a;2  +  6x  —  ax  —  ex  =  (6  —  a)  c, 
x2  +  (6  —  a  —  c)  X  =  (6  —  a)  c, 
4x2  +  ( )  4-  (6  -  a  -  c)2  =  a2+  62  +  ^_2a6- 2a(;  +  26<;, 
2x  +  (6  —  a  —  c)  =  ±  (a  —  6  —  c), 
2x  =  2a -26  or  2c. 
X  =  a  —  6  or  c. 


«    • 
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33. 


a*  —  2mx  =  (n  — p  +  m)(n— 1>— m). 
a*  —  2mx  =  n^—2np  +^— m*, 
»•  -  (  )  +  m^  =  n*  -  2  np  +  p*, 
aj  — m=*±(n--p). 
a?  =  m  ±  (n  — p). 


•  • 


34. 

a^  —  (m  +  n)aj«=i(p  +  5'  +  m  +  n)(|>  +  g— m— n). 

4a»-(  )  +  (m  +  n)«  =;>»  +  2pgf  +  q\ 

2  a;—  (7/1+  n)  =  ±  (j)  +  2), 

2aj  =  m  +  n  ±  Q?  +  j). 

,..a.^^  +  nJ:(p  +  yX 
2 

35. 

wirur*- (m+n)(mn+l)a;+(m+n)'  =  0. 

mna^—{m^n  +  mn'  +  m+n)a;  =  —  m'  —  2mn  —  n', 

4  m^r?x^— 4  mn  (m*n  4-  mn'+  m + n)  a;  =»  —  4  7n?n  —  8  m%'  —  4  mv?^ 

4  m?n^Qi? — (  )  +  {^n  +  mn*  +  m  +  n)'  =  m*n*+2  m'n'— 2  m'n— 4  r^i'n' 

+m'n*— 2  mn'+m*+2  mn-{-v?^ 

2mnx  —  (m'n  +  mn^  +  m+n)  =  ±  {w?n  +  mn'  —  m  —  n\ 

2mnx  =»  2m*n  +  2mn'  or  2m  +  2n. 

m  +  n 


a;  =  m  +  n  or 


mn 


36. 

25  — a;  — 2a  ,  46  — 7a     x  —  4:a 
6a;  oa;  —  6a;     a6  —  6' 

4a6-aa;-2a«-26«  +  6a; +  46»-7a6  -  a;*  - 4ax, 

a;*-3aa-6x  =  26*-3a6-2a», 
aja  -  (3a  +  6)a;  =  26*  -  3  a6  -  2a«, 
4a^' -  4(3a  +  6)a;  =  86* -  12a6  -  8a«, 
4a»  -  ( )  +  (3  a  4-  6)*  =  a«  -  6 a6  +  9  6*, 
2aj-(3a  +  6)  =  ±(a-36), 

2a;  =  4a— 26  or  2a +  46, 
.'.  a;  =»  2a  —  6  or  a  +  26. 
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37. 

2x'{a'  -  5*)  -  (Sa^  +  b'')(x  -  1)  =  (36«  +  a«)(.T  +  1). 

2x\a^  -  b^)  -  ^aH  -  4  t^a;  =  26«  -  2a«. 
Divide  by  2,  a;^  {a?  -  5^)  _  2  (a^  +  6«)  aj  =  6«  -  a^ 

x2  (a»  -  &2)J  _  2  (a*  -  M)  a;  =  (6«  -  a»)  (a'  -  b\ 
a?(a»  _  62)2  _  ()  +  (^2  ^  52)2  _  4^252^ 

a?(a«  -  62)  =  (a  +  6)'  or  (a  -  6)». 

.   «.     0'-\-b  ^^a  —  b 
.  •.  a;  = or 


a 


b      a  +  b 


a^2b  —  x 


38. 

66  —  a;       2a  — x 


196 


^2  —  4  6^       oa;  4-  2  6a!  '       2bx  —  ax 
a  —  2b  —  x  5b— X        2a  — x  — 196 


oa;  — 


(a-26)(a  +  26)     (a  +  2  6)a;         (a-26)a; 
26a?-a;'-5a6  +aaj+  106'- 26a;- 2<i« 


0. 
0. 


+  ax  4-  15a6  +  26a;  +  386*  =  0, 
3aa;  -  2 6a;  -  a;'  +  10<z6  +  48  6*  -  2a^  =  0. 

a,-* - (3a-  26)a;  ='-2a^  +  lOab  +  48 6«, 
4a;2  -  (  )  +  (3a.-  26)«  =  a«  +  28a6  -f  196 6*. 
2a;-(3a-26)  =  ±(a+146), 

2a;  =  4a+  126or  2a-166. 
.'-  a;  =  2a +  66  or  a  — 86. 


39. 

a?  4- 13a  +  36     ^      a  — 26 


-1  = 


5  a  —  3  6  —  a; 

a*  +  13aa;+  56a;  +  26a6  +  66' 

—  6aa;  +  56a;  +  a;*  +  66*  —  10<i6 

2a;*  +  (9a  +  86)a; 

16a;2  +  8(9a  +  8  6)a; 

16a;* +0  + (9a +86)2 

4a;  +  (9a +  86) 

4a; 


•  .  a;  ■^~ 


x  +26 

5  a*  -  13^6  -  <ia;  +  6.6*  +  26a?, 

5a*-29a6-66*, 

40a*-232a6-486*, 

121a*-88a6  +  166*, 

±  (11a -46), 

2a -126  or -(20a +  46). 

£5^36or-(5a  +  6). 
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40. 


a;  +  35 36 a  +  Sb  ^q 

Sa?-12ab     96«-4o>     {2a  +  Sb){x-3b) 
aj  +  36  36  04-36 


-rl92a»6  +  432a86» 
+  432a6»  +  3246*, 


2(2a  + 36)a;  +  12a6  =  db  (8a«  +  12a6  +  186*), 

(2a  +  36)a;  =  4a«  +  96»  or  -(4a«  +  12a6  +  96*). 
4a* +  96*^^     /'9«_i.qM 


2a+36  ^  ' 


41. 

na^  +px  —px'  —  ma?  +  m  —  n  =  0. 

nx^  —  px^  +  px  —  mx  =  n  —  m, 
a^(n  —  p)  ■}■  X {p  —  m)  =  n  —  m^ 
4ic*(n  —  J?)*  +  (  )  +  (j>  —  m)*  =  4n*-4m7i-4pn+4jjm+j3^-^w»+m*, 
2x(n  —  j3)  +  (p  —  m)  =±  (2n  — |)  —  m), 

2af(n— p)  =  w»— j3  4-2«— jj  -m, 

or  m— p  — 2»+j>  +  Ml. 
Ta  —  w 


••.  «  =  1  or 


n— 1> 


F 


42. 

(a  +  6  +  c)a;*  -  (2a  4-  6  +  c)a;  +  a  =  0. 

(a  +  6  +  c)a;*-(2a  +  6  +  c)x  =  —  a» 
4a;*(a+6  +  c)*-()+(2a  +  6  +  c)*  =  6*  +  26c+c*, 
2a(a  +  6  +  c)  -  (2a  +  6  +  c)  =  ±  (6  +  c), 

2x(a  +  6  4-  c)  =  (2a  +  6  +  c)  ±  (6  +  «), 
2a;(a+  6  4-c)=2a  +  26  +  2c  or  2a. 

.'.  a;  =  1  or ; 

a  +  6  +  c 
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43. 

(ax  —  5)(c  —  c?)  =  (a  —  h){cx  —  d), 
acx  —  be—  adx  -hbd=  acx'  —  adx  —  hex'  +  bdx^ 
hc3?  —  acx^  +  cLcx  —  bdx  —  be  —  bd, 
(be  —  ac)3?  +  (ac  —  bd)x  =  bc  —  bd^ 

4(6c- ac)V  +(  )  +  (00 - bdf  =  U^(?-^Qh<?-UHd 

+  2a6cc?  +  aV  +  6'rf*, 
2{^e  —  ac)aj  +  (ac  —  5c?)  =  ±  (26c  —  ac  —  bd\ 

2{be  —  ac)x  ^^  —  {ac  —  bd)  ±  {2bc  —  ae  —  bd)^ 

ac  +  bd  +  2bc  —  ae  —  bd 


x  = 


or 


2{bc  —  ac) 

—  ac+bd  —  2bc  +  ac  +  bd 
2{bc-ac) 


.'.x^loi^^'-^l 
c{a-b) 


44. 

2a;+l     1/1     2\     3a?+l 
b         x\b     a)         a 

2x  +  l     a-2b  _3x-l 
b  a^x  a 

2a3?  +  ax  —  a  -^  2b  =  Zboi?  +  bx^ 

2aa^  —  Zbx^-^ax  —  bx^a-2b, 

ar»  (2  a  -  3  6)  +  ic  (a  -  6)  =  a  -  2  6, 

4a^(2a-36)«4-4a?(a-6)(2a+36)  =  (4a-86)(2a-36), 

4aj»(2a~ 36)«  +  ( )  +  (a - bf  =  Qa^  -  30 aJ  +  2563, 

2aj(2a  -  36)  +  (a  -  6)  =  ±  (3a  -  56), 

2a; (2a -  36)  =  -  a  +  6  ±  (3a  -  56), 

2a;(2a-36)  =  2a-46or-4a  +  66. 

q-26   ^^     1 
.  *.  a?  = — r  or  —  1. 

2a-36 
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45. 

a  26a? +6 


2a:2  +  a;  +  l      2a;2-3a;  +  l      Ihx-h      ax^-a 
1  ,  \  _        a  2hx-\-h 


(2aj-l)(a;  +  l)     (2x-l)(a;-l)     6(2a;-l)     a{x-l){x +1) 

L.  C.  D.  =  a6(a;  - 1)  (a:  + 1)  (2a;  - 1). 
Simplify,      abx  —  a6  +  ahx  +  a&  =  a^x*  —  a*  —  4  i^a;^  +  6^, 

2ahx  =  aV  -  a»  -  46V  +  6«, 
46V  -  aV  +  2a6x  =  6«  -  a», 
a:2(462  -  a^)  +  a;(2a6)  =  6^  -  a», 
4a;»(46«-  a7  +  4a;(2a6)(462  -  a")  =  166*-  206V  +  4a*, 
4a»(46«-a2)«  +  (  )  +(2a6)2  =  166*-  166V  +  4a*, 
2a(46»  -  a")  +  2a6  =  ±  (46^  -  2a?\ 
2a;(46* -  a?)  ^^}^-2ah-2€?' 

or2a2-2a6-46^ 

262-a6-a«      a2-a6-26» 
X  = or . 

462-a2  46«-a» 

6  — a  6+  a 

.•.  a  =  -^ or  — 


26  — a  26  +  a 


Exercise  LXXXVI. 

1.    (a;  +  l)(a;-2)(a;2  +  a;-2)  =  0. 
{x  +  l)(a;  -  2)(x  -  l)(x  +  2)  =  0. 

.-.  x  =  -l,  2,  1, -2. 

2.  (x«-3x+2)(x»-x-12)=:0.      4  2x» +  4x»- 70x-0 
(x-2)(x-l)(x-_4K^^^                    •          2x5:L-35)::0. 

'    '    '        '  2x(x+7)(x-5)  =  0; 

3.  (x  +  1)  (x  —  2)  (x  +  3)  -  —  6.         which  is  satisfied  if     x  =  0, 

ar'  +  2x2  — 5x  — 6  =  — 6,  x+7  =  0 

ar*  +  2x2  — 5x  =  0.  -c                              k     r! 

.^(.T'  +  2x-5)  =  0;  °''^                      a!-5  =  0. 

which  is  satisfied  if      x  =  0,  .'.  x  =  0,  —7,  5. 

or  if  x^  +  2x  —  5  =  0. 

By  solving      x2+2x-5  =  0,         5.   (x2-x-6)(x«-x-20)  =  0. 

X  =  - 1  ±  Ve.  (x-3)  (x+2)  (x-5)  (x+4)  =  0. 

.-.  x  =  0, -1±V6.  .-.  x  =  3, -2,  5, -4. 
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6. 

x{x  +  V){x  +  2)  =  a{a  +  l)(a  -f  2). 

ar»  +  3a^  +  2a;  =  a»  +  Sa^  +  2a, 

aj»  +  3a;»  +  2a;  -  a'  -  3a«  -  2a  =  0, 

(a;«  -  a«)  +  (3a;«  -  3a2)  +  (2a;  -  2a)  =  0, 

{T^-'tax-^  a'*)  (a;— a)  +  (3a;  +  3a)  {x-a)  +  2(a;-a)  =  0, 

(a;*  +  oo;  +  a*  +  3a;  +  3a  +  2)  (a;  -  a)  =  0. 

. '.  a;  --  a  =  0, 

and  x^a. 

Or,  a;»  +  aa;4-a'  +  3a;+3a  +  2  =  0. 

a;'  +  ao;  +  3a;  =  —  a'  —  3a  —  2, 
a;*  +  a;(a  +  3)  =  -  a«  -  3a  -  2, 
4a;»  +  0  +  (a  +  3)«  =  1  -  6  a  -  3  a«, 


2a;  +  (a  +  3)  =  ±  Vl-6a-3a'. 


0+3 
2 
a;  =  -i(a  +  3  TVl-6a-3a*). 


...  a;--5^±}Vl-6a-3a«. 
2 


7.  a;"-a;»~a;  +  l  =  0.  10.  a;«-l  =  0. 

'  '        *  (a;-l)(a;2  +  a;  +  l)  =  0, 

8.  8ai»-l=0.  ^^^  a;  =  -l,l. 
(2a;-l)  (4ar^+2a;+l)  =  0.                       From     or*  -  a;  +  1  =  0, 

From  the  first  factor,  or  —  a?  ==  —  1, 

^  =  }.  4a;»~()  +  l  =  -3, 


or        4a;»  +  2a;  =  -l.  2a;- 1  =  ±V--3, 

16a;»  +  ()  +  l  =  -3,                .  IdbV^IS 

4a;+l  =  ±V^.  ^^^                  ''^— 2~' 

...  a;=i(-l±V^).  From    0;*+ or +  1  =  0, 

a;'  +  a;  -=  _  1, 

9.-                 8a;»+l  =  0.  4a;«  +  ( )  + 1  «-3, 

(2a;+l)(4ar»-2a;+l)  =  0.  2a;  +  1  =  iV^ 

From  the  first  factor,  _l±-^/Z3 

a>=-j.  '^'^'^         " — 2 — 

or        40;*  — 2a;  =  — 1.  1,    /— « 


4a;«-2a;==-l,  .-.a;-!,  -1, 

16a;»-()  +  l  =  -3, 


2 


4a;-l  =  ±\/^.  ,  -1±\/^ 

.%  a;  =  J(l±V^).  ^  2 


1.  «{i-a)(^-;0-0- 

a.  nCi"  +  1)  +  (r  +  I)  =  0. 

(n  +  lj(,x  +  l)(x'-x+l}^0. 
If  1  +  1=0, 


By  Bolving,  i  =  j ±  ^  V— 3n*- 

ExERCiSE  LXXXVn. 


i'-3i  +  2-0.  ^       3/1^        Sy 

■<7-'r2:S:  -^°-e-«. 

{2:r-l)(3«_l)-0.  ''^    '^  +  -2-"'2"*'' 

e*«-6i  +  l-a  or  21" +  111  +  6-0. 

i  +  7)(7b-9)-0, 
r'-32z-63-.0. 

-)('-){-!)(»!)-»■ 

^_153^     81_o, 

16         16       ' 

16i'-153i'  +  81-0. 

-0)(«-l)(x-2)(i-3)-O. 
iK*-6i'  +  Ilit'-6i  =  0. 
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10.  {x-{a~2b)}{x-(Sa  +  2b)}^0. 
(x- o  +  26)(a;- 3a- 26)  =  0, 
+  3a2-4a6-46^=0. 


a*  — 4aa; 


H. 


{x-{2a-b)}{x^{b-3a)} 
{x-2a-\-b){x-b  +  3a) 
a*  +  ax  -  6a*  +  5aZ>  -  6' 


0. 
0, 
0. 


12.  {a;-(a'  +  a)}{a;-(l-a)  =  0. 

(aj-a»-a)(aj-l+a)  =  0, 
a?  —  a^o;  —  a;  —  a'  +  a  =  0. 

13.  x"- 7a; +  12  =  0. 

In  this  equation  |>  is  7  and  q 
is  12. 


.-.  yp*-4j=V49-48 

.  *.  roots  are  rational,  and  both 
positive. 

14.  a^-7x-Z0  =  0. 

In  this  equation  p  is  —  7  and 
qis-  30.  

...  yp*-4^=\/49  +  120 

=  13. 

.•.  roots  are  rational,  and  of 
opposite  signs. 

15.  x^+Ax-5  =  0. 

In  this  equation  |)  is  4  and  q 

is  —  5. 

...  yp*-4j=V16  +  20  =  6. 

.*.  roots  are  rational,  and  of 
opposite  signs. 

16.  5ai«  +  8  =  0. 

In  this  equation  p  isO  and  q 

is  8.     

.-.  yp>-42=V0-32 

.'.  roots  are  imaginary. 


17.  a:«  +  4a;  +  l  =  0. 

In  this  equation  |)  is  4  and 

2  is  1. 

.-.  yp«-42=Vl6^ 

=Vi2. 

.*.  roots  are  surds,  and  neg- 
ative. 

18.  a*- 2a; +  9  =  0. 

In  this  equation  p  is  —2 
and  ^  is  9. 

.-.  \/p«-4j=V4-36 

.  •.  roots  are  imaginary. 

19.  4a;«-4a;-4  =  0. 

aJ_Aa._l  =  0. 
*        3 

4  4 

Here|)  =  --.     S'^-j* 

8 

9      3 

.•.  roots  are  rational,  and  of 
opposite  signs. 


■aH-I 


20.  a;»  +  4a;  +  4  =  0. 

In  this  equation  |)  is  4  and 

q  is  4. 

.-.  yp*-4ff=Vl6-16 

=Vo  =  o. 

.*.  roots  are  rational,  equal 
in  value,  and  both  negative. 
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Exercise  LXXXVIII. 

1. 

Let  4  +  6aj  —  ic'  =  m. 

s?  —  Qx  —  4  =  —  wi, 

a:*  — 6a;  =  4  — m, 
a:"  _  (  )  +  9  =  13  -m, 

a;-3  =  ±\/13-m. 


3±\/l3^ 


x='6±y/i6  —  m. 


Since  V13  — m  cannot  be  negative,  m  cannot  be  greater  than  13 ; 
that  is,  the  maximum  valne  is  13. 


2. 

Let  (^±^«m. 

X 

Then  ib*+ 2aa;  +  a*  =  mr, 

and  4ai*  + 4a;{2a  — m)  =  —  4a'. 

4 a^'  +  0  +  (2 a  -  w)2  =  w«  -4o7ro, 

2«  +  (2a  —  wi)  =  ±\/m(m  —  4a), 


2a?  =  — (2a— m)±Vwi(m  — 4a). 
a;  =  -^^~^J:}V?n(m-4a), 


«  =  — J(2a— m)=FVm(m  — 4a). 

4a  cannot  be  greater  than  m,  or  else  we  should  have  a  negative 
number  under  the  radical,  and  the  value  of  x  would  be  impossible. 
Hence,  4  a  is  the  minimum  value. 

3. 

Let  ?l±l-m. 

X 

a;*  +  1  —  mx, 
x^  —  mx  =  —  1, 
4x^-0+  {my  =  m«  --4,     - 
2x  —  m  =  ±Vm^  —  4. 

Since  Vm*  — 4  cannot  be  negative,  m'  cannot  be  less  than  4,  and 
therefore  m  cannot  be  less  than  2  ;  that  is,  2  is  the  minimum  value. 
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4. 

Let  (a  —  x)(x  —  b)='  m. 

Then  ax-ab-x'-\-bx  =  m, 

or  a^  —  x(a-\-b)  =  —  ah  —  m^ 

4a:a_()  +  (a  4-  6)«  =  (a-  6)2-  4m, 


2x-(a+b)  =  ±V{a  -  by  -  4m. 

.-.  x  =  i{a-\-b)±V{a—by—4m. 


Now,  for  all  possible  values  of  x,  (a  — 6)'— 4m  cannot  be  negative; 
that  is,  m  cannot  be  greater  than  [  ^~     |  ;  hence  this  is  the  maxi- 


mum value. 


6. 


Let  — —  =  m. 

l-^-x" 

ic  =  m  +  mar, 
TTMJ*  —  aj  =  —  m, 
4m'ic«-()-|-l  =  l-m, 


2ma;  —  1  =  ±  y/T 


m. 


.'.  a;  =  —  (1  ±  VI  —  m). 

For  all  possible  values  of  a,  1  —  m  cannot  be  negative ;  that  is,  m 
cannot  be  greater  than  1,  and  for  this  value  x  =  J. 
.*.  1  is  the  maximum  value. 


6. 

Let  a;'  +  8a;  +  20  =  m. 

a;«  +  8a;  =  m-20, 
a-»  +  ( )  +  16  =  m  -  4, 


a;  +  4  =  ±  Vm  — 4. 
.*.  a;  =  — 4±V'm— 4. 

For  all  possible  values  of  a?,  m  cannot  be  negative;  that  Is,  m 
cannot  be  less  than  4. 

.*.  4  is  the  minimum  value. 
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7. 

Let  ;iB»-2a;  +  9  =  m. 

a^r-2x  =  m  —  9f 
g»--()  +  l  =  m-8, 
a;  — 1  =  ±Vm  — 8. 
.'.  a;  =  l±Vm  — 8. 

For  all  possible  values  of  a?,  m  —  8  cannot  be  negative ;  that  is,  m 
cannot  be  less  than  8,  and  for  this  value  x  =  1. 
.*.  8  is  the  minimum  value. 


8. 


Let 


=  m. 


{x  +  a){x  —  b) 

a*  —  TTwc'  +  amx  —  hmx  —  ahm, 
IB*  —  Tns?  —  amx  +  hmx  =  —  aim, 
a'(l  —  m)—  a;(am  —  6m)  =  —  ahm, 
4(1  -  m)2rc«  -  0  +  (am  -  6m)2  =  ahn^  +  2a6m«  +  6«m«  -  4a6m, 
4(1  -  m)2»2  -  ( )  +  (a?M  -  hmf  =  (om  +  5m)'-4o6m. 

2a;(l  —  m)  —  (am  +  6??i)  =  ±  V(am  +  6m)*  —  4  a6m, 
2a;(l  —  m)  —  (am  -  6m)  =  ±  Vm* (a  +  6/  —  4 a6m. 

...a:  =  i|^^Lz^*±     1     Vm«(a  +  6«)-4a6m|. 
C    1  — m       1  — m  j 

For  all  possible  values  of  x,  m^{a  +  6)*  —  4a6m  cannot  be  nega- 
tive; that  is,  m^{a  +  hf  cannot  be  less  than  --4a6m,  and  for  this 

value  x  =  ^^  -  ^^. 
2(1 -m) 

4a6     .    ,,        .   .  , 

IS  tne  minimum  value. 


(a  +  hf 


Let 


9. 

a; 


a  +  0* 
a; 

»2 


fTl. 


om  +  ma:*, 
wia;*  —  a;  =  —  am, 
4m»g»-()-}-l«l-4am«, 

2mx  —  l  =  ±Vl-4am*. 


a; 


-i-(l±\/l-4am«). 
2m 


For  all  possible  values  of  x,  1  -  4  am'  cannot  be  negative ;  that  is, 


^a 


m  cannot  be  greater  than  ±  J-v/-.  and  for  this  value  x  =  -^• 
.11.  ^a  2m 

•  ••  ±  }  A/""  IS  the  maximum  value. 
Ma 
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10.  Divide  a  line  20  in.  long  into  two  parts  so  that  the  sum  of 
the  squares  on  these  two  parts  may  be  the  least  possible. 

Let  X  =  number  of  inches  in  first  part, 

and        20  —  a;  =  number  of  inches  in  second  part. 

a*  +  (20  -  a;)'  =  m, 
iB*  +  400- 40a;  +  a-*  =  m, 

2a^-40a;  =  m-400, 
4g»-()  +  400  =  2m-400, 

2a;-20  =  dbV2m-400. 

Then,  as  V2m  — 400  cannot  be  a  negative  expression,  2m  cannot 
be  less  than  4iX). 

.*.  200  is  the  minimum  value. 
For  this  value,  2  a*  —  40  a;  =  —  200, 

a:*- 20  a;  =  -100, 
«»-()  +  100  =  0, 
a;-10  =  0. 
.-.  a;  =  10, 
20-a;=10. 


11.  Divide  a  line  20  in.  long  into  two  parts  so  that  the  rect- 
angle contained  by  the  parts  may  be  the  greatest  possible. 

Let  X  =  one  part, 

then  20  —  a;  =  the  other  part. 

20  a;  —  s^  —  m, 
a;'  — 20a;  =  — m, 
g2-()-i-100  =  100-m, 

a;  -  10  =  J:Vl00-m. 
.-.  a;  =  10±VlOO-m. 

For  all  possible  values  of  a;,  100  —  m  cannot  be  negative ;  that  is, 
m  cannot  be  greater  than  100,  and  for  this  value  x  =  10. 

.*.  100  is  the  maximum  value. 

Substitute  value  of  w,  a;  =  10  ±V100-100, 

.  a;=10, 
20-«=10. 


i 
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12.  Fiiid  the  fl'action  which  has  the  greatest  excess  over  its 

square. 

Let  X  =  the  fraction, 

then  x^  =  the  square  of  the  fraction. 

a;  —  aj'  =  ?7i, 

aj*  —  a;  s=  —  m, 

4g«-()  +  l='l-4m, 

2a;  - 1  =  ±Vl  -4  m.' 

.*.  a;  =  J(l±Vl  — 4m). 

For  all  possible  values  of  a;,  1  —  4m  cannot  be  negative ;  that  is, 
m  cannot  be  greater  than  J. 
.*.  J  is  the  maximum  value. 
For  this  value,  x  =  J. 


1. 


a«+7a;'  =  8. 
43*4-0  +  49  =  81, 
2ar»4-7  =  ±9, 
2a^  =  -7db9, 
ar»  =  -  8  or  1. 
Since  a;»  =  -  8, 

a;»  4-  8  =  0, 
or  (a:+2)(a;2-2a;+4)  =  0. 
"Whence       a;  +  2  =  0, 
and  a;  =  —  2, 

or  a;2-2a;  +  4  =  0. 

a;2-2a;^ 4, 

a?-()  +  l=-3^ 
x~l  =  ±V-S. 
.*.  a;=  1±V— 3. 
Since  ar*  =  1, 

ar»-l  =  0, 
or  (a;-l)(a;Ha?+l)  =  0. 
Whence      a?  —  1  =  0, 
and  a;  =  1, 

or  a;*  +  a;  +  1  =  0, 

a;2  +  a;  =  _  ij 
4a;2  +  ()  +  i^_3^^ 

'2a;+l  =  ±V-3. 

...  a;  =  J(-l±\/^). 

.♦.  a?  =  -2,  1,  1±V^, 

and  i{-l±V^). 


Exercise  LXXXIX. 
2. 


a;*- 5a;' +  4  =  0. 
a;*-5a;«  =  -4, 
4a;*-()  +  25  =  9, 
2x^-5^±S, 
23^^  =  5  ±3, 
a;'  =  4  or  1. 
.*.  a;  =  ±2,  ±1. 


8.  37a;*-9  =  4a;*. 

4a;*-37a;2__9^ 

64  a;*- 0  + (37)2  =1225, 
8ar»-37  =  ±35, 
8a;2=72or  2, 

a;*  =  9  or  J. 
.*.  a;  =  ±  3  or  ±  J. 

4.  16a;8  =  17a;*-l. 

102^a^-{)  +  {liy  =  225, 
32a;* -17  =  ±15, 
32a;*  =  32  or  2, 
a;*  =  1  or  -f^. 
Since  a;*  =  1, 

a;*- 1  =  0, 
or(a:2+l)(a;+l)(a;-l)=-.0. 

.•.  X  =  ±V— 1,  —  1,  or  1. 
Since  a?*  =  ^^, 

or(a;2+i)(a;+iX£-J)  =  0. 
.-.  x  =  ±V~i,  —J,  or  J. 
.*.  the  roots  are 

±  1,  iV^,  ±  i,  ± V^. 
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6.   32aJ0-33a^  +  l 

4096a;i0-()  +  (33)2 

64a^  -  33 
64a;5 


x  = 


Other  roots  may 
methods  given  lawcr. 


0. 

-1. 
961, 

±31, 
64  or  2, 
1  or  tV 
1  or  |. 

be  found  by 


6.  (x«  -  2)2  =  }(ic2  ^12). 

ar*  — 4a;2  +  4 


a;2  +  12 


4a?*-16(c»+16  =  a;2  +  12, 

4ar*-17a;2 
64ir*-()  +  (17)2 

8ic2-17 
8ic2 

x" 


X 


-4. 
225, 
±15, 
2  or  32, 
i  or  4. 
±  J  or  ±  2. 


7.  ar*"- 


5a:2n 


25 
12 


-^  =  0. 


12a^'»-20a;2n_25 
12a;*»-20a;2n 

36a*«-()  +  25 
6a;2n._5 

6a;2» 

8.  (a;»  -  9)2  = 

a?* -180^2 +81  = 

a;*-29a;2  = 

4aJ*-()  +  (29)2  = 

2a;2-29  = 

x^  = 

m     •     JO  ' 


0, 

25, 

100, 

±10, 

15  or  —5, 


3+ll(a:2_2). 

lla;2_19, 

-100, 

441, 

±21, 

25  or  4. 

±  5  or  ±  2. 


10.     19a;*  +  216a;T  = 

216,T^  +  19a;*-a;  = 
a;(216a;«+19a:3_i)_ 

a;(27ar»-l)(8a;S+l)  = 
a:(3a;-lX9a;2+3x+l) 
(2a;+l)(4a;2-2x+l)  = 

From 

9ar*  +  3a;  +  l  = 
9a;2  4-3a;  = 

9a^  +  ()  +  i  = 

Sx-hi  = 

3a;  = 


a;. 
0, 
0, 
0, 

0. 


0. 


1. 


4* 


±}V="3, 

-J±J\/^. 

i(-l±V-3> 


»  »  X  ~~ 
From 

4a;2-2a;  +  l=0, 

4a;2-2a;  =  -l, 
4a^-2a;+t  =  -J,  

2x-i^±iV-S^ 

2x  =  J±jV-3 

••.  roots  are  0,  J,  - 


i(-l±V-3), 


i(l±V^). 
}(l±V=^). 


11.  a:8  +  22x*  +  21  =  0. 

a:8  +  22a;*  =  -21, 
a^  4-  ( )  +  121  =  100, 
a;*  +  11  =  ±  10, 

a;*  =  -lor-21. 

.*.  a;  =  ±V— 1 

or±v^'=2r. 

That  is,  the  roots  are  imaginary. 


9.     a:«  +  14ar»  +  24  =  0. 

a;6  +  14a:3__24, 

a:«  +  ()  +  49  =  25, 
a8  +  7  =  ±  5, 
ar^  =  -  2  or 

.•.aj=v'^or  </-12. 


12.    a:2«  +  3a;m_4 

4a;2»»  +  12a;"»-16 
4a:2m  +  ()  +  (3)2 

2a;" +  3 
12.  2a;'» 

•  *•  aj 


0. 

0, 

25, 

±5, 

2  or  -  8. 


=  lor\/-4. 
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13. 

4a*  -  20a^  +  23ar»  +  5a;  =  6. 
4a;* -  20a^  +  2Sa^ +  5x-6  =  0. 

4a;* -  20a;*  +  23a;*  +  5a; -  6\2a^  -5x-i 
4a;*  


4a;'  — 5a; 


-20a;'  +  23a;* 
-20a;'  +  25ar» 


4ar»-10a;-i 


-2a^-\-5x-6 
-2a;'4-5a;  +  i- 


-¥ 


If  ^  were  added  to  both  members  the  square  would  be  complete, 
and  the  equation  would  read 

4a;*- 20ar»  +  23ar»  +  5a;  +  }  =  V-- 
Extract  the  root,        2a;*  —  5a;  —  J  =  ±j, 

2a;»-5a?  =  3or-2, 

16a,-«-()  +  25  =  49or9, 

4a;  —  5  =  ±  7  or  ±  3, 

4a;  =12,  or -2,  or  8,  or  2. 

.*.  a;  =  o,  —  zi  A  a* 

14. 

4-  +  --20  =  0. 

l  +  3a;«-20a;2n  =  o, 
20a;2«-3a;«  =  l, 
1600a;2'»-()  +  9  =  89 

40a;»-3  =  ±^C^. 

.-.  X  =-^  A  ±  A  v^- 
15. 
a^_4a3  _  lOaJ  +  28  a;  - 15  =  0. 
Extract  root  of  left  side, 

a^ -43^-103^4. 28  a?- 15|a;« -2a?- 7 


a;* 


2a;«-2a; 


-4aJ»-10ar» 
-4ar»  +  10a;2 


2a;* -4a;  -7 


-  14a;*  +  28  a; -15 

-  14a;*  +  28  a; +  49 


-64 


Add  64  to  both  sides  to  complete  the  square, 

a;*  -  4ar»  -  10a;*  +  28  a?  +  49  =  64. 
Extract  the  root,  a;*  —  2a;— 7  =  ±8, 

a;*  —  2a;==  15  or  —1, 
4a;*-()+4  =  64orO, 
2a?-2  =  ±8or±0, 
2a?  =10, -6,  2,  2. 
.•.  a;  =  5,  —  3,  1,  1. 
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16. 

a^ _  2aJ«  -  13iB«  +  14a?  =  -  24. 

Extract  root  of  left  side, 

a;* -  2r»  -  13iB«  +  14a;  +  24|ic« -a; -  7 
^  ' — \ 


2ar»-4 


2aJ»-13a;« 


-14a;2  .,.143.^24 
-14a;2  +  14a;  +  49 


-25 

Add  25  to  both  sides  to  complete  the  square, 

a^  _  2ar»  -  13a^  +  14a;  +  49  =  2b. 

Extract  the  root,  a;^  —  a;  —  7  =  ±5, 

ar*  -  a;  =  12  or  2, 
4a^_()  +  l=49or9, 
2a;  -  1  =  ±  7  or  ±  3. 
•  *•  a;  ^  Tc,  —  o,  ^,  —  J.. 

17. 

108  a;*  =  20  a;  (9  a;*  - 1)  -  51  a;*  +  7. 
108a;*- lOSrfcS  +  51ar»  +  20a;  =  7. 

Multiply  by  12,  and  add  16  to  both  sides, 

1296a;*-  2160ar»  +  612a;»  +  240a;  +  16  =  100. 

1296  a;*-  2160  ar»  +  612a;«  +  240a;  +  16136^-30^-4 
1296a;* 

-2160ar»  +  612ar» 
2160  a;»  +  900a;« 

-288a;»  +  240a;  +  16 


72a;»-30a; 


72a;* -60  a; -4 


-  288  a;' +  240  a; +  16 


36a;2-30a;-4  = 
36a;2_30a.= 

144a;''-()  +  25  = 

12a;-5  = 

12a;  = 

18. 

(a;*  -  l)(a;»  -.  2)  +  (a;2  -  3)(a;2  -  4)  - 
Simplify,  a;*-3a;2  +  2+a;*-7a;2  +  12  = 
Transpose  and  combine,  a;*  — 10  a;'  = 
Complete  the  square,  ic* — (  )  +  25  = 
Extract  the  root,  jpS  —  5  = 

a;2  = 


±10, 

14  or  -  6, 

81  or  1, 

±  9  or  ±  1, 

14,  -  4,  6,  4. 

li-ii.i 

a;* +  5. 

a;* +  5. 

-9. 

16. 

±4, 

9  orl. 

±  3  or  ±  1. 

Exercise  XC. 

1.  The  sum  of  the  squares  of  three  conaecntive  nmnbers  Is 
86S.     Find  the  numbers. 

Let  X  =  first  number, 

a  +  1  =  seooad  number, 
and  x  +  2"  third  number. 

.-.  2'-)-a'  +  2a  +  l  +  a"  +  4i  +  4  =  365, 
3i»  + 61-360, 
ii!'  +  2j!  =  120, 
«'  +  {)  +  l-121, 
a  +  l-±ll. 
.-.  i-lOor-12- 
Hence,  the  numbers  are  10,  11,  12. 

2.  Three  tiroes  the  product  of   two  consecutive  numbers 

exceeds  four  times  their  snm  by  8.     Find  the  numbers. 

Let  X  '^  first  Dumber, 

and  z  4- 1  —  second  unmber. 

Si'  +  3i  =  three  timts  product, 
8  X  +  4  =  four  times  som. 
.-.  3ir'  +  3j!-(8ic  +  4)  =  e, 
3i'-5j;~12, 
?-()  +  25-169, 
6i-5  =  ±13, 


.■.x-3or-f 
ire  3,  4. 

I  consecutive  nnmbers  is  equal  to  tliree 

Flud  the  numbers. 

X  —  first  number, 
z  +  I  =  second  number, 
x  +  2  =  third  number. 
+  l)(i  +  2)  =  3(x  +  l}, 
+  3i'  +  2x  =  3j:  +  3, 
3i'-a!-3  =  0. 
^l)(s  +  3)  =  0. 
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4.  A  boy  bought  a  number  of  apples  for  16  cents.  Had  he 
bought  4  more  for  the  same  money  he  would  have  paid  i  of  a 
cent  less  for  each  apple.    How  many  did  he  buy? 

Let  X  =  number  of  apples  bought. 

Ifi 
Then        —  =  number  of  cents  one  apple  costa, 

and "  number  of  cents  one  apple  costs  when  he  gets 

4S  +  4         four  more. 

.   16        16    ^1 

'  '  X      a!  +  4     3* 

48aj  +  192  -  48a;  =  ^  +  40?, 

aj*  +  4a;  =  192, 

ar* +  0+4- 196. 

a? +  2  =  ±14. 

-•.  a;=12or— 16. 

Hence,  12  =  number  of  apples  bought. 


6.  For  building  108  rods  of  stone-wall,  6  days  less  would  have 
been  required  if  S  rods  more  a  day  had  been  built.  How  many 
rods  a  day  were  built? 

Let  X  =  number  of  rods  built  in  a  day, 

108 

=  number  of  days  in  which  the  whole  wall  was 

*  built, 

108 
=  number  of  days  it  would  have  taken  to  build 

^  +  3         the  whole  wall  if  3  rods  more  a  day  had 

been  built. 

Then  128_iP8_^g 

X       x-^S 
lOSx  +  324  -  108a?  =  6x^  +  18a?, 
6x2  + 18a;  =  324, 
a;2^3a;  =  54, 
4a;«+()  +  9  =  225, 
2a; +  3=  ±15, 

2a;  =  12  or -18. 
.*.  a;  =  6  or  —  9. 

Hence,  6  =  number  of  rods  built  in  a  day. 
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6.  A  merchant  bought  some  pieces  of  silk  for  $900.  Had  he 
bought  three  pieces  more  for  the  same  money,  he  would  have 
paid  $  15  less  for  each  piece.    How  many  did  he  buy? 

Let  X  =  number  of  pieces  bought. 

Then       —  =  number  of  dollars  each  piece  cost, 

X 

900 
and =  number  of  dollars  each  piece  would  have  cost 

*+  ^         if  he  had  received  three  more  for  $900. 
Then  202_iOO.  =  i5, 

X  X-\-S 

900ar  +  2700  -  900  a? «  15a^  +  45  a?, 
15a;2  + 45  a?  =  2700, 
a;»  +  3a?=180, 
4a?* +  0  +  9=729, 
2a?  +  3  =  ±  27. 
.*.  a?  =  12  or  — 15. 
Hence,  12  ==  number  of  pieces  bought. 


7.  A  merchant  bought  some  pieces  of  cloth  for  $168.76.  He 
sold  the  cloth  for  $  12  a  piece,  and  gained  as  much  as  1  piece  cost 
him.    How  much  did  he  pay  for  each  piece? 

Let  X  =  number  of  pieces, 

12  a?  =  number  of  dollars  received  for  all, 

168  75 

'• —  =  number  of  dollars  paid  for  one  piece. 

Then  12af  — 168.75  =  number  of  dollars  gained. 

.-.m- 168.75  =  1^^ 

a? 

12a?«- 168.75a?  =168.75. 

Multiply  by  f  16a?«  -  225a?  =  225, 

1024  a;*  -  (  )  +  (225)*  =  65025, 
32a? -225  =  ±255, 

32a?  =  480  or -30. 

.'.  a?  =  15  or 1 


and  ie|^=  11.25. 

15 

Hence,  one  piece  cost  |11.25. 


16 
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8.  Find  the  price  of  eggs  per  score  when  10  more  11/62  J  cents' 
worth  lowers  the  price  31}  cents  per  hundred. 

Let  X  =  number  of  eggs  at  62^  cents. 

Then      — —  =  cost  of  one  egg  in  cents, 

X 

and        '■ —  =  cost  of  one  egg  in  cents,  if  he  had  received  ten 

X  + 10         more. 

.•. —  =  difference  in  price  per  hundred. 

a;        a; +  10  ^        f 

.   6250      6250  _ 125 
'  '     X        re  + 10       4 

Divide  by  125,   ^ ^=1, 

^  X      a; +  10     4 

200aj  +  2000  -  200a;  =  a*  +  10a?, 
a;2  + 10  a;  =  2000, 
a;«  +  (  )  +  25  =  2025. 
a;  +  5  =  ±  45. 
.-.  X  =  40. 

Hence,  one  eec  cost  -— ^  cents,  and  20  eecs'  cost  — —  x  20 
=  31}  cents. 

9.  The  area  of  a  square  may  be  doubled  by  increasing  its 
length  by  6  inches  and  its  breadth  by  4  inched.    Determine  its 

side. 

Let  X  =  the  side  of  the  square. 

(a;  +  4)(a;  +  6)  =  2a?», 
a;»  +  10a;  +  24  =  2a;2^ 
a;^- 10a;  =  24, 
aJ_()  +  25  =  49, 
a;  —  5  =  ±  7. 
.*.  a;  =  12  or  —2. 
Hence,  the  side  of  the  square  is  12  inches. 

10.  The  length  of  a  rectangular  field  exceeds  the  breadth  by  1 

yard,  and  the  area  is  3  acres.    Determine  its  dimensions. 

Let  X  =  number  of  yards  in  breadth, 

a;  +  1  =  number  of  yards  in  length, 
and  a;(a;  +  1)  =  number  of  square  yards  in  area. 

But  area  is  3  J.,  or  14,520  square  yards. 

.-.  a;2  +  a;  =  14,520. 
4a;2  +  ( )  +  1  =  58,081, 
2a;  +  l  =  ±241. 

.-.  x  =  120  or -121. 
Hence,  the  field  is  121  yards  long  by  120  broad. 


11.  There  are  three  lines  of  which  two  are  each  f  of  the  third, 
and  the  Bum  of  liie  squai'es  described  on  them  Is  equal  to  a 
square  yard.     Determine  the  lengths  of  the  lines  in  inches. 
Let  X  =  number  of  inohea  in  third  line, 

and  —  —  number  of  inches  iu  each  of  the  others. 

Then  3?  -i-  ^^  +  -7^="  tl'S  sum  of  the  squares. 


Hence,  the  lengths  are  16,  16,  and  28  inohea. 

12,  A  grass  plot  9  yards  long  and  6  yards  broad  has  a  path 
round  It.  Tlie  area  of  the  path  Is  equal  ts  tbat  of  the  plot. 
Determine  the  width  of  the  path. 


X  "  number  of  yards  in  width  of  path. 
;  2  —  entire  lei^th  of  palJi  in  yards. 
;]. 

)  X  —  area  of  path  in  square  yards, 
;  6  ~  area  of  gross  plot  in  square  yards, 
uala  area  of  grass  plot. 
.(304  4i)i  =  54. 

c'  +  ( )  +  225  =.  441, 
4e  +  15  "  4  21. 
.■.«,=  lior-9. 
the  path  ia  IJ  yards. 
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13.  Find  the  radius  of  a  circle  the  area  of  which  would  be 
doubled  by  increasing  its  radius  by  l  inch. 

Let  X  =»  radius  of  circle, 

and  X  +  1==  radius  increased. 

The  ratio  of  the  circles  is  the  same  as  the  ratio  of  the  squares  on 
the  radii.  .\  2x^  =  x^ +  2x -\-l, 

a;«-()  +  l  =  2. 

aj-l  =  ±\/2, 

a?-l±V2, 
a;  -  2.4142. 

14.  Divide  a  line  20  inches  long  Into  two  parts  so  that  the 

rectangle  contained  by  the  whole  and  one  part  may  be  equal  to 

the  square  on  the  other  part. 

Let  x  =*  one  part. 

Then  20  —  a;  =  the  other  part. 

.-.  20(20-a;)  =  ar», 
400-20aj  =  iB», 
0:^  + 20a;  =  400, 
«»  + 0+ (10)2  =  500, 

aJ  +  10  =  ±V50(), 

a;  =  -  10  ±  22.36, 
X  =  12.36. 

Hence,  one  part  is  12.36  inches,  and  the  other  is  7.64  inches. 

15.  A  can  do  some  work  in  9  hours  less  time  than  B  can  do  it, 

and  together  they  can  do  it  in  20  hours.    How  long  will  it  take 

each  alone  to  do  It? 

Let  X  =  number  of  hours  it  takes  B. 

Then  »  —  9  =  number  of  hours  it  takes  A, 

and  -  =  part  B  could  do  in  1  hour. 

X 

■ =  part  A  could  do  in  1  hour. 

x-d 

X     x  —  9     20 
20aj  - 180  +  20.1?  =  x^-9x, 

»2- 49  a;  =  -180, 
4aa_()  + (49)2  =1681, 
2a;-49  =  i:41, 
2a;  =  90  or  8. 
•  '.  a;=f  45  or  4. 

Hence,  B  can  do  the  work  in  45  hours  and  A  in  36  hoursi 
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16.  A  vessel  which  has  two  pipes  can  be  filled  in  2  hours  less 
I  time  by  one  than  by  the  other,  and  by  both  together  in  2  hours 
!  65  minutes.  How  long  will  it  take  each  pipe  alone  to  fill  the 
:                         vessel? 

Let  X  =  number  of  hours  it  takes  first  pipe, 

1  x  —  2  =  number  of  hours  it  takes  second  pipe. 

'  2  hours  55  minutes  equals  }f  hourel. 

''x     x-2     35 

35a;  -  70  +  35a:  =  12x^  -  2Ax, 
12a:* -94  a;  =  -70, 
144a:«-()  + (47)2  =1369. 
Extract  the  root,        12  a;  -  47  =  ±  37, 

12  a;  =  84  or  10. 
.'.  a;  =  7  or  J. 

Hence,  one  pipe  will  fill  it  in  7  hours,  the  other  in  5  hours. 

17.  A  vessel  which  has  two  pipes  can  be  filled  in  2  hours  less 
time  by  one  than  by  the  other,  and  by  both  together  in  1  hour 
52  minutes  30  seconds.    How  long  will  it  take  each  pipe  alone  to 

fill  the  vessel? 

* 

Let  X  =  number  of  hours  it  takes  first  pipe. 

Then       x  +  2^  number  of  hours  it  takes  second  pipe. 
1 
-  =  part  first  pipe  fills  in  1  hour, 

X 

and =  part  second  pipe  fills  in  1  hour. 

X     -{"     4U 

1  hour  52  minutes  30  seconds  equals  ^  hours. 

1,18 
X     X  +  2     15 
15a;  +  30  +  153;  =  83;*  +  16x, 
8a;2_i4a;==30, 
64a;»- 112  a;  =240, 
64a;»-() +49  =  289, 
.      8a;- 7  =  ±17, 

8a;  =  24  or -10. 
.•.  a;  =  3  or  —  1  J. 

Hence,  one  pipe  will  fill  it  in  3  hours,  the  other  in  5  hours. 

18.  An  iron  bar  weighs  86  pounds.  If  it  had  been  1  foot 
longer,  each  foot  would  have  weighed  i  a  pound  less.  Find  the 
length  and  the  weight  per  foot. 


r 
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Let 

X- 

=  number  of  feet  in  length. 

Then 

36 

X 

=  weight  in  pounds  per  foot, 

and 

36      1 

X      2 

=  weight  per  foot  if  it  had  been  1  foot 

longer. 

Bnt 

36 

x  +  1 

=  weight  per  foot  if  it  had  been  1  foot 

.36     1_    36 

X      2     x-\-l 

longer. 

72 

x-\-12-x'^-x=72x, 
»2  +  ic  =  72, 
4ar»  +  () +  1  =  289, 
2a;  +  l  =  dbl7. 
.  ••  a;  =  8  or  —  9, 

Hence, 

the  bar 

is  8  feet  long,  and  weighs  4}  pounds  per  foot. 

19,  A  number  is  expressed  by  two  digits,  one  of  which  is  the 
square  of  the  other,  and  when  54  is  added  its  digits  are  inter- 
changed.   Find  the  number. 

Let  X  =  number  in  tens'  place. 

Then  a*  =  number  in  units  place, 

lOo;  +  0^  =  number, 
and  10a:*  +  a?  =  number  with  digits  reversed. 

.%  10a;  +  a;*  +  54  =  lOic*  +  x, 

-9a^  +  9a; 54, 

aj*  —  a;  =  6, 
4»»-()  +  l  =  25, 
2a?- 1  =  ±5. 
.".  «  =  3. 
Hence,  the  number  is  39. 

20.  Divide  35  into  two  parts  so  that  the  sum  of  the  two  fhu> 

tions  formed  by  dividing  each  part  by  the  other  may  be  2^^. 

Let  X  =  one  part 

Then  35  —  a;  =  the  other  part. 

X        35 -a;      25^ 

**35-a;        x  12 

12a,'«  + 14700 - 840a;  +  12a:*  -  875a; - 25 a;^ 
49a:* -1715  a;  =-14700. 
aJ-35a;  =  -300, 
4a;*-()  +  (35)*  =  25, 
2a;-35  =  ±5. 
.  *.  a;  =  20  or  15, 
Hence,  the  parts  are  20  and  15. 
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21.  A  boat's  crew  row  3}  miles  down  a  river  and  back  again 
in  1  hour  40  minutes.  If  the  current  of  tlie  river  is  2  miles  per 
hour,  determine  their  rate  of  rowing  in  still  water. 

Let  X  =  rate  in  still  water* 

»  +  2  =  rate  down  stream. 
1  hour  40  minutes  equals  {  hours. 

— *—  =  number  of  hours  going  down  stream, 


a;+2 

— 2_  =:  number  of  hours  going  up  stream. 

•27  ^  ^ 

7.75 


r 


2(x  +  2)     2{x-2)     3 

21a;- 42 -f  21a?  +  42  =  lOo*  -  40, 
10a:»-42a;  =  40, 
400a:»-()  +  (42)»  =  3364, 
20x  -  42  =  ±  58, 

20a;  =100  or -le. 
.*.  a;  =  5  or  —  f. 

Hence,  the  rate  of  rowing  in  still  water  is  5  miles  an  hour. 

22.  A  detachment  from  an  army  was  marching  in  regular 
column  with  6  men  more  in  depth  than  in  front.  On  approach- 
ing the  enemy  the  ftront  was  increased  by  845  men,  and  the  whole 
was  thus  drawn  up  in  5  lines.    Find  the  number  of  men. 

Let  X  «  number  of  men  in  front, 

and  as  -f  5  =  number  of  men  in  depth. 

Then  af*  +  5x  =  number  of  men  in  all. 

But  X  +  845  =  number  of  men  in  front, 

and  5  =  number  of  men  in  depth. 

Then  5  a;  +  4225  =»  number  of  men  in  all. 

.-.  x'  +  5ar  =  5a;  +  4225, 
x^  =  4225. 
.*.  x'=  ±  65. 

Hence,  the  whole  number  of  men  is  4550. 

23.  A  jockey  sold  a  horse  for  $  144,  and  gained  as  much  per 
cent  as  the  horse  cost.     What  did  the  horse  cost? 
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Let  X  >=  nnmber  of  dollars  the  horse  cost. 

Then  -^  =  gain  per  cent, 

-^  of  •«  =  whole  gain, 
100  ^ 

and  X  -\ =  amount  received. 

100 

.-.a? +  —  =  144, 
100 

a*  +  100a;  -  14400. 

«»  +  {)  + 2600 -16900, 

a;  +  50  =  ±  130. 

.-.  «  =  80  or -180. 

Hence,  the  horse  cost  $  80. 


24.  A  merchant  expended  a  certain  sum  of  money  In  goods, 
which  he  sold  again  for  $24,  and  lost  as  much  per  cent  as  the 
goods  cost  him.    How  much  did  he  pay  for  the  goods? 

Let  X  =  number  of  dollars  paid  for  goods. 

Then  -^  =  per  cent  lost, 

100     ^ 

and  -^  of  a: «  whole  loss. 

100 

.-.a;-  — =  24, 
100 

100aj-a:»  =  2400, 
a*-100x  =  -2400, 
a:«  _  0  +  (50)»  =  100, 
a;  -  50  «  db  10, 

a;  =  60  or  40. 
Hence,'  the  goods  cost  either  $60  or  $40. 

25.  A  broker  bought  a  number  of  bank  shares  ($100  each), 
when  they  were  at  a  certain  rate  per  cent  discount,  for  $  7500 ; 
and  afterwards  when  they  were  at  the  same  rate  per  cent  pre- 
mium,  sold  all  but  60  for  $6000.  How  many  shares  did  he  buy, 
and  at  what  price? 
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Let  X  =  number  of  shares  bought, 

=  number  of  dollars  each  share 

^  cost, 

and  100 =  number  of  dollars  discount  on 

_  *  each  share. 

Then 

7500 


100- 


X         lOOo;  — 7500         .      rj-  i. 

or  — ^^^^  =  rate  of  discount. 


100  100  X 

Also,  a;  —  60  =  number  of  shares  sold. 

Then  =  number  of  dollars  received  for 

5000^  ~  ^^         ®*^^  share, 

and  100  =  number  of  dollars  premium  on 

rLt\c\r\  a!  —  60  each  share. 

^^  - 100 


a;-60  11000 -100 a;         ,  ^    t  - 

■.,,^         or —  =  rate  per  cent  of  premium. 

100  100  a; -6000  ^  \^  ^ 

But  rate  per  cent  discount  was  equal  to  rate  per  cent  premium. 

.  100  a;  -  7500  _  11000- 100  g 

100a;  100x-6000' 

x«  -  135x  +  4500  =  110  X  -  x», 

2x«-245x  =  -4500, 
16  X*  -  0  +  (245)2  _  24025. 
Extract  the  root,    4x  —  245  =  ±  155, 

4x  =  400or90. 
.-.  x  =  100or  22J. 

Hence,  the  broker  bought  100  shares  at  75. 

26.  The  thickness  Of  a  rectangular  solid  is  f  of  its  width,  and 
its  length  is  equal  to  the  sum  of  its  width  and  thickness ;  also, 
the  number  of  cubic  yards  in  its  volume  added  to  the  number  of 
linear  yards  in  its  edges  is  \  of  the  number  of  square  yards  in  its 
surface.    Determine  its  dimensions. 

Let  3  X  =  number  of  yards  in  width, 

2  X  =  number  of  yards  in  thickness, 
and  5  X  =  number  of  yards  in  length. 

30x'  +  40x  =  f(62x*), 
90x8- 310x2  =  -120x. 
Divide  by  lOx,      9x2  -  31  x  =  - 12, 

9a^-()  +  (W  =  W. 

3x--V-  =  ±¥. 
3x  =  9or4. 

.  •.  X  =  3  or  |. 
Hence,  the  dimensions  are  15  x  9  x  6  yards. 
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27.  If  a  caiTiage-wheel  16}  feet  rouud  took  1  second  more  to 
revolve,  the  rate  of  the  carriage  per  hour  would  be  1 J  miles  less. 
At  what  rate  is  the  carriage  travelling? 


Let 


59400 


X 


orl6Ja;X 


3600 

X 

3600 


X  =  number  of  seconds  it  takes  the  wheel  to 
revolve, 


X 

59400 


=  number  of  revolutions  it  makes  per  hour, 
=  number  of  feet  it  goes  per  hour, 


x  + 
59400    59400 


-—  =  number  of  feet  it  would  go,  if  it  took  one 
^  second  more  to  revolve, 

Then    Y*^^^— "^^^     =  9900,  number  of  feet  in  11  miles. 

x  JC  +  l 

59400  a;  +  59400  -  59400  a;  =  9900  x*  +  9900, 
9900ar'  +  9900x  =  59400, 
a;*  +  a;  =  6, 

a;  +  i  =  ±  J. 

.'.  a;  =  2  or  —  3. 
J^t^^  =  29700. 

Since  29700  feet  equal  5f  miles,  the  carriage  is  travelling  at  the 
rate  of  5f  miles  per  hour. 


Exercise  XCI. 


1.  a;  +  y  =  13 

a;y  =  36 
Square  (1), 

a;*  +  2a;y  +  2/'-169       (3J 

(2)x4is        4txy         -144      (4) 

Subt,  a;' -  2a:3/ +  y»  =    25 

Extract  root,    a;  —  y  =  ±  5        (5) 
Add  (1)  and  (5),  2  a;  =  18  or  8. 

•  •.  a;  =  9  or  4. 

Subtract  (5)  from  (1), 

2y  =  8  or  18. 
.'.  y  =  4  or  9. 


2.  a;  +  y  =  29        (1) 

xy  =  100      (2) 
Square  (1), 

a;2  +  2a;y +  y«  =  841 
(2)x4is        4a;y  =400 

Subt,  ar»-2a;y+y*  =  441 

Extract  root,    a;  —  y  =  ±  21      (5) 
Add  (1)  and  (5),  2  a;  =  50  or  8. 
.'.  a;  =  25  or  4. 

Subtract  (5)  from  (1), 

2y  =  8  or  50. 
.*.  y  =  4  or  25. 


300 


ALQEBBA. 


3.  a;  -  y  «  19 

ajy«66 
Square  (1), 

(2)x4is        4:xy         =264 


(1) 
(2) 

(3) 
(4) 


Add,   3^ -{■  2xy  +  y^ -= 

Extract  root,  a?  +  y  = 
Add  (5)  and  (1),  2x^ 

Subtract  (1)  from  (5), 

2y  = 
.-.  y  = 


4.  a;-y  = 

25y  = 

Square  (1), 

a^  —  2xy  +y'  = 
(2)x4i8        4a:y  = 


625 

±  25  (5) 
44  or— 6. 
22  or  -3/ 

-44  or  6. 
-22  or  3. 


45  (1) 

250  (2) 

2025  (3) 

1000  (4) 


5.  a;  —  y  =  10 

a*+y=»  =  178 
Square  (1), 

a:^-2ajy  +  y»  =  100 
(2)  is    a^  +  y^  =  178 

Subt.,  2a:y  =78 

(2)i8   a^  +y«  =  178 


Add,   a;2  +  2a;y  +  y2  = 

Extract  root,   a:  +  y  = 
Add  (5)  and  (1),  2a;  = 

Subtract  (1)  from  (5), 

2y  = 
.-.  y  = 


3025 

±  55  (5) 
lOOor-10. 
50  or  -5. 

lOor-100. 
6  or  -50. 


(2) 
(3) 

(4) 


Add,    aj*  +  2xy  +  y*  = 

Extract  root,  x  +  y  => 
Add  (5)  and  (1),  2a;  = 

Subtract  (1)  from  (5), 

2y  = 

.-.  y=- 


256 

±  16  (5) 
26  or  -6. 
13  or -3. 


6  or 
3  or 


26. 
13. 


6.  a?-y  =  14        (1) 

a^  +  y2  =  436       (2) 
Square  (1), 

x^-2xy+f  =  196       (3) 

Subtract  (2)  from  (3), 

-2ay  =  -240  (4) 

Subtract  (4)  from  (2), 

a^  +  2a;y  +  y^  = 

Extract  root,  x  +  y  = 

Add  (1)  and  (5),  2x  = 

Subtract  (1)  from  (5), 

2y  = 

•••y  = 


676. 

±  2e     (5) 

40  or -12. 
20  or -6. 

12  or -40. 
6  or -20. 


Square  (1), 
Subtract  (2)  from  (3), 
Subtract  (4)  from  (2), 
Extract  root. 
Add  (1)  and  (5), 

Subtract  (5)  from  (1), 


7. 

«  +  y 

a^  +  y^ 

s?  -\-2xy  +  y^ 

2a:y 

x^  —  2xy+y^ 

x-y 

2x 

22/ 


12. 
104 
144 
40 
64. 
±8 

20  or  4. 
10  or  2. 
4  or  20. 
2  or  10. 


(1) 
(2) 
(3) 

(5) 


■*  • 
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a  Ui  =  ?       (1) 

ar     y     4 

i+i=^        (2) 
s?     y^     16        ^  ' 
Square  (1), 

i  +  l  +  i  =  i.        (3) 
x^      xy     y^      16         ^  ' 

Subtract  (2)  from  (3), 

,xy     16 
Subtrabt  (4)  from  (2), 

i  _  A  +  i  =  J^. 
a^     xy     y^     IQ 

Extract  root,  i —  =  ±7        (6) 

»   y      4 

Add  (1)  and  (5),     ?  =  lor}. 

r.  x=2  or  4. 
Subtract  (5)  from  (1), 

-  =  A  or  1. 

y 

.•.  y  =  4  or  2. 


9. 


Square  (1), 


11k 

-+-  =  5 

X     y 
i+i-13 


1.2.1 


(1) 
(2) 

(3) 


±  +  ^  +  ^=25 
^     xy     y^ 

Subtract  (2)  from  (3), 

1  =  12        (4) 
jcy 

SuUract  (4)  from  (2), 

i-A  +  i=l.         . 

^     xy     y^ 

1     1 

Extract  root, «±1        (5) 

X    y 

Add(l)«nd(5).     -  =  6or4. 

.',  a;  =  -J  or  J. 
Subtract  (5)  from  (1), 

?  =  4or6. 
y 
.-.  y  =  }or  f 


10.         7a;»-8an/  =  159      (1) 

6aj  +  2y-7  (2) 

2y  =  7  — 5a;. 

7-5a; 
.*.  y  =  — r — 
^         2 

Substitute  in  (1), 
7^_8xf735^)-159. 

14a;*-56a;  +  40x*  =  318, 
54x2  _5ea;- 318. 

Divide  by  6, 

9a;2_^x  =  53. 

Complete  the  square, 

Extract  root, 

3x-V  =  ±V. 

3aj  =  ^or-^. 

.\  x=  3  or —Iff. 
Substitute  value  of  x  in  (2). 

...  y  =  — 4or8i|. 


11.  a;  +  y  =  49        (1) 

jb2  +  y2  =  1681     (2) 

Square  (1), 

a;2  +  2iry  +  y«  =  2401     (3) 

Subtract  (2)  from  (3), 

2xy  =  720      (4) 

Subtract  (4)  from  (2), 
a;2-2a;y  +  y'^  =  961. 

Extract  root,  a;-y  =  ±  31     (5) 

Add  (5) and  (1),  2x  =  80  or  18. 

.-.  re  =  40  or  9. 

Substitute  value  of  x  in  (1). 
.•,  y  =  9or40. 
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(2) 


(5) 


12.  3?-\-f^  341 

a;  +  y  =  11 

Divide  (1)  by  (2), 

x^—  xy-\-y^  =      31 
Sq.  (2).  g^-f2a:y+y'=    121 

Subt.,        -ixy 90 

.\  —  ajy  =  — 30 
Add  (3)  and  (5). 

a^  — 2a;y  +  y'  =  1. 
Extrswjt  root,  a;  —  y  =  ±  1        (6) 
Add  (2)  and  (6),  2a;  =  12  or  10. 

.  •.  a?  =  6  or  5. 
Subtract  (6)  from  (2), 

2y  =  10orl2. 
.'.  y  =  5  or  6. 


13.  ar»+y»  =  1008 

a; +  2/  =  12 

Divide  (1)  by  (2). 

a^—  xy-vy^  = 
Sq.(2),    x^+2xy-\-y^=: 


§! 


Subt.,       —  3xy        = 
.*.  —xy  = 
Add  (3)  and  (5). 

x^  —  2xy  +y^  = 
Extract  root,  x~y  = 
Add  (2)  and  (6),  2a;  = 

Subtract  (6)  from  (2), 

2y  = 


84 
144 

8 

-60 

-20 

(5) 

64. 

±8 
20  or 

,<•> 

10  or 

2. 

4  or  20. 
2  or  10. 


14.  ar»-y»  =  98 

aj  — y  =  2 

Divide  (1)  by  (2), 

a^+  xy-\-y^  =  49 
Sq.  (2),  a»-2xy+3/^=   4 

Subt.,  3a:y        =  45 

.'.  a:y  =  15 
Add  (3)  and  (5), 

a;2  +  2a:y +y2  =  64. 
Extract  root,  a;  -f  y  =  ±  8 
Add  (2)  and  (6),   2  a;  =  10  or  -6 
.'.  X  =    5  or —  3. 
Subtract  (2)  from  (6), 

2y  =  6  or-10. 
.'.  y  =  3  or  — 5. 


(2) 

(3) 
(4) 

(5) 


(6) 


16.  a:»-y»  =  279       (1) 

a;  -  y  =  3  (2) 

Divide  (1)  by  (2). 

x^+    xy-hy^  =  93        (3) 
Sq.(2).  g'- 2  xy  +  y'=    9         (4) 

Subt.,  3a:y         =84 

.-.  a;y=.28         (5) 
Add  (5)  and  (3), 

3^  +  2xy  +  y^  =  121. 
Extract  root,  a?  +  y  =  ±  11      (6) 
Add  (6)  and  (2),  2a;  =  14  or  -8. 

.'.  a;  =  7  or  —4. 
Subtract  (2)  from  (6), 

2y  =  8  or -14. 
.'.  y  =  4  or  —7. 


16.  a;-3y  =  l  (1) 

a:y+y«  =  5  (2) 

Transpose  (1),       a;  =  1  +  3y. 
Substitute  in  (2), 

y(l+3y)  +  y»  =  5. 

y +  3y2+y'  =  5, 

4y"  +  y  =  5, 

2y  +  J  =  ±J. 

.•.  y  =  1  or  —  IJ. 
Substitute  value  of  y  in  (1), 

a;  =  4or-2|. 


17. 


4y  = 
2a?y  = 


Substitute  value  of  y 
10a;^4-2a;_ 

4 
14a;*  +  2a;  = 
Divide  by  2, 

7a;^  +  a;  = 
196a~»  +  ()  +  l  = 
Extract  root, 

14a;+l  = 
14a;  = 

Substitute  value  of  a; 
.-.  y  = 


5a;  +  l  (1) 
33  -a;«  (2) 

5a;  +  l 

4 
in  (2).       ■ 

33-a;», 
132. 

66, 
1849. 

±43. 

42  or -44. 
3  or  —  3^. 
in  (1). 
4or— 3Jf. 
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la              1-1  =  3 

(1) 

19.                l-l  =  2i 

(1) 

X     y 

x     y 

1       1-21 

O                   4 

(2) 

i_i=«* 

(2) 

x^     y« 

a:"      y^ 

Divide  (2)  by  1, 

Divide  (2)  by  (1), 

1      1      >y 
X     y 

(3) 

1-,1.I 
X     y     2 

(3) 

Add  (3)  and  (1),       ?  =  10. 

X 

Add  (1)  and  (3),?  =  ^. 

.-.  a;  =  t. 

•  *•  aj  =  5". 

Subtract  (1)  from  (3), 

Subtract  (1)  from  (3), 

?  =  4. 

2  =  1. 

y 

y 

.••2/  =  }. 

.-.  y  =  2. 

• 

• 

20. 

3?- 

2xy-y^=^\ 

(1) 

a;  +  y  =  2 

(2) 

Square  (2), 

x»  + 

23^3/  +  y^  =  4 

(3) 

Add  (3)  and  (1), 

2a;»  =  5. 

«» =  2J. 
.•.  a;  =  ±  V2i. 

Substitute  value  of  x  in  (2), 

y  =  2=F\/2}. 

Exercise  XCII. 

3?  +    xy+  2y^  = 
2x^  +  2xy+    y^  = 


74 
73 


Add, 

Divide  by  3, 
Subtract  (3)  from  (1), 


a^  -\-  xy  -\-y^ 
f 

•••y 

Substitute  value  of  y  in  (3),        x'  ±5x+  25 

oc^  ±bx 

4a:2±20x  +  25 

Extract  the  root,  2x±5 


Sx^  +  Sxy  +  Sy^  =  U7 

49 

25. 

±5. 

49, 

24. 

121. 

±11, 

±6  or  ±16. 

±  3  or  ±  8. 


2x  = 


(1) 
(2) 

(3) 


•  *  X  ~~~ 
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2. 

3?  ■\-xy  +  4y^  =  6 

Substitute  vx  for  y  in  both  equations. 
From  (1),  a^  +  v»*  +  4vV  =  6. 


•    •    •If     "■" 


From  (2), 


3a:»  +  8vV  =  14. 

14 


Equate  values  of  3?, 


3  +  8t^» 
14 


(1) 
(2) 


(3) 


(4) 


l  +  t;  +  4v2     3  +  8v» 

18  +  48  v*  =  14  +  14»  +  66«*, 

8i;«+14v  =  4 

64v«  +  (  )  +  49  =  81. 

.  8t;+7  =  ±9, 

8t;  =  2or-16.        ^ 

.•.  i)  =  J  or  —  2. 

14            14 
Substitute  values  of  v  in  (4),  »*  = or 

^  ^  3  4-  J      3  +  32 

Then  oj*  =  4  or  f . 

.-.  a?  =  ±2,  ±Vf. 

y  =  ±},±2\/f. 


From  (2), 


(5) 


3. 

a*  —  a^  +  3/^  =  21 
y*  — 2a;3/  =  — 15 
Substitute  vx  for  y  in  both  equations. 


From  (1), 


From  (2), 


21 


1-v  +  v* 
v'a:*  — 2va^  — — 15. 
-15 


a;«  = 


•Equate  values  of  x*, 


21 


t;2-2v 
-15 


1— i;  +  v*     V*— 2v 
21  v2  -  42v  =  -  15  +  15v  - 15«*, 
36t;«-57i;  =  -15, 
6184t)»-()  + (57)2  =  1089. 
72z;-57  =  ±33. 
.'.  V  =  J  or  J. 
Substitute  values  of  v  in  (4),  x^  =  16  or  27. 

.*.  a;  =  ±4  or  dbSVS. 

.•.  y  =  ±5  or  ±  Vs. 


2) 


(3) 

(4) 
(5) 


l: 
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4. 

a;y +  2y2-_3„o. 

a;2  -  4y2  =  9  (i) 

Transpose,  xi/  +  2y^  =  3  (2) 

Substitute  va;  for  y  in  both  equations. 
From(l),  a;2-4t;2a;2  =  9. 

l-4«*  ^  ^ 

From  (2),  o^vH- 2ir2v»  =  3. 

.'.x'^^— —  (4) 

v  +  2v»  ^' 

9               3 
Equate  values  of  a:*,       = . 

1  —  W     V  +  2u* 
30v2^9^_3^ 

400^2  +  ( )  +  9  =  49, 
20t;  +  3  =  ±7, 

20v  =  4or-10. 
.'.  v  =  J  or  —  }. 
Substitue  values  of  v  in  (3),   ar^  =  5^  qj.  qq^ 

.'.  a;  =  ±5Vf. 


5. 

a^-xy  =  S5  (1) 

a^  +  y'=18  (2) 

Substitute  vx  for  y  in  both  equations. 

From  (1),  '     x^  -^  vx^  =  35. 

...a:«  =  ^  (3) 

From  (2),  vx^ +  1)^x^  =  18. 

...^2^.18  (4) 

Equate  values  of  x\  =  , 

1  — V      V  -\-v^ 

35i;2  +  53v  =  18, 

4900t;2  +  ( )  +  (53)2  =  5329, 

70v  +  53-±73, 

70v=20or-126. 

Substitute  values  of  v  in  (3),  ar*  =  49  or  ■^. 

.'.  a;  =  ±  7  or  ±5"\/J. 
,-.  y  =  ±2or  tSVJ. 


■  BUhititnte  vx  for  y  in  both  equations. 


From  (2),  2^~rs^ +  ^^-1^^* 

.-.^ ii_. 

ajwte  valnen  of «». ^        ,       18 

1+0  +  2B*     2-r  +  «* 
88.-41w  +  14w»-16-Kl6»+32«» 
12b>-60i.--72. 

tj»-6ii 6. 

4i'-()  +  25-l, 
2u-5-±l, 

8ab9titnteTaJtt«Bofvin(3),  't'  =  2or4' 

.■.y-±3i/3or*4. 


Snbstitate  vx  for  y  in  both  e^uationa. 
From(l),  I'  +  ra'-lS. 


Equate  values  of  x*  ^^   —     ^ 

1  +  v     7^ 
15«  -  ISv"  -  2  +  2* 
15r"-13w= — 2, 
900i^-{)  +  169  =  49 
Extract  the  root,       30p— 13  =  i,7 

30v=20ote. 
Substitute  valuM  of  i>  in  (3),  '^Zsll  ^. 

.■.3!-±3or±5V?. 


(3) 
(4) 
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8. 

aj^-ay  +  y'-V  (1) 

3  a:*  +  13jcy  +  8y»  =-162  (2) 

Substitute  vx  for  y  in  both  equations. 
From  (1),  a*  —  iw  +  v^  «»  7. 

...a? ? (3) 


From  (2),  Za^  +  IZv  +  Sv^a*  =  162. 

162 


•  •  3/ 


3  +  13i;  +  8v2 


Equate  values-o  W,       ^ — (4) 

^  '        l-v  +  v*     3  +  13v  +  8t;»  ^^ 

.•.106v»-253v«-141. 

44944  v«  -  ()  +  (253)«  =  4225. 

Extract  the  root,        212 1;  -  263  =  ±  65. 

.-.  v=}orff 

Substitute  values  of  v  in  (3),     a*  =  4  or  ^^. 

.*.  ar=«±2  or  ±  2J}. 

.'.  y  =  ±3  or  ±2^. 

9. 

2aj'  +  3a3/+3/'  =  70  (1) 

6a^  +  a;y-2/«  =  50  (2) 

Substitute  vx  for  y  in  both  equations. 
From  (1),  2x*  +  Zvs^  ■hv^a^=  70. 

2  +  3ti  +  t;»  ^ '' 

From  (2),  6  a:*  +,  t;a^  -  tr'aj*  =  60. 

,.,  a^^       50  ^^j 


Equate*  values  of  a:*, 


6  +  v-'u* 
70  50 


2  +  3»  +  v»     6  +  t;-t;» 
420  +  70v  -  70v«  -100  +  150?r+  dOv^i 
12a;»  +  8i;=.32, 
36tJ»  +  ()  +  (2)«-100, 
6w  +  2  =  ±  10. 
.*.  t;  =  lj  or  —  2. 
Substitute  value  of  vin  (3)^      x*  —  9  or  oo. 

.%  a;  =  ±3. 
.-.  y.-±4. 
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10. 

a*  —  ajy  —  y '  =«  5 
2a:«  +  3a:y  +  y«=-28 
Substitute  vx  for  y  in  both  equations. 
From  (1),  ss^  —  va^  —  v^t?  «  6. 


From  (2), 


1  — 1>  — V* 

23c*  +  3va^  +  t^aj*  =  28. 

28 


(1) 
(2) 


(3) 


a!*  = 


Equate  values  of  a^, 


2  +  3t;  +  v» 

28 


10  +  15  V  +  6i;»  =  28  -  28t;  -  28t;*, 
33v«  +  43v  =  18, 
4356 1;2  +  ( )  +  (43)2  _  4225, 
6617  +  43  =  ±65. 

.-.  i;  =  Jor-Jf 
Substitute  values  of  v  in  (3),     a*  =  9  or  — 121. 

.•.  a; «  ±  8  or  ±  11 V^. 
.'.  y  =  ±  1  or  =F  18  V—  1.   • 

Exercise  XCni. 
1. 

4a;y  =  96-ir*y« 

a;+y  =  6 

a;  =  (w  +  v\ 
y  =  (u-t;). 
M  +  v+w  — 1;  =  6, 
2u  =  6, 
w  =  3. 
4(^3  -  v^)  =  96  -  w*  +  wV  -  »*, 
4^2  -  4v2  =  96  -  u*  +  wV  -  v*. 
Substitute  value  of  w,     v*  -  22  v'  =  -  21, 

4  v»  -  ( )  +  (22)2  _  400, 
2i;2  -  22  =  ±  20, 
2i;2  =  22  ±  20. 
v»  =  21  0£l. 
.•.  v«=±\/21  or  ±1. 
.•;a.  =  H  +  v«3±V2T,  4,  2. 
and  y  —  w  — V  — 3t\/2T,  2,  4. 


(4) 


(1) 
(2) 


Let 
and 

From  (2), 


From  (1), 
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2. 

a;«  +  y«-18--aj-y  (1) 

a:y  =  6  (2) 

Put  w  +  V  for  a?,  and  u  —  viory. 

(1)  becomes  {u  +  vf  +  {u  —  v)*  =  18  —  2w, 

2u^  +  2t;2_^.  2u=18, 

^2  +  ^3  +  14  =  9  (3) 

(2)  becomes  {u -\-v)(u—v)  =  6, 

or  w«_i;2  =  6  (4) 

Add  (3)  and  (4),  2  w»  +  w  =  15. 

Complete  the  square,  16w'  +  ( )  + 1  =  121, 

4w+l  =  ±ll. 
.'.  w  =  2J  or  —  3. 

Substitute  value  of  w  in  (4),      - 1;*  =  6  -  ^  or  6  -  9. 

.*.  v  =  ±  J  or  ±V3. 

.  •.  X  =  w  +  V  =  3,  2,  or  —  3  ±  V3, 
and    y  =  w  —  V  =  2,  3,  or  —  3  t  VS. 


3. 

2(a^-^y^)  =  5xy  (1) 

4(a?  — y)  =  a;y  (2) 

Put  M  +  V  for  X,  and  w  —  v  for  y, 

2(2u'-^2v^  =  5(u^-v^'  (3) 

4(2v)  =  w2-v2  (4) 

Transpose  and  combine,      9v^  —  u^  =  0  (5) 

+  w2_-y2_8v  (6) 

Add  (5)  and  (6),  8i;2_3^ 

8v»-8t7  =  0. 

.'.  v  =  0  or  1. 

Substitute  value  of  v  in  (6),         w*  =  8  v  +  v*, 

w« «  0  or  9, 
w  =  0  or  ±  3. 
.%  a;  =  w  +  v  =«  0,  4,  ~  2. 
and  y  =«  w  —  V  =»  0,  2,  —  4. 
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Hx  +  y)^Sxy  (1) 

a  +  y  +  a*  +  y»  =  26  (2) 

Put  w  +  V  for  X,  and  u  —  vfor  y. 

(1)  becomes  *  8  w  =  3  m'  —  Si;*. 

.••  8tt-3M«  +  3t;»«0  (3) 

(2)  becomes  2m  -f  2i;»  +  2u« -=  26  (4) 

Multiply  (4)  by  3,  6u  +  6u^  +  6t;*  -=  78 

Multiply  (3)  by  2,         16w^6w"+6v2=   0 

Subtract,  12  m«  -  10  m  =  78 

Complete  the  square,     144u*  —  ( )  +  25  =  961, 

12iz-5=db31, 

12w  =  36or-26. 

.'.  M  =  3  or  —  2^. 
Substitute  value  of  u  in  (3),  3 1;*  =  3. 

.*.  v  =  ±  1. 
Substitute  -  2 J  for  u  in  (3),  Sv^  ^  J^ Jfi. 

.M;  =  ±tV377. 

.••  a;  =  M  + 1;  =  4,  2,  or  K— 13  ±- 

and    y  =  w-v  =  2,  4,  ori(-13TV377). 


5. 

4a:»  +  iBy  +  4y«  =  58  (1) 

5x^  +  5y^=>65  (2) 

Multiply  (1)  by  5,     20a»  +  5  aw  +  20y»  =  290  (3) 

Multiply  (2)  by  4,     20aj«  +20ya  =  260  (4) 

Subtract,  5a?y  =30 

.'.  o^y  =  6  (5) 

Divide  (2)  by  5,  a^+y^^  13  (6) 

Substitute  u  + 1;  for  «,  and  u  —  v  for  y  in  (5)  and  (6), 

w2  - 1;2  =  6  (7) 

2u2  +  2v«  =  13  (8) 

Multiply  (7)  by  2,  2u^-2v^  =  12  (9) 

Add,  4u>  =25 

••.  w  =  ±  f . 

Subtract  (9)  from  (8),  4v«  =  1, 

r'*  =  J. 
.*.  i;  =  ±  J. 
.'.  a?*w  +  t7  =  ±f±}=«±3or±2, 
and    y ""JW  —  i;  =  ±|=Fj  =  ±2or±3. 


TEACH«lCS*    El>ITION. 


811 


6. 

ic»  -f  y»  -  35 
Substitute  ^  +  ■»  for  x,  and  u  —  v  for  y. 

(1)  becomes    (u+«)^-«){(w+i?)  +  {u-v)}  «  30, 
or  2m*-2m«*=-30 

(2)  becomes  (u  +  »)^  +  (w  -  v)*  =  35, 

2tA»-f  6ttv«=35 

6w»-6w7^=    90 
•2tt't6^^=    35 


or 


'Multiply  (3)  by  8, 
(4)  is 

Add, 


8m» 


250 


Substitute  value  of  u  in  (3),  -- — 


2u 
u 
10v» 


8  2 

260-40t;«: 

40««: 

.'.  V 

and    y 


125 

30, 

240, 
10. 

:1i  — V 


3  or  2, 
2  or  3. 


]^S£RCI3E 


1. 


(1) 
(2) 


(3) 


W 


a;-y  =  7 
a^  +  ajy  +  y*  =  13 

Square  (1), 

a»  -  2a;y  +  y*  =  49 
Subtract  (2)  from  (3), 

-3ajy  =  36. 
Divide  by  —  3,   ay  =  — 12 
Add  (4)  and  (2), 

a?  +  2a:y +y^  =  l. 
Extract  root,  a; + y  =  ±  1 
Add  (5)  and  (1),  2  a;  =  8  or  6. 
.*.  a;«=4  or  3. 
Substitute  value  of  x  in  (1), 

'y^=-^3or— 4. 


(5) 


XCIV. 

2.  a;*  +  ay  = 

a:y-y«  = 

Substitute  vx  for 
From  (1),      a*  = 

From  (2),      x^ 

35 

1  +  v 
35i?^-29t;  = 

4900vM)+(29)*  = 
70v-29  = 

70v  = 

Substitute  value 

a;*- 

ar« 

y —  vx  — 


(1) 
(2) 


(3) 


(2) 

(3) 
(4) 


35 
6 

y- 

35 

l+» 
6 

»— i;* 
6 

-6. 

1, 

±1. 
=  30  or  28, 

forf 

oft;i*(3), 
^or25. 
±7V5or*5. 
±3Vjori2. 
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3.  aiy  - 12  =  0         (1) 

x-2y  =  5         (2) 
Transpose  in  (1),       xy  =  12, 

12 

Substitute  value  of  y  in  (2), 

X =  5. 

X 

Simplify,  jc*  —  24  =  5x. 

Transpose,         x^  —  5  x  =  24. 
Complete  the  square, 

4x»- 0  +  25  =  121, 
2x-5  =  ±ll, 
2x=16or-6. 
.*.  x  =  8  or— 3. 
Substitute  value  of  x  in  (2), 

y  =  IJor— 4. 


1.  rw  — 7  = 

Transpose  in  (1);  aiy  = 

Multiply  (3)  by  2, 

2xy  = 
Add  (4)  and  (2). 

x^  +  2xy  +3/'  = 

.'.  X  +y  = 

Subtract  (4)  from  (2), 

X*  — 2xy  +  y*  = 

.*.  X  —  y  = 

Add  (5)  and  (6).  2x  = 

Subtract  (6)  from  (5), 

2y  = 
.-.  y« 


0 
50 

7 

14 

64. 

±8 


(2) 
(3) 

(4) 
(5) 


36. 

±6        (6) 

±14  or  ±2. 
±7or±l. 

±2  or  ±14. 
±lor±7. 


6. 

2x-5y  =  9 
X*  —  xy  +  y*  =  7 

From  (1),  X  =  ^-^^ 

Substitute  value  of  x  in  (2), 

Simplify,  l^y^  +  72y  =  -  53. 

Complete  the  square, 

1444y2  +  ()-i- (72)2=1156, 
38y +  72  =  ±34, 

38y  =  -38or-106. 


(3) 


Substitute  value  of  y  in  (1), 


.  *.  y  =  —  1  or  —  2|J. 

2x  =  9  +  {-5)or9  +  (- 
.*.  x  =  2  or  —  2^^^. 

6. 


13if). 


Transpose  (2), 

Square  (1), 
Multiply  (3)  by  4, 

Add, 

Extract  root, 
Add  (1)  and  (4), 

Subtract  (1)  from  (4). 


X  —  y  ■=  9 

a;^/  +  8  =  0 
xy  =  -8 

x»-2xy  +  y2=      81 
4xy         =-32 

x2  +  2xy  +  y»=     49 

x  +  y  =  ±7 
2x=  16  or  2. 

.*.  X  =  8,or  1. 
2y  =  -  2  or  -  16. 

•  ••  y  =  —  1  or  —  8. 


(1) 

(2) 
(3) 


(4) 


teachers'  edition. 


313 


7. 


5a;-7y  =  0  (1)       9. 


5aJ»_13^_4_7y2(2) 


X 


5 


From  (1), 
SimpLfy(2),     • 

Substitute  value  of  x  in  (4), 

25  5  ^ 

122oy^  =  400, 

35y  =  ±  20. 

.-.  y=±f 

Substitute  value  of  y  in  (1), 

5a;±^  =  0. 


(3) 


(4) 


a*  +  4xy  =  3 

4a^  +y*  =  2J 

Substitute  va;  for  y, 
a^  -f  4va;^  =  3 

4vx2  +  v«r*  =  2i 

From  (3)  and  (4), 


3^  = 


s?  = 


l+4v 
9 

16v4-4v' 
9 


(1) 
(2) 

(3) 
(4) 

(5) 
(6) 


1  +  4v     16i;  +  41;* 
48v  +12^2  =  9 +  36v, 
12t;«  +  12t;  =  9,  • 
4v2  +  4t;  =  3, 
4^2  +  0  +  1  =  4, 
2v  +  1  =  ±  2. 
.-.  v  =  J  or-l}. 
Substitute  values  of  v  in  (6), 

a:  =  ±  1  or±V— f, 
and  y  =  iJor^fV— |. 


8. 


x-y 

3)2  +y2 


1 

8} 


3?  +  2xy  +  y' 
Extract  root,  x  +  y 
Add  (5)  and  (1),      2  a! 


(1) 
(2) 

(3) 


Square  (1), 

a:*--2icy +  y*=      1 

(2)      isrc2  +y2=      8  J 

Subt.,         -2a;y         =-7}     (4) 

Subtract  (4)  from  (2), 


•   •  m7 


Subtract  (5)  from  (1), 

-2y 


16. 

±4       (5) 
5  or  -  3. 
2Jor-l}. 

-3  of  5. 
lJor-2J. 


10.     a:'  -  a^  +  y*  =  48 

x-y_8=0 

(1)  is  a?*—  a;y+y2=      48 
Sq.(2),  x^-2xy+y^  =      64 

Subt.,       a;y      -  =  -  16 

Multiply  by  3, 

Sxy 48 

Add  (3)  and  (1), 


x" 


+  2xy  +y^  =  0. 


Extract  root, 

a:  +  y  =  0 

Add  (4)  and  (2), 

2a;  =  8. 

.'.  a;  =  4. 

Subtract  (2)  from  (4), 
2y  =  -8. 

.-.  y--_4. 


(1) 

(2) 


(3) 


W 
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11. 

x^  +  Sxy  +  y^  =  l  (1) 

Sa^  +  xy  +  Sy^  =  13  (2) 

Subtract  (1)  from  (2),    2a:2  -  2iry  +  2y«  -  12. 


Divide  by  2, 

ai*  —    xy  +y^  —  Q 

(3) 

(1)18 

x^  +  3xy  +y*=«l 

Subtract, 

—  4a;y          =5 

(4) 

Add  4  X  (1)  to  (4), 

4a;^  +  8ay +  4y«  =  9 

(5) 

i* A  tract  the  root, 

2a;  +  2y  =  ±3. 

Divide  by  2, 

x+y=±i 

(6) 

Add  i  of  (4)  to  (3), 

-  x'-2xy  +  y*^^, 

aj_y*=±jV29 

(7) 

Add  (6)  and  (7), 

2a:-±f  ±^^29. 
.-.  aj-i(±3i:V29). 

Subtract  (7)  from  (6), 

2y  =  ±  f=fJ\/29. 
.-.  y  =  }(±3TV29.) 

12. 

a«-2ajy  +  3y«  =  l} 

(1) 

a:*  +  ay  —  y'  =  J 

(2) 

Substitute  vx  for  y. 

From  (1), 

a^_2vaJ*  +  3^;V  =  J^. 

From  (2), 

a:*  +  ra:*  —  v^x^  =  A. 

Whence 

i»        11 

9-18»  +  27»» 

(3) 

id 

!»              1 

(4) 

X\JL 

9h  9»-  9»» 

11           _            1 

9-18i;  +  27b*     9+9»-9i>» 

99  +  99i>  -  99  b"  =  9  -  18i>  +  27*', 

-126»»  +  117«--90. 

• 

Divide  by  —9, 

14»»-13»  =  10. 

Complete  the  square, 

784ti'-()  +  169  =  729. 

Extract  the  root, 

28d-13-±27, 

28t;  =  40x)r-14. 
.  •.  V  =  ^^  or  —  J. 
Substitute  value  of  v  in  (4),  a^  =  ^  or  |. 

.-.  x  =  ±jV^ordb|, 
and    y  -  ±  y  Vji  or  =f  J. 


TEACaiS&s'    EDITION. 


315 


13. 


x  +  y  =  a  (1) 

Square  (1), 

aj"  +  ^^  +  y'-=a«  (3) 

(l)is  4xy         =a«-46» 

■ 

Subt.,  x'-2xy  +  y^=^  462(4) 
Extract  root,  a;-y.=»±26  (5) 
Add  (5)  and  (1),  2x^a±  2h. 

.*.  X=^-±0. 

Subtract  (5)  from  (1), 

2y  =  aT2h. 

•••  y  =  S  =^  <^- 

^     2 


u. 


(1) 

(2) 


x—y  =  l 

5  +  2/.2J. 
2/     « 

In(l),  ««y  +  l. 

Substitute  in  (2), 

y  +  1  ^      y  ^  13 
y        y  + 1      6 
6y«  +  12y  +  6  +  6y«  =  13yH13y 
y«  +  y-6. 

Complete  the  square, 
4y«  +  (  )  + 1  =  25, 
2y  +  1  =  ±  5. 
.•.  y  =  2  or  —3. 
.*.  x=s3  or  —  2. 


Subtract  (2)  from  (1), 


16. 

a:2  +  9a:y  =  340  (1) 

>jxy-.y^^l71  (2) 

aj*  +  2iry  +  y2-169, 

a;  +  y  =  ±  13  (3) 

.-.  a;  =13  -  y  or  -  (13  +  y). 

Substitute  in  (1)  the  first  value  of  », 

(13  -  y)»  +  9  (13 -y)y- 340, 

169  -  26y  +  y«  +  117y  -  9y2  =  340, 

8y'-91y-171. 
Complete  the  square, 

256y»-()  +  (91)«  =  2809, 

16y-91  =  ±53. 

.vy  =  9or2f  (4) 

Substitute  in  (1)  the  second  value  of  x, 

(13  +  y)»  -  9  (13 +  y)y  =  340, 

169  +  26y  +  y*  -  117y  -  9y«  =  340, 

8y«  +  91y«-171. 
Whence,  y  =  -9or-2i. 

Substitute  values  -of  y  in  (3),  »  =  ±  4  or  ±  lOf 
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16.  re  +  y  =  6 

ar»  +  3?  =  72 

Divide  (2)  by  (1). 

a;*—  xy-\-y^=      12 
Sq.(2),    7?-\-2xy^y^  =      36 

Subtract,  ~Zxy       =  —  24 

.'.  ayy  =  8 

Subtract  (5)  from  (3), 

a;^  —  2  xy  +  y*  =  4. 
Extract  root,  x  —  y  ==  ±  2 
Add  (6)  and  (1),  2  a:  =  8  or  4. 

.  •.  a?  =  4  or  2. 

Subtract  (6)  from  (1), 

2y  =  4  or  8. 

.*.  y  =  2  or  4. 


8i 


(5) 
(6) 


+  f +y  = 


17.    3ajy  +  2a;  +  y  = 
3a;  — 2y  = 

In  (2),  ,         X  = 

Substitute  value  of  x 
6y^^4y 

3 

6y2  +  7y  = 

Complete  the  square, 

144y2  +  ()+49  = 

12y  +  7  = 

12y  = 

.-.  y  = 

Substitute  value  of  y 

x  = 


485 
0 

3 
in  (1). 

485, 
1455. 


(1) 
(2) 

(3) 


34969, 

±181. 

180  or -194. 

15  or  -  lej. 

in  (3), 

10  or -10  J. 


18.  aj-y  =  l  (1) 

^-'fi^ld         (2) 
Divide  (2)  by  (1), 

a^+  xy+y^  =  19         (3) 
Sq.  (1),  ar'-2a:y4-y'=    1 
Subt.,  3a;y        =  18 

.-.an/ =  6  (4) 

Add  (4)  and  (3), 

a;2  +  2a;y+y»  =  25. 
Extract  root,  a;  +  y  =  ±  5        (5) 
Add  (5)  and  (1),  2x  =  6  or  -  4. 
.*.  a;  =  3  or  —2. 
Subtract  (1)  from  (5), 

2y  -=  4  or  -  6. 
.\y  =  2  or  —3. 


19.  aj»  +  y»  = 

a*  —  a?y  +  y*  = 
Divide  (1)  by  (2), 

a;  +  y  = 
Square  (3), 

Qi?-{-2xy  +  y'^  = 

Subtract(4)  from  (2), 

—  3a;y  = 

Divide  by -3,    —xy  = 

Add  (5]  and  (2), 

a?*—  2a:y  +  y*  = 

Extract  root,  x— y  = 

Add  (3)  and  (6),  2  a;  = 

.  *•  a?  = 

Subtract  (6)  from  (3), 

2y  = 
.-.  y  = 


20. 


Square  (1), 
Subtract  (2), 

Subtract  (4)  from  (2), 
Extract  root, 
From  (1)  and  (6), 


a:  +  y  =a 

a"  +  2a:y  +y^  =  a^ 
gg  +y^  =  h^ 

2xy  =  a«  -  &« 

a»  -  2xy  +  y^  =  a^  +  26* 

a;-y  =  ±\/a^T^6^ 

2x^a±Va^-\-2b^. 

.-.  g  =  ^(a±\/ag  +  2y). 

2y  =  aTVaMr2F. 

.-.  y=.J(aTVa«  +  262). 


2728     (1) 
124       (2) 

22         (3) 

484       (4) 

-360. 
-120  (5) 

4. 

±2       (6) 
24  or  20. 
12  or  10. 

20  or  24. 
10  or  12. 


0) 
(2) 
(3) 

(4) 
(5) 

(6) 
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21. 

From  (1), 
Hence,  in  (2), 

3x^-4:xy  +  5y^  =  9 
^  =  y«. 

,\  x='±iV3  or  ±1, 
and  y  =  ±  J  V3  or  ±  }. 

22. 

(1) 
(2) 

a  +  y  ,  x-y     10 
x  —  y     x-\-y      3 

(1) 
(2) 

From  (1),       3 (aj»+2a:y+y«)+3 {3^-2xy+y^)  =  lOaj'  -  10y«, 
3a:*  +  exy  +  Sy*  +  3a:2  -  6a:y  +  3^2  _  lOa:*  -  10y«, 

-4a;2  +  16y*  =  0, 

-a:2  +  4y«  =  0  (3) 

Add  (2)  and  (3),  Sy*  =  45. 

.•.  y  =  ±  3. 
Substitute  values  of  y  in  (2),  a:*  +  9  =  45. 

.*.  x  =  ±6, 

23. 

1       1       re 

X     y 
1     ^     1         17 


x  +  l     y  +  1     12 

Clear  of  fractions  and  unite,  x  +  y^'dxy  (1) 

5a;  +  5y  =  7-17icy  (2) 

Divide  (2)  by  (1),  5  =  ll^^l^  (3) 

5icy 

25a-y  =  7-17a;y  (4) 

42a;y  =  7, 

xy  =  i  (5) 

From  (1),  aj  +  .V  =  i  (6) 

Square  (6),  a*  +  2  xy  +  y*  =  f  | 

Multiply  (6)  by  4,  4:xy         =  f| 


Subtract,  x^  —  2xy  +  y^  =  -^ 

a;-y  =  ±i  (7) 

Add  (7)  and  (6),  2a;  =  1  or  J. 

.  •.  a;  =»  J  or  J. 
Subtract  (7)  from  (6),  2y  =  |  or  1. 

.-.  y  =  Jor}. 
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24. 

aj?  —  jry  +  y*  =  7 

Divide  (2)  by  (1),  7? -^  xy  +  y^  ^  \^ 

Subtract  (1)  from  (3),  2xy  =  12. 

.-.  a5y*=6  (4) 

Add  (4)  to  (3),  and  subtract  (4)  from  (1), 

jc*  +  2xy  +  y'  ==  25, 
a*  — Sscy  +  y*  =  l. 
Whence  a;  +  y  =  ±  5, 

aj  — y  =  ±  1. 

.-.  a;  =  ±3  or  ±2, 
and  y  »  i:  2  or  ±  3. 


25. 

aj  +  y  =  4 
jc*  +  y*  =  82 
Put  w  +  V  for  »,  and  it— «  for  y. 

(1)  becomes  2m  =  4. 

.*.  M  =  2. 

(2)  becomes  u*  +  6  u'u*  + 1;*  «  41  (3) 
Substitute  2  for  w  in  (3),      16  +  24  v«  +  v*  «=  41, 

v*  +  24t;»  =  25. 
Complete  the  square,  «*  +  ()  +  144  =  169, 

i;»  +  12  =  ±  13, 

v*  =  1  or  -  25. 

.'.  v  =  ±  1  or  dbV-25. 

.•.  a?  =  3,  1,  or  2±y£25, 

and    y  =  1,  3,  or  2  tV-25. 


26. 

x-y^a  (2) 

Divide  (1)  by  (2),  ^^    xy^-y'^d?  (3) 

Square  (2),  a;*  -  2a^  +  y*  =  a« 

Subtract,  3ajy         =0 

ay-0  (4) 

Add  (3)  and  (4),  aj*"+  2ajy  +  y»  =  a?. 

Extract  the  root,  x-k-y=^±(i  (5) 

Subtract  (2)  from  (5);  2y  =  0  or  -  2a.. 

.  •.  2/  =s  0  or  a. 
Add  (2)  and  (5),  2a;  =  2a  or.  0., 

a;  =»  a  or  0. 


•  • 


\ 
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Si^btract  (2)  from  (1), 
Extract  root, 
(l)is 


87. 

xy  —  y^  =  2ab 
a^~-2xy  -^y^^a^-  2ab  +  b\ 
x—y=»±(a-~b). 


(2) 


^,  x(x  —  y)  =  a^  +  b^. 

Substitute  valne  of '»—  y  in  (1),  ±xla  —  o)  =  a'  +  b*. 

a'-^b^ 


x  =  ± 


(2)  is 

Substitute  yalne  of  (a?  —  y)  in  (2), 


a  — 6 
y{x-y)  =  2ab. 


In  (2). 


±y(a  — 6)  =  2a&. 
2a& 

''-y-^^b 

28. 

a:^  _  y2  _  4  ^  J 

xy  =  a^  —  6' 
y^ 


Substitute  value  of  y  in  (1),    x* — ^ — -j-^  =  4  a5, 

»*  -  a*  +  2a'52  -  6*  =  4a6aj*, 

re*  -  4a6a;«  =  a*  -  2a*6*  +  b\ 
Complete  the  square,  ic* - ()  +  4 a^b^  =  a*  +  2 a^i*  +  b*. 


Extract  root, 


Substitute  value  of  x  in  (1), 


x'-2ab  =  ±{a'  +  b^), 


x^='±(a^-^2ab  +  b^), 
,\  x  =  ±la  +  b). 


.-.  y  =  ±(a-6). 


2& 


0 
16 


2^ 

Multiply  (1)  by  2,  2jr2/  =  0 
Add  (3)  and  (2), 

Extract  root,      a:  +  y  =-=  ±  4 
Multiply  (1)  by  4,  4ajy  *«  0 
Subtract  (6)  from  (4), 

a^-2a;y  +  y»=16 
Extract  root,      a?  —  y  =-  rb  4 
Add  (5)  and  (7), 


(2) 
(3) 

(4) 
(5) 
(6) 


(7) 


2a?=:±8or  0. 
.*.  a;F-±4  or  OC 
Subtract  (7)  from  (5), 


2y  -  0  or  ±  8. 
.vy  —  O.or  ±4. 


30.       x'^  +  xy  -{■y'^  =  37 
a:*  +  xy +y*  =  481 
Divide  (2)  by  (1), 

x^  —  ccy  +y^=      13 
(1)  is    a;'  +  gy  +  y'  =»     37 

Subt.,     -2a:y         =-24 
.'.  —  ajy  =  —  12 

Add  {3)  and  (4), 

ar  —  2xy  +  y'  =  1. 
Extract  root,  ar— y  =  ±  1 
Subtract  (4)  from  (1), 

a^  +  2a:y +y2  =  49. 

Extract  root,  a;  -f  y  =  ±  7 

Add  (5)  and  (6),  2  a;  =  ±  8  or  ±6. 

.*.  x  =  ±4  or±3. 

Subt. (5) fr. (6),    2y  =  ±6  or ±8. 


(1> 

(2) 
(3) 


(4) 


(5) 


(6) 
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(1) 
(2) 


31. 

a^  =*  ax  -hbi/ 

y^  =  ay  +  bx 
If  a;  =  0,  y  must  equal  0. 

If  a;  =  y,  and  does  not  equal  0,  then  x^a  +  h,  and  i/  =  a  +  b. 

If  X  does  not  equal  y,  subtract  (2)  from  (1),  and  divide  by  a;  —  y. 

X  +  y=^a  —  b 
a^  +  y'  =  a(x  +  y)  +  b{x  +  y). 
=»  a{a—b)  +  6(a  —  b). 

That  is,  a»  +y»  =  a«  -    6» 

Square  (3),  a»  +  2a:y  +  y*  =  a*- 2a6  +    6» 

Subtract  (4)  from  (5), 


Add  (1)  and  (2), 
Substitute  a—  2>  for  a;  +  y, 


(3) 


2a:y         =      -2a6  +  26» 

Subtract  (6)  from  (4),  as^-2xy  +  y^  =  a'^  +  2ab-Zh'. 
Extract  root,  x  —  y  =  ±  Va'  +  2  a6  —  3  6' 

2x^a-b  dbVa2  +  2aZ>  — 36«. 


(4) 
(5) 

(6) 


Add  (7)  and  (3), 
Subtract  (7)  from  (3), 


(7) 


.-.  x=^i{a-b±  Va*  +  2 aft  -  3 6'). 

2 y  =  a  -  6  T  Va«  +  2a6-36«. 
.-.  y  =  i(«-2>TVa«  +  2a6-36*). 


Transpose  (1), 
Divide  (2)  by  (3), 

From  (1), 


32. 

»— y-2=0 
15(a:2-y«)  =  16a:y 
a;-y  =  2 
15(x  +  y)  =  8a:y, 
15a;  +  15y-8xy  =  0 

a;«=y  +  2. 
Substitute  value  of  x  in  (4), 

15y  +  30  +  15y  -  Sy"  -  16y  =  0, 

8y«-14y-30. 
Complete  the  square,  64y2-  ( )  +  (7)«  =  289, 

8y  -  7  =  ±  17, 

8y»24or-10. 
.•.  y  =*3  or  —  IJ. 
Substitute  value  of  y  in  (1).  .-.  a;  -  6  or  J. 


(1) 
(2) 
(3) 

(4) 
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33. 

X  +y  ^  x  —  y      89 
x  —  y      X  +  y      40 

(1) 

6a;=20y  +  9 

(2) 

Simplify  (1). 

\ 

?a;2- 1692/2  =  0, 

• 

9a;2=,i69y« 

(3) 

Extract  the  root, 

3x  =  ±13y, 
SxTl3y  =  0. 

Multiply  by  2, 

6a;T26y  =  0 

(4) 

Transpose  in  (2), 

6x-20y  =  9 

(5) 

Subtract  (4)  from  (5), 

63/ =  9. 
or  -46y  =  9. 

.-.  y  =  IJ  or  - 

■A. 

Substitute  values  of  y  in  (2), 

X  =  6J  or  - 

• 

•2A. 

34. 

-  +  ?=! 
a     0 

(1) 

H. 

a     b      . 

-+-  =  4 
X     y 

(2) 

Simplify  (1), 

bx  +ay  =  ab 

(3) 

Simplify  (2), 

bx  -{-  ay  =  4iXy 

.  *.  4:xy  =  ab, 

J          ab 

and  V  =  — 

^      4a; 

(4) 

Substitute  value  of  y  in 

(3), 

bx  +  —  =  ab. 
4a; 

Simplify, 

4  ^c'^  +  a'^  =  4  ax. 

Transpose, 

4:x^  —  Aax  =  —  a^. 

Complete  the  square, 

4a;2-()  +  a2  =  a 

Extract  the  root, 

2x-a  =  0. 

a 
,'.  x  =  -- 

Substitute  value  of  x  in 

(3). 

2 

y  =  ^. 
^^    2 
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«5. 

a^  +  y«  = 

■'7  +  xy 

(1) 

a;* +  3^  = 

Qxy-l 

(2) 

:i). 

a^-xy  +  y^  = 

'7 

(3) 

1 

x  +  y  = 

6xy  —  l 

Transpose  xy  in  (1), 
Divide  (2)  by  (3), 

Simplify,  7a;  +  7y  =  6a;y  - 1  (4) 

Put  u  +  V  for  X,  and  w  —  v  for  y ,  in  (4), 

7(w  +  v)+7(w-?;)  =  6(w»-'p2)-l, 
eu^-Gv'^Uu^l  (5) 

Put  u  +  V  for  X,  and  it  —  v  for  y,  in  (3), 

(u  +  v)'*  -  (u^  -  v^)  +  (w  -  vf  =  7, 

^2  +  3^2  =  7  (6) 

Multiply  (6)  by  2.  2  w^  +  g  v«  =  14  (7) 

Add  (5)  and  (7).  *  8  u«  -  14  u  =  15. 

Complete  the  square,     25Qu^  -  (  )  +  (14)«  =  676. 
Extract  the  root,  16w  -  14  =  ±  26, 

16w  =  40or-12, 
w  =  f  or  —  |. 
Substitute  i  for  u  in  (6),  Jt^  +  3i;2  _  7^ 

31;^  =  i. 

t»2  =  J. 
Extract  the  root,  tr  =  ±  J. 

Substitute  - 1  for  u  in  (6),  ^P^  +  3  v^  _  7^  . 

Extract  the  root,  v  =  ±  \V^. 

Since  x  =  u-\-Vy  substitute  f  for  u  and  ±  J  for  v, 

a;  =  f +  (±}), 
x=3  or2. 

Substitute  value  of  —  |  for  u,  and  ±  J  V^  for  v, 


a?  =  }(-3±VJ4A). 
Since  y  =  u  —  v,  substitute  |  for  m,  and  ±  }  for  v, 

y  =  2  or  3. 
Substitute  -}  for  u,  and  ±  J  V^P  for  r, 

y  =  i(-3=FVHi). 
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36. 

7^-f  =  3093  (1) 

aj-t/  =  3  (2) 

Let  x=^u-\-v,  and  y^u  —  v. 

From  (2),  u  +  r  -  u  + 1;  =  3, 

2v  =  3. 
.-.  i;  =  J. 
From  (1),    u^^bu*v^-\Oy?i^+lQuhr^-\-^'ti^-\-'if> 

-  (i6*-5u*t;4-10uV-10wV+5uv*-i;5)  =  3093. 
Transpose  and  combine,      10w*t>+20u2t;'-|-2i;*  =  3093. 

Substitute  value  of  r,      5^  +  5^^'  +  ?i§  =  3093 

2  8      ^  16 

Simplify,  240  w*  +  1080  u^  =  49245. 

Divide  by  15,  16 w*  ■\-12u^  =  3283. 

Complete  the  square,  16u*  +  (  )  +  81  =  3364. 

Extract  the  root,  ^u^  ->t%  =  ±b^^ 

V?  -  ^-  or  -  y . 
.-.  M  =  ±ior  ±JV3^^ 

a;  =  t£  +  V  =  5,  -2,  or  J(3±  V^TeT), 
y  ==  u  - 1;  =  2,-5,  or  J(-3±  VI^). 

37. 

f(a;-l)-}(aj  +  l)(y-l)  =  -ll  (l) 

i(y  +  2)  =  i(a;  +  2)  (2) 

From  (1),    9a;  -  9  -  10a:y  -  lOy  +  10a;  + 10  =  -  165, 

or  19a;  -  10a;y  -  lOy  =  -  166  (3) 

From  (2).  4y  +  8  =  3a;  +  6. 

...y=3^  (4) 

Substitute  value  of  y  in  (3), 

l^x  - 10^  h^)  -  10  (^^) 166, 

76a;  -  ZOx^  +  20a;  -  30a;  +  20  =  -  664, 

-30a;2  +  66a;  =  -684, 
5a;2-lla;  =  144. 
Complete  the  square,         lOOar*  -  ( )  +  (H)^  =  2401, 

10a; -11  =  ±49, 

10a;  =  60  or -38. 
.*.  x=6  or  ~3|. 
Substitute  values  of  x  in  (4),  y  =  4  or  -  3^. 
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Let 

(1)  becomes 


(2)  becomes 


38. 

lOa^  -\-  I5xy  =  Sab  -  2a^ 
10y^  +  ldxy  =  3ab-2b^ 

ux  =  y. 
10x*  +  15x^u^Sab-2a^, 
2_  Sab  —  2d? 
10+ 15m 
10a;V  +  15x2^  =  3 a6  -  26*, 
a_3a5-26=^ 
10uH15m 
3a6-2a*     3a6-26* 


(1) 
(2) 


(3) 


W 


Equate  values  of  a;', 
^  10  +  15t;       10^2+16^ 

Simplify, 

30a6w*  -  20a*M2  -  SOa^u  +  SOb'^u  =  SOab-  20  6^ 

Divide  by  10, 

Sabv?  -  2ahi^  -SaH  ^SbH^  Sab  -  26^ 

or  u^iSab  -  2a^)  -  Su{a'^  ~  b^)  =  Sab  -2¥. 

Complete  the  square, 

4:u\Sab  -  2a^Y  _  ( )  +  9(a«  -  b'^f  =  9a*-24a^b+Sia'b^-2^ab^+db\ 

Extract  the  root, 

2m(3o6  -  2a2)  -S(a''-  ¥)  =  ±{Sa^ -Aab-{-  Sb^), 

.  2u(Sab-2a^)==6a^-^abor4:g,b-eb\ 

Sa-2b          b 
r.  u  = or 

36-2a  a 

Substitute  value  of  1?  ~  _     for  u  in  (3), 


36-2a 


X 


Extract  the  root. 


Substitute  —  -  for  m  in  (3), 
a 


a_(3&-2ay 
25 
36-2( 


X 


-(^"} 


a' 


Since  tw;  =  y, 


5 
,  x  =  ±  a\/^^ 

3a-26 
2/  = 


y  =  ± 


36-2 
3a-26 


i-f^) 


or 


y  =  --X(±aV^|), 


a 


.-.  y==T6\/-i. 
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Exercise  XCV. 

1.  If  the  length  and  breadth  of  a  rectangle  were  each  in- 
creased by  1,  the  area  would  be  48 ;  if  they  were  each  diminished 
by  1,  the  area  would  be  24.     Find  the  length  and  breadth. 

Let    X  —  length  of  rectangle, 
and    .    y  =  width  of  rectangle. 


Then 

(a:  +  l)(y  +  l)  =  48 

(1) 

and 

(x-l)(y-l)  =  24 

(2) 

Simplify  (1), 

.ry  +  a;  +  y  +  1  =  48 

(3) 

Simplify  (2), 

a?y  —  a;  —  y  +  l  =  24 

Add,                             S 

Ixy               +2  =  72 

icy  =  35 

(4) 

Substitute  value  of  xy 

in  (3), 

35  +  a;  +  y  +  1  =  48, 

a;  +y  =  12 

(5) 

Square  (5), 

a?«  +  2xy +  y«  =  144 

Subtract  4  X  (4), 

4a:y          =140 

a;*  —  2a?y -|-y^=      4 

fixtract  the  root, 

x  —  y  =  ±  2 

(6) 

From  (5)  and  (6), 

a;  =  7  or  5, 
y  =  5  or  7. 

2.  The  sum  of  the  squares  of  the  two  digits  of  a 

number  is 

25,  and  the  product  of  the  digits  is  12.     Find  the  number. 

Let    X  =  digit  in  tens' 

place. 

and        y  =  digit  in  uniti 

j'  place. 

x^+y^^'  25 

0) 

a:y  =  12 

(2) 

Multiply  (2)  by  2, 

2a;y  =  24 

(3) 

Add  (3)  and  (1). 

aj«  +  2a:y +y2  =  49. 

Extract  the  root, 

a;  +  y  =  i7 

(4) 

Subtract  (3)  from  (1), 

a;*  —  2a:y  +  y^  =  1. 

Extract  the  root. 

a;  —  y  =  ±  1 

(5) 

From  (4)  and  (5), 

2a;  =  ±8  or  ±6. 

.'.  a;  =  ±4  or  ±  3, 

y  =  db  3  or  ±  4. 

Hence,  the  required  number  is  43  or  34. 

326  ALGEBRA. 


3.  The  sum,  the  product,  and  the  difference  of  the  squares  of 
two  numbers  are  all  equal.    Find  the  numbers. 

Let  oj  +  y  =  one  number, 

and  x~y  =  the  other  number. 

Then  2.7;  =  the  sum  of  the  numbers, 

a^  —  y^  =  the  product  of  the  numbers, 
and  4ary  =  the  aifference  of  the  squares. 

2x  —  x^  —  y^ 
x^  —  y^  =  4:xy 


g! 


Transpose  in  (1),    a^-2x  -  y^  =  0  (3) 

Transpose  in  (2),    a^  —  4iBy  —  y*  =  0  (4) 

Subtract,  2x  —  4:xy  ^^ 

l-2y  =  0. 
2y  =  l. 

•'•y  =  i. 

Substitute  value  of  y  in  (1),  2  x  =  a:*  —  J, 

Complete  the  square,         a:*  —  2a;  +  l  =  }.       _ 
Extract  the  root,  x  —  l  —  ±  J\/5. 

r.  x=l  ±  jV5, 

x-\-y=i±  i V5  or  J  (3  ± V5). 

x  - y  =  i  ±  iVd  or  i  {I  ±  VS). 


4.  The  difference  of  two  numbers  is  f  of  the  greater,  and  the 
sum  of  their  squares  is  356.     What  are  the  numbers? 

Let  X  =  greater  number, 

y  =  lesser  number, 
and  X  —y  =  difference  of  the  numbers. 

Then  ''-y^^  (^) 

and  x^-\-y*  =  366  (2) 

Simplify  (1),  8  a;  -  8  y  =  3  a;. 

.'.  a;  =  — 2^. 
5 

Substitute  value  of  x  in  (2),  5ii^  +  y^  =  356. 

Simplify,  64y2  +  25  y'  =  8900, 

89  y»  =  8900, 
y«  =^  100. 
Extract  the  root,  y  =  ±  10. 

Substitute  value  of  y  in  (3),  5  a;  =  ±  80. 

,*.  a;  =  ±16. 
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5.  The  numerator  and  denominator  of  one  fraction  are  each 
greater  by  1  than  those  of  another,  and  the  sum  of  the  two  frac- 
tions is  lf\ ;  if  the  numerators  were  interchanged  the  sum  of  the 
fractions  would  be  1^.     Find  the  fractions. 

Let  •  -  =  one  fraction, 

y 

and  — ^^  =  the  other  fraction. 

y  +  1 

Then  -  +  ^  =  tI  W 

and  ^±i  +  _^  =  5  (2) 

y      y +  1    2 

Simplify  (1),  12xy+12x-\-l2xy-{-l2y  =  lly^  +  17y. 
Simplify  (2),      2xy-\-2y+2x+2+2xy  =  3y2  +  3y. 
Transpose  and  combine, 

l*Iy^-6y  +  24:xy  +  12x  =  0  (3) 

-  3y2  -  y  +  4icy  +  2a;  =  -  2  (4) 

MuHiply  (4)  by  6, 

-  18y2  -  6y  +  24ary  +  12a;  =  -  12  <5) 

Subtract  (5)  from  (3),  y'  +  y  =  12  (6) 

^y^  + 0+1=4:9, 
2y  +  1  =  ±  7, 

2y  =  6or-8. 
.*.  y  =  3  or  —4. 

SubBtitute  3  for  y  m  (1),    |  +  ^^  =  i^- 

Simplify,  4a;  +  3a;+3  =  17, 

7a;  =  14. 
.  •.  a;  =  2. 

Hence,  the  fractions  are  f  and  j. 


6.  A  man  starts  from  the  foot  of  a  mountain  to  walk  to  its 
summit.  His  rate  of  walking  during  the  second  half  of  the  dis- 
tance is  i  mile  per  hour  less  than  his  rate  during  the  first  half, 
and  he  reaches  the  summit  in  5J  hours."  He  descends  in  3J 
hours,  by  walking  1  mile  more  per  hour  than  during  the  first 
half  of  the  ascent.  Find  the  distance  to  the  top  and  the  rates  of 
walking. 


i 
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Let  2x  =  distance, 

and  y  =  rate  at  first. 


X 


Then                _  =  number  of  hours  he  was  walking  1st  half, 
and =  number  of  hours  he  was  walking  2d  half. 

y-i  ^• 

Hence.  ^  ^  3^3^  =  ^*-  (1) 

Also.  _2^^  =  3i  (2) 

Clear  (1)  of  fractions,  4a:y-2a?  +  4a;y  =  22y»-lly, 

22y*-8a:3^-2a;  +  lly  =  0  (3) 

Clear  (2)  of  fractions,  8  a?  =  15y  +  15. 

.  ^     15y  +  15       ,.v 

Substitute  value  of  x  in  (3),.  *  *  ^  =  — ^ (^) 

22y^-8y(l^^y2(l^^Vlly  =  0, 

176 y«  -  120y2  _  \20y  -f  SOy  +  30  -  88y  =  0, 

56y2_l78y  =  _30. 
Complete  the  square,  3136^2  -  (  )  +  (89)^  =  6241. 
Extract  the  root,  563/  —  89  =  ±  79. 

.-.  y  =  3. 

Substitute  value  of  y  in  (2),  :?^  =  15, 

4        4 

2a;  =  15. 

Hence,  the  distance  is  15  miles ;  and  the  rates  of  walking,  3, 

2J,  and  4  miles. 

7.  The  sura  of  two  numbers  which  are  formed  by  the  same 
two  digits  in  reverse  order  is  f-|  of  their  difference ;  and  the  dif- 
ference of  the  squares  of  the  numbers  is  3960.  Determine  the 
numbers. 

I^®t  X  =  digit  in  ten's  place, 

*^^  y  =  digit  in  unit's  place. 

Then  10  a;  +  y  =  first  number, 

lOy  4-  a;  =  second  number, 
lla;  +  lly  =  sum  of  the  numbers, 
O.r  —  9y  =  difference  of  the  numbers, 
(lOa:  +  y)2  ~  {x  +  lOyf  =  difference  of  the  squares. 

.-.  lla;  +  lly  =  ff(9a;-9y)  (1) 
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and  (10 x  +  yf-(x+lOyy=-  39'60  (2) 

Simplify  (1),  x  +  y  =  ■  ^~    ^^ 

7y-3a:  =  0  (3) 

3 

Substitute  value  of  a*  in  (2), 

^  =  3960, 

2/2  =  9. 

.-.  y  =  ±  3. 

From  (3),  3a;=7y. 

.*.  x  =  ±7. 
Hence,  the  number  is  73 


8.  The  hypotenuse  of  a  right  triangle  is  20,  and  the  area  of 
the  triangle  is  96.     Determine  the  sides. 

Let  X  —  longer  side, 

and  y  =  shorter  side. 

Since  sum  of  squares  on  sides  equals  square  on  hypotenuse, 

a;2  +  2/2  =  400  (1) 

Since  area  of  triangle  equals  one-half  product  of  sides, 

^  =  96  (2) 

2  ^  ^ 

xy  =  192. 

Multiply  (2)  by  2.  2xy  =  384  (3) 

Add  (1)  and  (3),      x^^2xy^y''  =  784. 

Extract  the  root,  a:  +  y  =  ±  28  .  (4) 

Subtract  (3)  from  (1),  x"^  -  2xy  +y'^=- 16. 

Extract  the  root,  x  —  y  =  ±  4  (5) 

From  (5)  and  (4),  2  a;  =  ±  32  or  ±  24. 

.-.  a;  =  ±  16  or  ±  12. 
2?/ =  ±24  or  ±32. 

.-.  y  =  ±12  or  ±  16. 

Hence,  the  sides  are  16  and  12. 


I 
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9.  Two  boys  run  in  opposite  directions  round  a  rectangular 
field  the  area  of  which  is  an  acre ;  they  start  from  one  corner 
and  meet  13  yards  from  the  opposite  corner ;  and  the  rate  of  one 
is  f  of  the  rate  of  the  other.     Determine  the  dimensions  of  the 

field. 

Let  X  =  length  of  first  side, 

and  y  =  length  of  second  side. 

a;  +  y  -f  13  =  number  of  yards  one  boy  runs, 
a;  +  y  —  13  =  number  of  yards  the  other  boy  runs. 
x  +  y-lS^i{x  +  y+lS). 
.-.  6a;  +  63/  -  78  =  5a;  +  52/  +  65, 

and  a;  +  y  =  143  (1) 

xy  =  area  of  field  of  one  acre. 
(Since  4840  sq.  yds.  =  1  acre), 

xy  =  4840  (2) 

Square  (1),  x^  +  2xy  +y^  =  20449 

(2)  X  4  is  4a;y  =19360 

x^-2xy+y^=    1089 

a;-y  =  ±33  (3) 

From  (1)  and  (3),  2a;  =  1 76  or  110. 

.-.  a;  =  88  or  55. 

22/ =  110  or  176. 
,•,  2/  =  55  or  88. 

Hence,  the  dimensions  are  88  yds.  by  55  yds. 


10.   A,  in  running  a  race  with  B,  to  a  post  and  baclc,  met  him 

10  yards  from  the  post.     To  make  it  a  dead  heat,  B  must  have 

increased  his  rate  from  this  point  41^  yards  per  minute ;  and  if, 

without  changing  his  pace,  he  had  turned  back  on  meeting  A,  he 

would  have  come  4  seconds  after  him.     How  far  was  it  to  the 

post? 

Let  X  =  number  of  yards  to  the  post. 

Then        2a;  =  number  of  yards  to  the  post  and  back. 

Let  y  ==  number  of  yards  A  runs  per  minute. 

Then       _  =  number  of  minutes  A  is  running  the  race. 

y 

B  runs  {x  -  10)  yards  while  A  is  running  (a;  +  10)  yards. 

Hence,  B  runs  ^^^^  of  y  yards  =  ^  ~  ^^^  yards  per  minute, 
a;  +  10      ^  ^  a  + 10 
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A  has  (a;  —  10)  yards  to  run  when  B  meets  him ;  and,  as  he  runs 
y  yards  per  minute,  it  will  take  him minutes  to  finish  the 

y 

race. 

B  has  (a?  +  10)  yards  to  run;  and,  if  he  increases  his  pace  41  f 

yds.  per  min.,  he  will  he  running  at  the  rate  of  [  ^^^-^^^ — H  -j.  41^  ] 

yards  per  minute ;  and,  as  he  has  {x  -}- 10)  yards  to  run,  it  will 

take  him  {x  4- 10)  -j-  (  ^  ~ — ^  +  41f  )  minutes  to  finish  the  race. 

\  jc  +  10  J 

But  this  change  of  rate  will  make  it  a  dead  heat ;  therefore, 

Since  4  seconds  =  -j^  minute,  B,  without  changing  his  rate, 
will  be  y^y  of  a  minute  longer  than  A  in  running  the  (a;— 10) 
yards  which  A  has  to  run  when  he  meets  B  ;  therefore, 

^  ^      V    a;  + 10   y  y  15  ^  ^ 

Simplify  (2),  ?Jli?  -  ^zd?  =  ^  (3) 

y  y       lo 

.-.  3/  =  300. 
Simplify  (1), 

i       10>      /  7v(a;-10)  +290a;  +  2900\  _  a;  -  10 
^"^         l'\  7(a:  +  10)  j  y     ' 

7(a;+10)^  _a;-10 

7y  (a;  - 10)  +  290  x  +  2900  y 

Substitute  300  for  2/.         7(x  +  10)^     ^^-10 

^      2390a;- 18100        300 

210a;*  +  4200a;  +  21000  =  239  ar^- 4200  a; +18100, 

29a;2- 8400  a;  =  2900, 

^_§iog^  =  ioo. 

29 

X  -  42  0  0  _  ±  12  lA. 

.-.  a;  =  290  or -JJ. 
Hence,  the  distance  to  the  post  was  290  yards. 
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11.  The  fore  wheel  of  a  carriage  turns  in  a  mile  132  times 
more  than  the  hind  wheel ;  but  if  the  circumferences  were  each 
increased  by  2  feet  it  would  turn  only  88  times  more.  Find  the 
circumference  of  each. 

Let         X  =  circumference  in  feet  of  the  fore  wheel, 
and  y  =  circumference  in  feet  of  the  hind  wheel. 

Then  52?2_5!^=132  (1) 

5280_5280^33 

x-\-2     y  +  2  ^  ^ 

Simplify  (1),  5280y  -  5280a;  =  I32xy, 

Divide  by  132,  40y  -  40a;  =  xy  (3) 

Simplify  (2),  5280y+10560-6280a;-10560  =  88a;y+176a;+176y+352. 
Divide  by  88,  60y  -  60a;  =  a^y  +  2a;  +  2y  +  4. 

Transpose  and  combine,  58  y  —  62  a;  =  373/  +  4  (4) 

(3)  is  40y-40a;  =  a:y 

Subtract,  18y-22.r=  4 

2  +  lla; 


y  = 


9 


X. 


Substitute  value  of  y  in  (3), 

Simplify,  80  +  440a:  -  360a;  =  2x  +  11  a;^^ 

Multiply  by  1 1 ,  1 21  x^  -  858  x  =  880. 

Complete  the  square,    121  a;*  -  ( )  +  (39)^  =  2401. 
Extract  the  root,  11  a;  —  39  =  ±  49, 

lla;  =  88  or-10. 

.'.  a;  =  8  or  — -J-f. 
Substitute  8  for  x  in  (3).  .  •.  y  =  10. 


12.  A  person  has  $  6500,  which  he  divides  into  two  parts  and 
loans  at  different  rates  of  interest,  so  that  the  two  parts  produce 
equal  returns.  If  the  first  part  had  been  loaned  at  the  second 
rate  of  interest,  it  would  have  produced  $  180 ;  and  if  the  second 
part  had  been  loaned  at  the  first  rate  of  interest,  it  would  have 
produced  $  245.     Find  the  rates  of  interest. 
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Let  X  =  number  of  dollars  in  one  part  of  the  capital, 

6500  —  ic  =  number  of  dollars  in  the  other  part, 
and  y  =  return  from  each  part. 

Then  -  =  rate  of  interest  on  first  part. 

Also,  nt-r.X^ ==  rate  of  interest  on  second  part, 

6500  —  X 

X I  itttM- I  =  return  of  first  part  when  loaned  at  second  rate. 

\6500  — xy 

y 

(6500  —  a;)-  =  return  of  second  part  when  loaned  at  first  rate. 

.-.  (6500 -re) I  =  245  (2) 

Simplify  both  equations  and  add, 

rcy=  1170000 -180ar  (3) 

-xy=  +  245  a; -65001/    (4) 

0  =  1170000+    65a;-6500y 

Transpose  and  divide  by  65, 

lOOy  -  a;  =  18000  (5) 

1170000 -180  a; 
From  (3)  y  = 

•4/ 

Substitute  value  of  y  in  (5), 

ioo(il™22^=iJ^^)-.=  18000.        - 

Simplify,  x"  +  36000  a;  =  1 1 7000000, 

a;2  +  (  )  +  (18000)2  =  441000000. 
Extract  the  root,  x  +  18000  =  ±  21000. 

.-.  x  =  3000, 
and  6500 -x  =  3500. 

From  (5),  y  =  210. 

y 

•  -=  07 
"x     •^'' 

■    and  —-^ —  =  .06. 
6500  —  X 

Hence,  the  rates  of  interest  are  7%  and  6%. 
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Exercise  XCVI. 


1.        2a;  +  lly  =  49. 
Transpose,     2  a;  =  49  — 11  y. 

.'.  a?  =  24  — 5y  + 


hzl. 


Let 


hiM^ 


m, 


1  — y  =  2m. 
.*.  y  =  1  —  2m. 

Substitute  value  of  y  in  original 
equation, 

2a; +  11 -22m  =  49. 

.*.  a;  =  19  +  11m. 

If    •m  =  0,      a;=19,  y  =  l. 

If     m  =  — 1,  a;=8,    y  =  3. 


2.  7a!  +  3y  =  40. 

Transpose,     3y  =  40  —  7  a;. 

.-.  y  =  13-2a;4 

1-a; 


1-a; 


Let 


3 


=  m, 


1  —  a;  =  3  m. 
.*.  a;  =  1  —  3  m. 

Substitute  value  of  y  in  original 
equation, 

7-21m  +  3y  =  40, 

3y  =  21m+33. 

.'.  y=  7m  +  11. 

If     m  =  0,      y  =  ll,  a;  =  l. 

If     m  =  —  1,  y  =  4,    a;  «  4. 


3.        5a;  +  7y  =  53. 
Transpose,  5  a;  =  53  —  7  y. 

^  5 


a;  — 10  +  y 


3-2J,. 


Multiply  by  3, 

3a.-304-3y  =  5^1^ 
^  5 


=  l-y  + 


4- 


2L. 


Let 


4-.V_ 


=  m. 


4  — y  =  5m. 
.'.  y  ==  4  —  5m. 

From  given  equation, 

a;  =  5  —  7m. 
If   m  =  0,     a;  =  5,    y  =  4. 
If   m  =  -  1,  a;  =  12,  y  =  9. 
If  m  =  -2,  a;=  19, y  =  14; 

and  so  on. 


4.        a;  +  lOy  =  29. 
Transpose,     a;  =  29  —  10  y. 
If  y  =  1,  a;  =  19. 

If  y  =  2,  a;  =  9. 

If  y  =  3,  a;  ^ 1. 

.'.  y  can  only  =  1  or  2, 
X  can  only  =  19  or  9. 
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5.  3a;+8y  =  61. 

3a;  =  61-8y. 

,:x  =20-2y+?— ^. 
^        3 

x-20  +  2y=^^-=^' 
^  3 


Multiply  by  2, 
2a;  -  40 +  4y  = 


2-4.V 


=  -y  + 


2- 


y. 


Let 


2-.V_ 


m, 


2-y  =  3w. 
.'.  y  =  2  —  3m. 
Substitute  in  original  equation, 
3a: +  16 -24m  =  61, 

3a;  =  45  + 24  m. 

.*.  a;  =  15  +  8m. 

If     m  =  0,       a;  =  15,  y  =  2. 
If     m  =  —  1,  a;  =  7,    y  =  5. 


7.      16a;  +  7y  =  110. 

1y  =  U0-16x. 

.•.y  =  15-2x+— ^^. 


Transpose, 

y  +  2a?  — 15  = 

Multiply  by  4, 
43/  +  8a;-60  = 


5-2x 


20-8aj 


2-a;  + 


6  — .1? 


Let 


6-a; 


=  m, 


6  — x=  7m. 
.*.  a;  =  6  —  7m. 

Substitute  in  original  equation, 
96^112m  +  7y  =  110, 

7y  =  14  +  112m. 
.-.  y  =  2  +  16m. 


If 


m  «=  0,  X  =  6,  y  =  2. 


6.  8a;  +  5y  =  97. 

5y  =  97 -8a;. 

.-.y  =  19— a;  + 


2-3a; 


y  —  19  +  a;  = 

Multiply  by  2, 
2y  -  38  + 2a;  = 


2-2a; 

a 

4-6g 
5 


a; 


Let 


4  —  a; 


=  m. 


.  •.  a;  =  4  —  5  m. 

Substitute  in  original  equation, 

32-40m  +  5y  =  97, 

5y  =  65  +  40m. 
.  •.  y  =  13  +  8  m. 

If    m  =  0,      a;  =  4,  y  =  13. 
If     77i  =  — 1^  a;  =  9,  y  =  5. 


8.     7a;  +  10y  =  206. 

7a;  =  206-10y. 

.-.  a;  =  29-y  +  ^:=^. 
^         7 


a._29+y  =  iil^^. 
•^  7 


Let 


kii/  = 


m. 


.'.  y  =  1  —  7m. 

Substitute  in  original  equation, 
7a; +  10 -70m  =  206, 

7a;  =196 +  70771. 
.•.  a;  =  28  +  10m. 

If  m  =  0,  a;  =  28,  y  =  1. 
If  m  =  -l,  a;  =  18,  y  =  8. 
If     m  =  -2,  a;=8,    y  =  15. 
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9.  12.T-7y  =  l. 

Transpose,         7y  =  l2x 


Multiply  by  3, 


5a; -1 


3y  —  3x  =  2x  -\- 


x  —  S 


11.    23y-13a;  =  3. 

Transpose,  13  a;  =  23y  —  3. 

lOy  -  3 

^  13 

Multiply  by  4, 


Let 


X 


=  m. 


Let 


•^        ^         13 

y-12. 


13. 


771. 


.*.  a;  =  7w  +  3. 


.-.  y  =  13mH- 12. 


Substitute  this  value  of  x  in  origi-    Substitute  this  value  of  y  in  orig- 


nal  equation, 

84m  +  36-7y  =  l, 

7y  =  35  +  84m. 
,«.  y  =  5  +  12m. 
If  m  =  0,  a;  =  3,  y  =  5. 


inal  equation, 
23(13m+12)-13a;  =  3, 

13  a;  =  299  m +  273. 
.'.  a;=237M  +  21. 
If        m  =  0,  a;  =  21,  y  =  12. 


10.  5a;-17y  =  23. 

5a;=23  +  17y. 

.-.  a;  =  4  +  3y+?±^. 
4_3y  =  ^+^. 


X 


Multiply  by  3, 

3a;-12-9y  =  l-fy+i±^. 

5 

5 


m. 


Let 

Then  y  =  5m  — 4. 

Substitute  this  value  of  y  in  origi- 
nal equation, 

5a!-17(5m-4)  =  23,     . 

6a; -85m +  68  =  23, 

6a;  =  85m  — 46. 

.*.  a;=  17m  —  9. 

If  m  =  1,  a;  =  8,  y  =  1. 


12.      23a;-9y  =  929. 

9y  =  23a;-929. 

.•.y  =  2a;-103+5^. 
^  9 

5a;-2 


9 


y-2ar  +  103 

Multiply  by  2, 
2y-4a;  +  206  =  a;  + 


a;  — 4 


Let 
Then 


a;  —  4 


=  m. 


X  — 4  =  9m. 

.*.  x  =  9m  +  4. 

Substitute  this  value  of  y  in  orig- 
inal equation, 

207m+92-9y  =  929, 

9y  =  207  m -837. 

.'.  y  =  23  m  —  93. 

If         m  -  5,  a;  =  49,  y  =  22. 
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13. 

23a;-33y=»43. 

23a;-=33y +  43. 


Let  y        =  m. 

23 

Then  y  =  23m-2. 

Substitate  this  valne  of  y  in  original  equation, 
23a;-33(23m-2)  =  43, 
23  a? -759m +  66  =  43, 

23x=.759m-23. 
.*.  05=  33m  — 1. 
If  t»--l,  x  =  32,  y  =  21. 


14. 

555a;-22y  =  73. 

22y  =  555a;-73. 

.-.  y  =  25a;-3+5£^ 
^  22 

Transpose,  y-25aj  +  3  =  5^=^ 

a;-19 


22 


Multiplyby9,  9y-225a;  +  27  =  2a;  +  2  + 

Let  =  m. 

22 

Then  a; -19  =  22m. 

.-.  aj=19  +  22m. 
Sabstitate  valne  of  x  in  original  equation, 
655(19  +  22m) -22y  =  73, 
10545  +  12210m  -  22y  ^  73, 

22  y  =  10472  +  12210m. 
.-.  y  =  476  + 555m. 
If  m-0,  a?-19,  y-476. 
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15.  How  many  fractions  are  there  with  denominators  12  and 

18  whose  sum  is  ff? 

Let  ±  +  JL^^. 

12     18     36 
Simplify,  Zx  +  2y  =  25, 

2y  =  25-3a;. 

^  2 

Let  i-^  «  m. 

2 

Then  1— a;  =  2m. 

.'.  x^l  —  2m. 

Substitute  value  of  x  in  original  equation, 

3-6m  +  2y*25. 

.'.  y  =  11  +3m. 
If                             m  =  0,      ar  «*  1,  y  =  11. 
If                             m  =  -l,  aT-3,  y  =  8. 
If                            m  =  —  2,  Of  =  5,  y  =  5. 
If  m  ^ 3,  a?  -  7,  y  =  2. 

Hence,  the  pairs  of  fractions  are 

A.  iii  A.  A;  A  A;  A  A- 

16.  What  is  the  least  number  which,  when  divided  by  3  and 
5,  leaves  remainders  2  and  8  respectively? 

Let  n  «=  number, 

^-*  (^> 

"--^-y  (2) 

From  {!)  and  (2),  n  =  3aj  +  2  and  5y  +  3. 

.-.  3a:  +  2  =  5y  +  3, 

3x  =  5y  +  l  (3) 

3 

Transpose,  x-l  =  ?^^^. 

Multiply  by  2,  2a?  -  2  =  y  +'2L±^. 

Let  2l =  Tjri. 

3 
Then  y  =  3m-2. 

From  (3),  3x  -15  m--  9. 

.••  a;—  5m  — 3. 
If  m-1,  a:=2,  y-3. 

But  n»3a;  +  2. 
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17.  A  person  counting  a  basket  of  eggs,  which  he  knows  are 
between  50  and  60,  finds  that  when  he  counts  them  3  at  a  time 
there  are  2  over ;  but  when  he  counts  them  5  at  a  time  there 
are  4  over.    How  many  ar§  there  in  all? 

Let  2Lzl2  _ 

3 

and  ^?^  =  y. 

Then  rj  =  2  + 3«  or  4  +  5y. 

.%  2  +  3a;  =  4  +  5y, 

3a?  =  2  +  5y  (1) 

.  2(1 +.v) 

g°y+   ^  g  ■^^- 

Let  y^  =  m. 

3 

Then  y  =  3m-l. 

Substitute  value  of  y  in  (1),  3 a;  =  2  +  5(3m  —  1), 

3a;  =  16m-3. 

.*.  x  =  5m  —  1. 

If  m  =  4,  a;  =  19,  y  =  ll. 

Hence,  the  number  of  eggs  is  59. 

18.  A  person  bought  40  animals,  consisting  of  pigs,  geese, 

and  chickens,  for  $40.    The  pigs  cost  $5  apiece,  the  geese  $1, 

and  the  chickens  25  cents  each.    Find  the  number  he  bought  of 

each. 

Let  X  «=  number  of  pigs, 

and  y  =  number  of  geese. 

Then  40  —  a;  —  y  =  number  of  chickens. 

5x4-y  +  10---2^  =  40  (1) 

4     4 

or  20a;  +  4y+ 40 -a;-y  =  160, 

or  19a; +  3?/ =  120, 

3y  =  120-19a;  (2) 

y  =  40-6a;-|- 

Let  '  -  =  m. 

3 

.*.  a;  =  3M. 
Substitute  value  of  x  in  (2),  3y  =  120  —  57m. 

.'.  y  =  40  —  19m. 
If  m  =  1,  X  =  3,  y  =  21. 

If  m  =  2,  a;  =  6,  y  =  2. 

Hence,  he  bought  3  pigs,  21  geese,  and  16  chickens ;  or  6  pigs, 

2  geese,  and  32  chickens. 
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19.   Find  the  least  multiple  of  T  which,  when  divided  by  2, 1 
i,  6,  6,  leaves  in  each  case  I  for  a  remainder. 

Let  7k  ■=  least  multiple  of  7, 

and  y  —  Bum  of  quotieato. 

Then 
Tg-1  ,  lx-1  ^  7x-l  ^  7a-l  ,  Tg-1  . 


Simplify, 
2101-30  +  1 


[0i~£0  +  105s-15 
84»-12  +  702-10-60y, 
609i-60y  =  87. 

203j;-20y-29  (1) 

-20y  =  -2033  +  29. 
.   ■■_.»-     ■■   .3;.^9 


Subaiitute  value  of  z  in  (I), 

1060m  +  609 -20y  =  29, 

20y--4060in 


20.  In  how  many  ways  may  100  be  divided  into  two 
of  which  shall  be  a  multiple  of  7  and  tlie  other  of  9? 

Let  7x  =  ono  part, 

and  9i/  — the  other  part. 

-■.  7a  +  e«  =  I00. 

7i-100-9y. 
.....H-y  +  iiLli). 

Let  1^  =  ™.  ' 

7 
Then  l-v-7m. 

.-.  y.l-7m. 
Sabetitnte  valae  of  y  in  the  original  equation, 
71 +  9(1 -7m) -100, 

7j!-100-S{l-7m), 

71-91  +63m. 

.-.I -13  + 9m. 

If  m-0,      ii-13,  y-1. 

If  m--l,  1  =  4,    y-8. 

Hence,  the  parts  are  91  and  9,  or  28  and  72. 


teachers'  edition.  341 


21.  Solve  18x  —  5y  =  70  so  that  y  may  be  a  multiple  of  «,  and 
both  positive. 

18a;-5y=»70. 
Let  y  =  tnx. 

Substitute  value  of  y  in  this  equation, 

18  jc-Sma?- 70. 
a;(18~5m)  =  70. 

70 


•   •   «U  — * 


and 


18 -5m 
70m 


•^      18 -5m 
Now,  ifm-2,  a?=Vor8}, 

and  y  =  4^  or  17J. 

And,  if  m  =  3,  a;  =  ^  or  23}, 

and  y  =  ^^  or  70. 


22.  Solve  8a;  +  122^  =  23  so  that  x  and  y  may  be  positive,  and 
their  sum  an  integer. 

8aj  +  12y-23  (1) 

Let  x-\-y  —  m. 

Transpose,  x  =  m—y  (2) 

Substitute  value  of  x  in  (1), 

8m-83/ +  12y  =  23, 

4y  =  23-8m. 
23 -8m 

-y — 4 — 

Substitute  value  of  y  in  (1), 

8aj  +  69-24m  =  23, 

8a;  =  24m -46. 

24m -46 
.*.  x  = • 

8 
Let  m  =  2. 

48-46     1 


Then  »« 

and  y  «» 


8  4' 

23-16     7 

4      'i* 
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23.  Divide  70  into  three  parts  which  shall  give  integral  quo- 
tients when  divided  by  6,  7,  8,  respectively,  and  the  sum  of  the 
quotients  shall  be  10. 

Let  X  =  first  part, 

y  =  second  part, 
and  70  —  x  —  y  =  third  part.  - 

6     7  8  ^  ^ 

Simplify, 

24a;  +  24y  +  1470  -  21a;  -  21y  =  1680, 

7a;  +  3y  =  210  (2) 

83/  =  210 -7a;. 

.-.  y  =  70-.2a;  +  ^. 
^  3 

Let  ?  =  w- 

3 

.*.  a;  =  37?i. 

Substitute  value  of  m  in  (2), 

21?7i  +  3y  =  210, 

3y  =  210-21m. 

.-.  y  =  70— 7m. 

If  m  =  2,  4,  6,  8, 

(the  lowest  values  that  will  produce  multiples  of  the  numbers), 

a;-    6,  12,  18,  24, 

y  =  50,  42,  28,  14. 

70-a;-y=    8,  16,  24,  32. 

24.  Divide  200  into  three  parts  which  shall  give  integral  quo- 
tients when  divided  by  5,  7,  11,  respectively,  and  the  sum  of  the 
quotients  shall  be  20. 

Let  X  =»  first  part, 

and  y  =  second  part. 

Then  200  -  a?  -  y  =  third  part, 

5     jf     200-£-^_20 
5     7  11 

Simplify, 

77  a;  +  55y  +  7000  -  35  a;  -  35y  =  7700. 

42a;  +  20y=700, 
21a;  +  10y  =  350  (1) 

.*.  y  =  35  — 2a;  — — 
^  10 

Let  —  =  771, 

10 

x  =  10m. 

Substitute  value  of  a;  in  (1),    y  =  35  —  21  m. 

If  m  =  1,  a;  ===  10,  y  ==  14. 

200-a-y  =  176. 
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26.  A  number  consisting  of  three  digits,  of  wliich  the  middle 
one  is  4,  has  the  digits  in  the  units'  and  hundreds'  places  inter- 
changed by  adding  792.    Find  the  number. 

Let  X  =  digit  in  hundreds'  place, 

and  y  =  digit  in  units'  place. 

.*.  100a;  +  40  +  y  =  the  number. 

lOOy  -f  40  +  a;  =  792  +  lOOo;  +  40  +  y. 
Transpose  and  combine, 

99y^99a;=792. 
Divide  by  99,  y  -  a;  =  8  (1) 

y  =  a;  +  8.  ^ 

Let  »  +  8  =  7?i, 

x  =  m-8  (2) 

and  y  =  m. 

From  (2),  m  must  be  equal  to  9,  in  order  to  make  x  positive. 
Then  o;  =  1, 

y=^9. 

Hence,  the  number  is  149. 


26.  Some  men  earning  each  $  2.50  a  day,  and  some  women 
earning  each  $1.75  a  day,  receive  altogether  for  their  daily 
wages  $44.75.  Determine  the  number  of  men  and  the  number 
of  women. 

Let  X  =  number  of  men, 

and  y  =  number  of  women. 

Then  ^^ll^m, 

2        4        4 
10a;+7y  =  179, 

y  =  25  -  a;  +  — - — 
Transpose,  y  —  25  +  a?  =     ~"    ^- 

Multiply  by  5,  5y-125 +  5a:  =  2-2a;  +  ^^ 

Let  5^  =  w, 

7 

a;  =  6  — 7m. 

Substitute  6— 7m  for  a;  in  the  original  equation, 

60-70m  +  7y  =  179, 

7y  =  119  +  70m. 
.*.  y=»17  +  10m. 
If  m  =  0,      a;  =  6,    y  =  17. 

If  m  -  - 1,  a  «  13,  y  =  7. 
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27.  A  wishes  to  pay  B  a  debt  of  £1  12«.,  but  has  only  half- 
crowns  in  his  pocket,  while  B  has  only  four-penny  pieces.  "Rovr 
may  they  settle  the  matter  most  simply? 

Let  X  =  number  of  half-crowns,  « 

and  y  =  number  of  four-penny  pieces. 

Then  half-crowns  =  30  a;  pence, 

and  four-penny  pieces  =  4y  pence. 

£1  -f- 128.  =  384  pence. 

But  £1  +  12s.  =  30a;  -  4y. 

.•.30a;~4y  =  384  (1) 

43/  =  30  a; -384. 

30  a; -384 
.•.y= J ' 

or  y  =  7a;  — 96-H~ 

Let  -  =  m. 

2 

Then  x  =  2m, 

Substitute  value  of  a;  m  (1), 

60m-4y=384. 

.•.3/  =  15m  — 96. 
If  m  =  7,  a;  =  14,  y  =  9. 

Hence,  A  can  give  B  14  half-crowns,  and  receive  from   B 
9  four-penny  pieces. 


29.  A  fanner  buys  oxen,  sheep,  and  hens.  The  whole  num- 
ber bought  is  100,  and  the  whole  price  £100.  If  the  oxen  cost 
£5,  the  sheep  £1,  and  the  hens  1  «.  each,  how  many  of  each  did 
he  buy? 

Let  X  =  number  of  oxen, 

and  y  =  number  of  sheep. 

Then  100  —  x  —  y=  number  of  hens. 

5a;  +  y"-f^^~J~y  =  100  (1) 

lOOx -f  20y  +100-x-y  =  2000, 

99a; +19.v  =  1900  (2) 

Transpose,  I9y  =  1900  -  99a;. 

Divide  by  19,  y  =  100  -  5a;  -  — • 

^  ^  19 
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Transpose,  100  —  5x  —  y  =  ^~- 

Multiply  by  (5), 


X 


600-25  aj-5y  =  aj  +  — 
^  19 

Let  —  =»  m. 

19 

Then  a;=19m. 

Substitute  value  of  x  in  (2), 

1881m +  19y  =  1900. 
Transpose,  19y  =  1900  - 1881  m, 

y  =  100 -99  m. 
If  m=l,  aj=19,  y=l, 

and  100-a;-y  =  80. 

Hence,  lie  buys  19  oxen,  1  sheep,  and  80  hens. 

30.  A  number  of  lengths  8  feet,  5  feet,  and  8  feet  are  cut ; 
how  may  48  of  them  be  taken  so  as  to  measure  175  feet  all 
together? 

Let  X  =  number  8  feet  long, 

y  =  number  5  feet  long, 

and  48  —  a;  —  y  =  number  3  feet  long. 

8aj  +  5y  +  3(48-a;-y)  =  175  (1) 

Simplify,  5a;+2y  =  31. 

Transpose,  2y  =  31-5a;  (2) 

.-.  y=15-2a;  +  ^^^=^• 
^  2 

1  —  x 
Let  «=  m. 

2 

Then  1  -  a?  =  2m. 

.'.  a;  =  1  —  2m. 
Substitute  value  of  x  in  (2),  2y  =  31  —  5  +  10m. 

y  =  13  +  5m  (3) 

If  m  =  0,  -1,  -2, 

a;  =.  1,    3,    5  =  number  of  8 -ft.  lengths, 

y  =  13,    8,    3  =  number  of  5-ft.  lengths, 

48  -  »  -  y  =  34,  37,  40  =  number  of  3-ft.  lengths. 
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31.  A  field  containing  an  integral  number  of  acres  less  than 
10  is  divided  into  8  lots  of  one  size,  and  7  of  4  times  that  size ; 
and  has  also  a  road  passing  through  it  containing  1300  square 
yards.    Find  the  size  of  the  lots  in  square  yards. 

Let  X  =  number  of  acres. 

.*.  4840  a;  =  number  of  square  yards. 

y  =  number  of  square  yards  in  1  lot, 
Sy  =  number  of  square  yards  in  8  lots, 
28  y  =  number  of  square  yards  in  7  lots  of 
second  kind. 
8y  +  28y  +  1300  =  4840x  (1) 

9y  + 325  =  1210  a;, 

9y  =  1210a; -325  (2) 

y  =  134a;-36  +  ^^-^ 

9 

y-134a;  +  36  =  i^^. 
^  9 

Multiply  by  7, 

7y  -  938a;  +  252  =  3a;  +  ^^. 

i  ^ 

I  J   .  x-1 

'  Let  =  m. 

I 

I  Then  x  —  7  =  9m. 

;  .•.  a;  =  9m  +  7. 

Substitute  value  of  x  in  (2), 

9y  =  10890  m  +  8470  -  325, 
9y  =  10890m  -f  8145. 
.•.y===  1210  m +  905. 
If  m  =  0, 

a;  =  7       =  number  of  acres, 
y  =  905    =  number  of  sq.  yds.  in  Ist  lot. 
4y  =  3620  =  number  of  sq.  yds.  in  2d  lot. 


32.  Two  wheels  are  to  be  made,  the  circumference  of  one  of 
which  is  to  be  a  multiple  of  the  other.  What  circumferences 
may  be  taken  so  that  when  the  first  has  gone  round  three  times 
and  the  other  five,  the  difference  in  the  length  of  rope  coiled  on 
them  may  be  17  feet? 


teachers'  edition.  347 

Let  X  =  circumference  of  the  first  wheel, 

and  y  =  circumference  of  the  second  wheel. 

3a;  — 5y  =  17,  difference  of  length  of  rope  coiled  on  them 
when  first  wheel  goes  round  three  times,  and 
second  five  times. 
Let  X  =  my, 

3aj-5y  =  17, 

3my  —  5y  =  17, 

y(3m-6)  =  17. 

^      3m-5 
If  m  =  2,  y  =  17,  a;  =  34. 

33.  In  how  many  ways  can  a  person  pay  a  snm  of  £  15  in 
half-crowns,  shillings,  and  sixpences,  so  that  the  number  of 
shillings  and  sixpences  together  shall  be  equal  to  the  number  of 
half-crowns? 

Let  X  =  number  of  shillings, 

and  y  =  number  of  sixpences. 

Then  x  +  y  =  number  of  half-crowns. 

y  sixpences  =  iy  shillings, 
(re  +  y)  half-crowns  =  ^{x  +y)  shillings. 
Then  »  +  i2/  +  |(a'  +  y)  =  whole  number  of  shillings. 

But  300  =  whole  number  of  shillings. 

•.  a;  +  }y-hf(a;-hy)  =  300. 
2x  +  y  +  5x-^5y  =  600, 
7aj-i-6y  =  600. 

7 
Transpose,  and  multiply  by  6, 

6aj-510  =  4-53/  +  ^y2^. 

Let  "~^  =  m. 

7 

.•.  y  =  2  — 7m. 
Substitute  value  of  y, 

7a; +  22 -42m  =5  600. 

.•.  0?  =  Gm  +  84. 

If  m  =  0,  -2,  -2,  -.3,  -4,  -5,  -6,  -7,  -8,  -9,  -10,  -11, 

—  12,  —13,  then  x  and  y  would  each  have  14  positive  Values. 

Hence,  there  are  14  ways. 
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8.  Which  is  the  greater, 

(a«  4-  6^)(c»  +  rf«)  or  {ac  +  6rf)»? 

Simplify,   aV  +  6V  +  a'd^  +  ¥d^  is  >  aV  +  2  abed  +  hH\ 
If  6«c«  +  a2c?M8>2a6cd 

But  hH^  +  a^fi*  is  >  2  ahcd,  §  249. 

.  •.  (a«  +  6')  (c»  +  d^)  is  >(ac  +  W)». 


9.  Which  is  the  greater, 

m'  +  m  or  m'  +  1  ? 

m'  +  m  is  >  or  <  m'  +  1, 
as  m(m  +  l)is>or<(m'  — m+ l)(m  + 1), 

as  m  >  or  <  m'  —  m  + 1, 

as  2  w  is  >  or  <  m'  +  1. 

But  m»  +  li8>2m,  §249. 

.*.  m'  +  1  is  >  m'  +  7». 


10.  Which  is  the  greater, 

o*  —  6*  or  4a'(a  —  h\  when  a  is  >  &? 

^  a'  (a  —  6)  is">  or  <  a*  —  6*, 
as  (dividing  by  a — 6),        4  a'  is  >  or  <  a'  +  a'6  +  oft'  +  J*, 
as  (subtracting  a'  from  both  sides), 

3a2  is  >  or  <  a?h  +  a6»  +  &>, 
as  (transposing  a^h),  3  a'  —  a*&  is  >  or  <  a6*  +  &•, 
as  a'»(3a  -  6)  is  >  or  <  6«(a  +  b\ 

if  the  factor  a'  be  taken  out  from  the  left  side,  and  the  &ctor  6*  from 
the  right  side,  since  a  is  >  6,  the  left  side  will  have  been  divided  by 
a  greater  number  than  the  right ;  so  that,  if  the  left  is  greater  than 
the  right,  after  both  factors  have  been  taken  out,  it  must  have  been 
greater  before. 

If,  therefore,  3o  —  6is>a  +  6, 

if  (by  adding  6~a  to  both  sides), 

2a  is  >  26. 

But  2a  is  >  26. 

.-.  4a^(a-6)is>a*-6*. 
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11.  Which  is  the  greater, 

is  >OT<Va  +Vb, 


VfW! 


as  (squaring),       ^  -{■V2ab  +  —  is  >  or  <  a  +V2ah  +  6, 

0  a 

as  (transposing),  —  +  —  is  >  or  <  o  +  6, 

0       a 

as  (multiplying  by  a6),     a'  +  6'  is  >  or  <  a^b  +  aft', 

as  {a  +  b)  {a?  —  ab-\-  h*)  is  >  or  <  db  (a  +  6), 

as  (a»  +  62)i8>or<2a6. 

But  (a2  +  62)i8>2a6,  §249. 


.•.^|+^^i8>VS+V5. 


12.  Which  is  the  greater, 


a  +  b  ^^  2ah  « 

■■         or -[ 

2         a  +  6 


a  +  6  •   >^^^^  2aft 
IS  >  or  ^ 


2  0  +  6 

as  a*  +  2a5  +  6'  is  >  or  <  4 a6, 

as  a' 4- 6^  is  >or<2a6. 

But  a^  +  6M8>2a6,  J  249. 


aH-6 


13.  Which  is  the  greater, 


b^     a^      b     a 

a      b  ■   ^      ^  1     1 
0^     a^  b     a 

as  <i'  +  6'  is  >  or  <  a^b  +  aft', 

as  (a  +  6)(a'  —  a6  +  &^)  is  >  or  <  (a  +  b)ab, 

as  o'  +  6^  is  >  or  <  2a6. 

But  a^  +  ¥is>2ab,  J  249. 

or     or        b     a 
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Exercise  XCVIII. 


\/?  =a;i 
V?  =a;i 
{Vxf  -  X*. 
^*    -a* 


2.    -i/xy^      =  a;iytz. 
5  Va*6??  =  5  a6^  c*  jc*. 


a« 

3a;-iy-» 
6iB"y 

^  xy^ 

2o'ia; 

aj* 

3-1 6«y-' 

»      a6» 

6. 

ii±2t    «3a^z^«. 
z* 

oi*    -^"y"^- 

a.t.=»-*''^- 

ri_      =  a;  *y*- 

y* 

6. 

a^Xa^  =a*. 

jixJi  =6* 

c^  X  c*  =  c^. 

d*Xc?«f»=rfl. 

3.  a'         -v^. 

4a;^y"^=4Vxy'*.  ill 

n*  X  n""  =  n». 
aO  X  a*     =  a*. 

1  a^Xa-*  -i- 

4.  a-»  --.  a* 


8.  a*  X  Va   =  a*  X  a*  »  a. 


c-» 

xVc    - 

\xci 

-1. 

x-J^  - 
xVit-i- 

yixy* 
» a;*  X  «■* 

-y* 
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9,  ah^cxa'^bc^  =a^b^c^. 


10.  x^y^z^Xx'^y^z'^  =x'^yh'^. 
x^y^z^X  a;"*y'z~*=»aj'y"^. 


11.  a^xa'^xa~^xa^=>a-'^. 

(?)'x  (?)'■<(*)' 


X 


_  y 


X- 


y 


t       aUi 


6*x* 


12. 

a^-^a^ 

=  a» 

c'  -s-c' 

=  c». 

n^-s-n^ 

=  n-». 

a*  -i-Va' 

=  a*  -i-  a^  =  a*. 

13. 

(a«)»  *  (a 

1 
a 

(c-i)l 

...  .1. 

(ro-i)« 

=  771   *  = • 

(»*)-» 

(«»)i 

.,    1 

n 

14. 

(;-J)-l 
(2«)-i 

=^». 
.=j». 

(x-iyl)-» 

=  a;V 

1 

• 

(o*  X  a»)  - 

^t  =  (a«*) 

-ii- 

"=a-*. 

15. 

(4  a-*)-' 

=  4-«a= 

(276 -8)-^  =  27-^2  =  ^. 

1_ 

32c^' 

(320-w)*  =32*c-*=l 


16. 


16a-*V^      16-^a» 


V8i6»; 

81-56-* 

813^8  6« 

16^ 

27a8  6« 

8 

V166-V 

^     9-3a-« 
16-^6* 

16^ 

9^a«6« 

64 

27a«6« 

(3Sa-3)-^  =3-^^^  =  ^. 

3* 

/256y^        256-5     625^ 
V625/        *"  625 -i^  ~ 


256^ 


125 
64 
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/p4ii  —  y4n  I  a***  —  y«> 


x*"  y  *  —  y  *** 

^— ^— ^»^-^^»     »         ■■■■■  ■  ■ 


a^wy**  —  y^ 
j^y^  —  y** 


9. 


aj  +  y +  2  —  3a;»y»2»  |a*  -f.y»  +z' 


a;  +  x'y'  +  a;*  2*  a;*  —  x^y*  —  a;»z»  +  y*  —  y'z*  +  2* 


—  x*y* 

-JC»^» 

_a;Jy*- 

-3a;*y*2* 
—    a;'y»2' 

+  y-Vz 

—  X*2» 

+  x^y^ - 
—  a;*  2' 

-2x^y^z^ 

—     ;i^y^z^ 

+  y  +  2 

x'y*  +  a;' 2*  —  x^y^t^  +  y  +  2 
a;»y*  +  y*2^  +  y 

—  a;»y'2»  +  a;'2*  —  y'2»  +  2 

—  a;»y»2*  —  y"2»  — y»2" 


a;' 2^  +y'2'  +  2 


10. 

aj  +  y  I  a;*  —  g^y^  +  g^y*  —  a;»y*  +  y^ 

a?  —  x*y"  +  x*y*  +  a;*y*  +  o^y^  aj*  +  y* 


aj*y*  - 

4-  a;*y^  - 
+  a;*y^  - 

-a;*y» 
-a;*y» 

+  y 
+  y 
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11.  a;«y-«  +  2  +  rr-»2/2     [gy-^  +  g-^y 


x^y-'  +  1 


1  +  x-'^y^ 


xy 


-1 


+  »  ^y 


;-4 


12.  a-*  +  a-«6-«  +  6- 


-2 


13.  (4a6-i)» 
(a*  -  6*)2 
(a  +  a-i)« 


16a2  6-«. 
a -2a*  6^+6. 
a«  +  2  +  a-2. 
4a&*-46  +  a-i6*- 


14.   aH 

2(a6)* 
12a-*6-« 


4*  X  2      =4. 
5  x_4  X  J  =  10. 
2v/8  =  4. 
jxjxl     =} 

12x^Xi  = 


15.  {a^-h^f 
(2a;-i  +  a;)* 

(ab-^-by-^)^ 


{2x-'^Y  +  4(2a;-i)»(x)  +  6{2x-^)*{xf 

+  4{2x-'^){xf-\-a^ 
r  16a;-*  +  32a;-2  +  24  +  Sx*  +  a:*. 

,a65-6_6(a56-5x5y-^)+15(a*6-*x5*y-') 
-20(a36-»x5^y-«)  +  15(a26-2x6*y-*) 
-6(a6-ix&5y-*)  +  &*y-* 

:a«6-«-6a56-*y-i  +  15a*6-2y-«-20aV' 
+  Iba^b^y-^  -Qab^y^  +  6*y*. 
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16. 

9a;-*  -18a;-^y^  +  15a;-^y-6a;-^y^  +  y'|3a;-' 
9  a;-* 


-3a;-'v* 


yi±JL 


6a;-'-3a;-^3/^ 


18x-8yi  +  15a;-'y 
18a;-^y^+    9a;-Vv 


6x-*-6a;-*3/^  +  y 


6a;"*y  —  6a;-^y^  +  y^ 
6g-^V  —  6a;'^y*  +  .v' 


3(2a;)»  =  12a;2 
(6g+l)(l)=  +6a;+l 


17. 

|2a;  +  l-3a;-/ 

8a;8  +  12a;>  -  30a:  -  35  +  45a;-i  +  27a;-*  -  27 a;"* 
8ar'_ 

12a;* -30  a: -35 


12ar^+6a;+l 
123^^+123;+  3 


12a;*  +    6a;  +    1 


-18+9a;-'+9a;-* 


12a;*+12a;-15+9a?-i+9a;-* 


-  36a;  -  36  +  45a;-i  +  27a;-*  -  27 a:"' 

-  36x  -  36  +  45a;-i  +  27x-*  -  27a;-» 


18.    v^=v^3x2x2 


3*x2l         19.   [(a**)»x(a;»)-*]3^^ 
3*  X  2«.  * 

3*  X  2* 

=  (a;15«6-105^8a-2 

2'x3  =  24.         =a;5». 


=  [(xlSaJ)  X  (a;-l»)]3a-2 


20.   (a;i8«  X  a;-i*)8«-8 

1 

„  /aa8a-12\8a-2 

=  a;«. 


21.   3  {aS  +  &*)*  -  4(ai  +  6*)  (a*  -  6*)  +  (a*  -  2  6*)* 
=  3a4-6ai6i  +  36-4a  +  46  +  a-4aHi  +  46 


22.  {(a"»)«»-;;»}«+i 
1 


23.  f^Y-.f_^y-' 

=  (a;^)'^  (a;i»)''-« 


X 


M 
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24.  [{(a—)-«M<-^[{(a«)"}-']-< 
=  1. 

By  factoring  the  numerator, 

~  a:'(«-i)  +y«(j»-i) 

s  aP(«-l)  —  y«(P-l). 

Exercise  C. 

1.    3V5   =  V5  X  (3)»      =V45.  2.  3y'v^       =v^81ay. 
3V2l=V21x(3)«    -Vl89.  2xV^  =v^32iV 

5\/32=V32x(5)»    =V800.  a'v'^'         -v^a^. 

a*bVbc=^Vbc  X  (a^6)'  -Va*^.  3c«\^a6c       =\^27a6c^ 

xy/^=\/x^^(xf      -v'idy.  babcy/aSc^  =V26a^b^e. 

16>/lii=>/256  X  Hf  =V244f 

^a;*  +  2a;y  +  y*       ^  a*  +  2a;y  +  y* 

4.    y/a^y^z        =»  xy^y/z. 

V8a»6         =V'4a''x2a6        =2a\/2aF. 

v^MoV^  =v^27ayx"2aS-3ay^f2a?. 
V2i  =:\/ix^  =  2V6. 

\/i25a*5»  =V25a*d»x5c?    =5a»<fV53. 

6.    \/IOOOa        =  v^lO  X  10  X  10  X  a  =  lOv^a. 

v^l60x*y^      =v^20a:yx8ar»y«       -  2a:y»v''20^. 
v^lOSmVo    =v^27m»«»x4n        =3mVv^. 

6.    \/a*-  3a»6  +  3a«6'»  -  o6»  =v^a(a»-3a«6  +  3a6«-6»)  =  {a-h)y/a. 
>/50a«-100a6  +  606«     - V2  X  25(a»  -  2a6  +  6«)  =  5(a-b)V2. 
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7.  2v'80a56V  =  2^16aV  x  5a6V  =  4acv^5^6V. 

7V396^    =  iVMxTTx         =  42\/rr^. 

9v^8r^y^  =  9  v^27yx"3^«        =  27y\^3^. 
6\/726        =  5  Vl21  X  6  =  55  V6. 


o     »/2^       »/2ayV        1  8, 

g*/T"    _a*jSab    __  1  4^ — -. 
i\2a»   ~5>16a*    "26^®"*- 

V3a^6a  _    /3  a^hexy  __    a      ,_ 
1^~\  4c^y*    -2^2V36^. 


10.  il  =  12^  =  2|V5. 
V5         S 

2 


VI701    "^1^  "VH?  =  ^*^^- 
f^\  (^_\h      _  (^Yf\k  ^  (xz\h 


11.  (ao;)  x  (6^0!)*  =  (a^&V)*  =  aSa;  Vi. 

(2a26*)  X  (6V)*  =  2(a«6iV)*  =  2a«6*a;\^. 
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12.  Show  that  \/20,  V46,  V|  are  similar  surds. 

V20=>/4xl  =  2\/5. 
V45=v/5x9  =  3V5. 

Therefore,  they  are  similar  surds  because  they  have  the  same  surd 
factor. 


13.  Show  that  2v/^  v^sF,  j\fj  are  similar  surds. 
Since  they  all  have  the  same  surd  factor,  they  are  similar  surds. 


14.  If  V2  =  1.414213,  flud  the  values  of 

V50;    iV288; 


V50  .  =5\/2 

=  5  X  1.414213 
=  7.071065. 


V2'   V450 
1 


V2 


|V288«}V144x2 
-30\/2 

-30x1.414213 
-  42.426390. 


}V2 
1.414213 

2 
.707107. 


V450 


=VTi^x2 

»iVV2 
-T^X  1.414213 
-0.1414213. 
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Exercise  CI. 

1. 

Which  is  the  greater, 

5.  5VfxWl62. 

3\/7or2Vl5? 

6\/f     =^^14; 

3V7   =V9x7   =V63. 

^V162  =  Va/2. 

2Vl5=V4xl5=V60. 

fVl4xV-V^  =  W>/28 

Since  63  is  >  60, 
.-.  3V7>2\/15. 

Jv^x2v^     =v^  =  2. 

2. 

Arrange  in  order  of  magni- 

6. 2V5-^3\/l5   =fVJ 

tude 

=  iV3. 

9V3.  6\/7,  5>/l0. 

9 

9V3   =V243. 

=  IJ  Vl5. 

6V7   =\/252. 

5\/l0=\/250. 

7.  jV3xtv^-fV2 

Since  V252  >  V250  >  V243, 

=  A  Vl5  -^  f  V2 

•  .-.  6V7>5VIC)>9V3. 

3. 

Arrange  in  order  of  magni- 
tude 

-AVV30. 

4v^.  Sv'S,  5v^. 

Q    2VT0^7V48  .    4VI5' 

4^=^256. 
3v^=\/l35. 

3\/27     5VT4     15\/21 

=  (fxix¥)Vi?x«xtt 

5\/3  =  3v/375. 

=  1V-V  =  ¥  =  4f. 

Since  \^lSd  <  y/2de  <  \/S75, 

.;.  3\/5<4v^256<v/375. 

9.    2v^x5v^^v^l08. 
2v^x5^y32    =10^^128. 

4. 

3V2X4V6       =12\/12 

10\/l28^v^l08  =  10-v^ 

=  24V3. 

=  10-v^if 

^Vl0xAVl5  =  tVl50 

=  10\^'3^7X4 

-^/6. 

=  6tv^. 
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Exercise  Cn. 

1.  2v^  =  2(3)*  =  2(3)*-^&^. 
3V2  =  3(2)i  =  3(2)*  =  v'^882. 
4  v^  =  J  (2)i  =  }  (2)*  -  v^l953J. 

.".  the  order  of  magnitade  is  3V2,  jVi,  2^3. 

.-.  ^>Vf. 

3.  2^J^=v'l76=v^T76»=\''30976. 
3y/7  =v^l89=v^i8^=v''3572r. 
4V2   =\^  -v^   =v^32768. 

.*.  the  order  of  magnitude  is  3\/7,   4V2,   2"\/22. 

4.  3\/l9  =\/l71  -  171*  =- 171*  =  v'TtP  =  v'5000211. 
5v^   =v''250=-250*-250*  =  v'^5C^=v^^2600. 

3\/3  =v^  -81*  -81*  -\/8p  -v'esei. 

.'.  the  order  of  magnitude  is  3'\/l9,    5\/2,   3\/3. 

B.   2Vaixv^3a^xV26x;    \^a»^XV^a^». 
2\/a3c     =2aM. 
^/SM  =  3*a*M. 
V26i  =2i6M. 
v^2«x3«x2»Xa*x&*Xa;  =  2aa;v'72^. 

y/a^xy  =  {a^xy)^  =  (a^xy)^  «=  y/cMy^. 
y/a^3?y^^  X  v^aS^y  =^a«x  a;»  X  y^'  =  a  v^?^. 
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6.  3(4a62)*-5-{2a36)i. 

3  (4  ah^)^  =  3  (4  a¥)^  =  3  Vi6^¥. 

a  or 

(2M6*)x(a*6)  =  2ia«6i 

=  (2a6)«X(3a6')U(5a5»)»  V^/        V^'/      V^'^'/ 

=  ^/(2^»  X  ^/{^  ab^f  -^  ^^^5^  ==?Mx^X  — 

^MfxWi!  =4;i 

A      5a6«  ^ 

=  jV225000a*6*.  ^ 

4Vl2-^2V3  ="  ^^^^y"- 

=  2\/4=2x2«=4. 

9.  (7V2-5>/6-3V8+4>/20)x3\/2. 

V\/2-5\/6-3\/8  +  4\/20 
3\/2 


42-30V3-36  +  24Vl6 
==6-30V3-24VlO. 


10.    V(i|?xV(|i)"  11.  a^b^Xa^b"^ 


\/(4aP?Xv^{2tt26)*  =a-86^c^^rf-^. 

=  (2a5)*.    > 
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Exercise  Cm. 


1.  V27  =  VdxS  =  3\/3 
2V48  =2VT6X3=  8^3 
3\/l08  =  3  V36x^  =  18\/3 


Sum 


=  29V3 


3\/l000=-  3V100xlO=  soVTo 
4\/50     =    4V25x2     =   20\/2 


12VT28   =12Vl44x2   =  144\/2 


Sum         =164\/2  +  30Vl0 


2.    v'T28=\/6rx2 
\/686  =v^343x2 


V16   =V8x2     = 


4^ 
2^ 


Sum 


13v^ 


7v^54   =7v^27x^ 
3-v^l6   =3\/8^ 


=  21v^ 
\/432=    \/216  X  2  =   6v^ 


Sum 


33  v^ 


3.   12\/72   =12(28x3»)i  =  72\/2 
3VI28  =  3(22x4^x2)*=  24  V2 


Difference 


=  48\/2 


7v^     =7(3*)*        =21\/3 
3^^1029  =  3(3  X  73)*  =  21\^ 


Difference 


0 


4.  2\/3+3>/l|-V5f 
=  2V3  +  3Vf-\/^ 
=  2\/3  +  }\/3-tV3 

-|V3. 

2\/|+V60-'\/l5-Vf 
=  §Vl5  +  2Vl5- VT5 

-JV15 


6m* 


a2c(i» 


6m' 


^ft'J     6d     6m  y 
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=  2ay/ab  +  56Va5—  (a  —  56)\/a5 
=  (a  +  106)\/a6. 

7.  cV^b^  -  aVW?  ^  hV^fi^ 

—  abcVab^c^  —  abcVab^c^  +  abcVa^? 
=  abcVab'^c^.  , 

8.  2\/i0     =4.^. 

3\^l08    =3v^3»x2«  =  9v^. 
v^'SOO   =    ^5»  X  2«  =  5v^. 
-\/320   =-\''2*x^  =  -4\^. 
-  2^1372  =  -  2-\/¥x¥ -  -  14 v^i. 
And  4\^  +  9v^4  +  5v^  - 4v^  -  14 v^  =  0. 


•»•  (l^^l)'-(f)'(t)' 


9.   (2\^'3^)»    =[2(3a*6)*]» 
»2»(3a*6)i  =  8a«\/36. 

(3^)«  =[3(3)*]«  Uy        (^9  7^ 

«  32(3)*  =  9  v^3.  ( V27)i=  (27*)^  -  27*  =  v^. 

11.    (v^)*     =(^3*)*=v^. 

(\/512)*    =(v^)*  =  2*        =v^. 

(^6)-*  =  256-A  =  (l)*=(|)*=.i^. 

v^        =(2*)A    =^. 
v^        =(3»)A    =^3. 

12.    v^     -(2«)*=v^.  13.    v^^    =(2'a;«)*     =v^2^. 
'.S/36   =(62)A=v'6.  v/9^^=(3V6*)*=v^3p65. 

v^   =(26)A=V2.  v^T6a«=V^2*a"   =  2M 

v'^  =  (36)*  =  V3. .  =  aV2a, 

Vi^  =  (d^y  =v^.  ^&'32?o-(26aio)*   «2a2. 

^   «(72)i  =V7. 
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14.  (v^)*  =(^»)*=2*  =  2v^. 
(^27)*  =  ( v^»)*  =  3*  =  3  v^. 
(  v^)»  =  ( v^2«)8  =  2*  =  4  v^. 
(\^)«   =(v^)«  =  2*  =  2v^. 

15.  (av^)-»      =(a*)-»        =o-*. 

16.  (\/a+\/5)*  =  (ai  +  5i)3 

'=a^^/a  +  5a''Vb+l0abVa■^l0ab^/b-\^5h^Va^\■b^^/b, 

=  (m*)»  +  3(m*)»a;*  +  3m*(i*)2  +  {x^f 
=  m^  +  3mxVm^3^  +  3a*"N/m*  +  jc*VJf. 

(\/a-2\/6)s  =  (ai-26i)* 

-  {a^f  -  5  (ai)*  (2  6*)  + 10  (ai)»  (2  &*)»  - 10  (a*)'  (2  5*)' 

+  5(ai)(26i)*-(26i)5 
=  a'Va  -  10a«V6  +  40a6\/a- 80a6V6  +  806»\/a  -  3262  VS. 

17.  (2a«-}v^)» 

=  (2a«)«  -  6(2a2)5(}  VS)  +  15(2a«)*(}  VS)«  -  20(2a«)»(}  VS)» 

+  15(2a2)2(}  VS)*  -  6(2a«)(}  VS)5  +  (}  VS)» 

=  64a"  -  d6a}^Vi  +  60a»  -  20a^Va  +  3}  a«  -  f  a*  Va  +  — 

*         '  64 

(2v^-Jyy 

=  (2.t)* -  4(2^t)3  ^1^^  +  ei2xir  (^^J- 4(2.*)  (f  J+ (f  y 

16 
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+  60ar*vy«  -  12a;»y»\^  +  y*. 

18.  fvs ^Y 

V  2V6j 

=  (V^)5  -  5(Va6)*f-^W  10(  VS)»f -^y 

\2VbJ  \2y/hJ 


5 


10>,-5 


a*"c 


-  ijo^c-^  +  A«'«"'-  A«*«"^  +  xii^^c  - 


32        **  "  °*  ^"^  243 

*  2  16 


19. 


fa     c_    /^Y 

■Sj- '  (J^^|)■  ( Vf )  ^ » (!^/J)  (%f )■-  (V?J 


368  ALGEBRA. 


fn^-a'n* 


( 


.  (a-')*  -  4  (a«)»  (a"  ^)  +  6 (a"5)2  (a"  *  )»  -  4  (a* )  (a"  »  )»  +  (a~  «  )* 
=  a*»  -  4a«  +  6  —  4a-»  +  a-*«. 

■(t)'-HW("^)*»(tT("^)" 


_  16a*  _  32a*     8a»     8a^     a^6* 
68         32^      Si''       27        81 

or     16a*6-"8_  ^a*6-*  +  }a«6-2  -  JV«**  +  — • 

81 


-Ht)(**^»TH*'^)* 


\(6c)V         \(6c)V\3a6y         \{bc)^J\SabJ      \3abJ 
(6c)*        V6c     3a6>/         \b^c^J\9a'by      27  o' 


27o»6* 


a*        3ac*        Za^c 

+ 


(6c)3     3a62c     9a26M     27a»6» 

a*        1  ci  c« 

+ 


6M     62^^     3a36t     27a»&» 


fj^__3V6Y 


(ii)'-'(jiT"^'*'(5i)<'^''-"^' 


82i'      4(1  2 
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( 


Vfts      2a) 


a 


I 


3a2  3 


21, 


a^»»  +  6a*»i/»  +  11  ic2»2/2«  4.  6a;«»y*»  -h  y^wLx-s^  +  3a^i/*»  +3/^« 


ar*» 


2iK2»3iC™y« 


6^5myH_{.  llaAj»y2fi 


Sa^  +  ex-"*^/'*  +y^» 


22. 


1  +2a;-i-3a;-^  +  4a;-» 


2  + 2a;-* 


1_ 

4a;-* -2a;-* 
4  a;-  *  +  4  .r"  * 


2  +  4a--*-3a;-8 


-6a--*-    4a;-i  +  25a;-* 
-6a;-* -12a;-*  4-    9ar* 


2  4-4a;-*-6a'-*  +  4a;-i 


8a;-i  +  16a;-*-  24a;-*  +  16a;-2 
8x-i  +  16a;-*-24a--*  +16a;-2 


370 


ALGEBRA. 


(1) 


(2) 


(3) 


(4) 


1. 


V7+V5 

(\/7+V5)(V7-V5) 

_3\/7~3\/5 
2 


Exercise  CIV. 

(1) 


2\/5-V6 

7 


2\/5  4-V6 

as  —  X   . 

2V6-V6     2\/5+\/6 

_7(2V5+V6) 
14 

-J(2V5+>/6). 

4->/2 
1+V2 

(4  -  V2)(l  ~V2) 

(1+V2)(1-V2) 

4-5a/2-I-2 

-1 

-5V2-6. 


6-2V6 
6 


(2) 


(3) 


(1) 


(2) 


X 


5-f  2\/6 
5-2V6^  5  +  2V6 

30  +  12\/6 
1 

30  + 12\/6. 


2. 


a 


V6-Vc 

_         a(Vb-\-y/c) 

(V6+V^)(\/5-V3) 

a(\/6 +Vc) 
6-c 


0  +  6 

0-V5 
a  +  6 


X 


_(o  +  &)(a+V5) 

Va^-2y      v^  +  2y 

_  2(a?  — y)v^  +  3a;y 

3. 

2   __     2(V3) 
V3     (V3)(V3) 

2  V3  ^  3.463 
"3  3 

- 1.154 


V5-\/2 

^         l(V5+\/2) 

(\/5-V2)(V5  +  V2) 

_  V5+\/2 
3 
3.649 


3 
- 1.216. 


teachers'  edition.  371 


(3)       7V5  7  +  2VI0    . 

V7+V3  7-2\/l0 

7V5(V7~\/3)  _(7  +  2Vl0)(7  4-2Vl0) 

(V7  +  V3)(V7-V3)  "(7-2VT0)(7  +  2Vl0) 

49  4-28VI0+40 


7(V35-Vl5) 
4 


49-40 


7(5.9160 -3.8729 )  ^^^±^ 

_  89+28x3.162. 

9 
- 19.726 


4 
=  3.576 


Exercise  CV. 

1.  4+vr3  =  4  +  3ivrT. 

4_vCr3«4_3iV=n'. 

(4  +  3i\/i:i)(4  -  3i V^)  =  16  -  3(-  1)  =-  19. 

V3  -  2\/=r2  =  V3  -  2  X  2i\/=a. 

V3  +  2vCl  =  V3  +  2  X  2i\/^. 

( V3  -  2  X  2^V^){VS  +  2  X  24\/^)  =  3  -  8(-  1)  -  11. 

2.    V54x  V=^  =  3V6xV^  =  3\/^=a2  =  6\/^. 

aV^  X  xV^  =  (a6' V^)  X  (xy*\/^)  =  ab^xyK"  ^ 
=  —  axVby. 

(aiV^  + 64\/=i:)(a*V:ri -MV=a)-a(-l)-6(-l)-6-a. 

a^b^V^  X  a^i^Vin  -  a*6«(-  1)  =  -  a*6*V5. 

4.   (\/3T0)  (VTl)  =  (10i\/=T)(2i V=n:)  =  20i(- 1)  =  -  2V5. 
(2\/3  -  6  V^) (4\/3  -  V^) 
=  (2  X  3i  -  6  X  6i  V=n[)  (4  X  3*  -  5^V^) 
-  24  -  (24  X  3i  X  5i\/3l)  -  [2  X  3i  X  5^V^  +  30(- 1)] 
-.  _  6  -  26(3*  X  5i\/=T)  *-  -  6  -  26  V=l6  -  -  2(3  +  13\/n6). 
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5.   a;V—  1  -J-  y V—  1  = 


■yPri 


av—  i      o; 


yv^    y 


V^      -1 

1    I — r        a'        a»V—  1  / — 

a -^  a' V—  1  =     , = =  — V— a. 

V-1         -1 
6.   V^;^12-^V=^=\/4  =  2. 

Vr5^vr20=v^  =  j. 

Exercise  CVI. 
1.  3. 

Let        v^+v^=Vl4  +  6V5.         Let     Vi +v^=VlO  +  2\/21. 

Then      VS  -  Vy  =  Vl4  -  6  VB.  Then  VS-Vy  =VlO- 2V2i. 

By  multiplying,  By  multiplying, 

a;-3/=Vl96-180.  aj-2/=VlOO-84. 

.•.a;-2/  =  4.  .•.a:-3/  =  4. 

But  a;  +  y  =  14.  But  a; +  2/ =  10. 

.'.a;  =  9,  ^.^2._7^ 

and  2/  =  5.  and  y  =  3. 

.•.V^  +  v^  =  3  +  V6.  ...  Vi  +Vy  =V7  +V3. 

.•.Vl4+6A/5  =  3-f\/5. 
2. 

Let        v^+Vy=Vl7  +  4Vl5!  ^'        

Then      V^-V5?=Vl7-4Vr5.  ^^^     VS  +  V^  =A/j6  +  2^. 

By  multiplying,  Then  y/x  -Vy  =  Vl6  -  2V55. 

a;  -  3/  =  V289  -  240.  By  multiplying, 
.\x-y  =  7.  a?-3/=V256-220. 

But  a;  +  y  =  17.  .•.a;-y  =  6. 

•••a;  =  12,  But  aj+3/  =  16. 

and  2/ =  5.  .-.a;  =  11, 

.-.V^  4-^/^=^12 +\/5  andy  =  5. 

=  2\/3+V5.  .•.V^+\/y=v^+V5. 
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5. 


Let        Vx  -Vy  =V9-2\/r4. 

Then      Vx-vVy  =  Vo  +  2  Vl4. 
By  multiplying, 

a;-2/=V25. 

•  •.  a  — 2/  =  5. 

But  a;  +  y  =  9. 

.'.  a;=  7, 

and  y  =  2. 

.•.Va-Vy=V7-V2. 


8. 


Let     v^  -  Vy  =  V94  -  42  V5. 

Then  y/x -vVy  =V94  +  42  V5. 
By  multiplying, 

a;-y=V8836-8820. 
.'.  a;  — y  =  4. 
But  a;  4-  y  =  94. 

.-.a;  =  49, 
and  y  =  45. 
.•.v^-\/y  =  7-3\/5. 


6. 


9. 


Let         v^_v^=V20-8V6. 

Then      Vx -^Vy  =  V20  +  8  \/6. 
By  multiplying, 

a;-y=V400-384. 
.'.  ic  — y  =  4. 
But  a?  +  y  =  20. 

.'.  x  =  12, 
and  y  =  8. 

.•.V^-Vy=Vl2-V8 

=  2(\/3-\/2). 


Let     V^-\/y=Vl3-2V30. 

Then  Vx-^Vy  =  Vl3  +  2V30. 
By  multiplying, 

x_y=Vi69-120. 
.*.  a  — y  =  7. 
But  a;  +  y  =  13. 

.-.  a;  =  10, 
and  y  =  3. 
,'.Vx-Vy=VlO-V3. 


7. 


10. 


Let         \/S-\/y=V9-6\/2. 

Then     .V^  +  Vy  =  V9  +  6v2- 
By  multiplying, 

a;-y=V81-72. 

.'.  JT  — y  =  3. 

But  a;  +  y  =  9. 

.'.  a;  =  6, 

and  y  =  3. 

.\Vx~Vy=V6-V3. 


Let     Vic-Vy=Vll-6>/2. 

Then  Vx +Vy  =Vll  +  6  V2. 
By  multiplying, 

a;_y=Vl21-72. 
.'.  X—  y  =1. 
But  a;  +  y  =  11. 

•  *.  37  =  y, 
and  y  =  2. 
.•.VS-Vy  =  3-V2. 
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11. 


Let       Vx-Vy  =  Vl4  -  4  V6. 

Then    Vx +Vy  =Vl4  +  4\/6. 

By  multiplying,       

a.-y».Vl96-96. 
.\x  —  y  =  10. 
But  «  +  y  =  14. 

and  y='2. 
.-.  Vx  - Vy  =-  2\/3  -VS. 


14.    . 


Let     \^x -Vy  =V 57  -  12y/T5. 

Then  \/i  +  v^  =  V57  +  12^15. 
By  multiplying, 

x-y  =V3249-2160. 

.".  a;  — y  =  33. 

But  ar  +  y  =  57. 

.•.  a;  =  45, 

and  y  =  12. 

.•.Va  -Vy  =--  3 V5  -  2\/3. 


12. 

Let       Vx  -  Vy  -  VSS  -12  VIO. 

Then    V^+v^=V38  +  12VlO. 
By  multiplying, 

x-y  x,Vl444- 1440. 
.'.  a;  — y  =  2. 
But  a;  +  y  =  38. 

.-.  a;  =  20, 
and  y  =  18. 
.-.  Vi -Vy  =.  2\/5  -  3 V2. 


15. 


Let     Vx  -Vy  =  Vj  -  VlO. 

Then  Vx +Vy  =Vj+\/i0. 
By  multiplying, 

x  -  y  =  V^  - 10. 

.-.  a;-y  =  f. 

But  a?  +  y  =  J. 

.-.  a;  =  f, 

and  y  =  1. 

.•.\/a-Vy  =  jVlO-l. 


13. 


16. 


Let       Vx-V^  =Vl03-12\/lT. 

Then    Vx  +Vy  =Vl03+12Vll. 
By  multiplying, 

x-y=.V  10609 -1584. 
.'.  a:  — y  =  95. 
But  ar  +  y  =  103. 

.-.  a:  =  99, 
and  y  =  4. 

.•.v^-V^-3Vll-2. 


Let     Vi+Vy=V2a+2V^Ip. 

Then  Vx-Vy  ^V2a-2Va^. 
By  multiplying, 

x-y=\/4a'*-4a«+46». 
.'.  x  —  y  =  2b. 
But  a;  +  y  =  2a. 

.'.  a;  =  a  +  6, 
and  y  =  a  —  6. 
.'.Vx  +v^  =Va+&+'v/a— 6. 
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17. 


Let  Vx  -y/y  =Va«- 26V'a«  -  6». 

Then  Va  +  Vy  =  Va^  +  2h^/a'^'^^, 

By  multiplying, 

x-y^Va*  -  ^a^b^  +  4i*. 

.'.  X  —  y  ^  a*  —  2b^. 

But  a:  +  y  =  a'. 

.'.  a;  =  a*  —  6*, 

and  y^h^. 

•••  Va  — v5  =»  Va*  —  d'  —  6. 

la 

Let  V5  -Vy  «V87- 12^42. 

Then  ar-y  =V7569~6048. 

.*.  a;  — y  =  39. 
But  a:  +  y  =-  87. 

.-.a;  =  63, 
and  y  =  24. 
.•.\/5-Vy=V63-V2i 
-3V'7-2V6. 


19. 

Let  Vi-y/y  -V(a  +  6)2  -  4 (a  -  6)  VS. 

Then  Vx  +  Vy  =  V(a  +  by  +  4(a  -  6)\/a6. 

.\x-y=Va*-12a^b-{-  38a*6^  -  12a6»  +  6* 
=  a*  -  6«6  +  i>«. 
But  a;  +  y  =  a*  +  2a6  +  6*. 

...  a;  =  (a-^>)^ 
and  y  =  4a6. 
.*.  Va  —  Vy  =  a  —  6  —  2Va6. 


Exercise  CVII. 


1.  r/r^S-S. 

Sqaaring,  1  —  5  —  4, 


2.   2V^^i-x^i, 

2V-Sx  +  4  =  a  +  4, 

12x  +  lC>^^  +  Si 


i)- 


4.         v'3i-2  =  2(i 
Squaring, 

3i-2  =  4x'-32^ 
41"  -  35  a:  =  -  66, 
64a^-()  +  (35)'  =  169, 


i(x-4)-0. 


3.   ,3-v'?^l-2i^ 

Squaring, 
9  -  121 +  41"- I* -1, 


-30, 


3j.>-6=*V0, 
33' =  (5*1/0. 


6.     4r-12v^=16. 
Divide  by  4, 

a;-3v^=4, 

3v^-3;_4- 

Squaring,      9a;  =  i'  — 8. 

I-- 171  = -16, 

ix'-6Sx  +  2m-225. 

2i-17-±15. 

.-.a;  =  16  or: 


-4  +  2;c-l  =.36, 

ajr^T  71^  =  33-33:. 

:'+  283:-  ]fl  =  I6S9  -  WSx  +  9i», 

i'-22n.r  =  -1105. 
-()4(113)'  =  {113)«-1105. 
x-n3  =  ilO«. 
.-.1-221  or  5. 
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7. 

«  

Vl3aj-1  -V2a;-1  =  5. 
Squaring,         

13a;  -  1  -  2V26a;2-15a;  +  l  +  2a;  -  1  =  25, 

15aj  -  27  =  2y/26x^-Wx  +  l. 
Squaring,  225  a;^  +  810  a;  +  729  =  104  a;^  _  60  a;  +  4, 

121a;2- 750  a;  =  -725, 
58564a;2  -()  +  (750)'  =  211600, 

242  a; -750  =  ±460, 

242a;=1210or290. 
.*.  a;  =  5  or  1^2^- 

8. 

V4  +  a;  +  VS  =  3. 
Squaring,  4  +  a;  +  2'\/4a;  +a;*  +  a;  =  9, 

2V4a;  +  a;2  =  5-2a;. 
Squaring,  16a;  +  4ar^  =  25  -  20a;  +  ix^, 

36a;  =  25. 

»\  X  =  f^. 

9. 

V25  +  a;  -HV25-a;  =  8. 
Squaring,  25  +  a;  +  2V625  -  a;^  +  25-  a;  =  64, 

2  V625  -  ar2  =  14, 
2500 -4a;2=  196, 
4a;2  =  2304, 
2a;  =  ±48. 
.'.  a;  =  ±24. 

10. 


a;2  =  2l4-Vx^-9. 
x2_2l=Va;2-9, 
a;*-42a;2  +  441  =  a;2-9, 
a;*  -  43a;2  =  -  450, 
4a;* -172.^2  =  -1800, 
4a;*-()  + (43)2  =  49, 
2a;2  -  43  =  ±  7, 

x'  =  25  or  18. 
.•,a;  =  ±5  or  ±  3V2. 
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11. 

2a?  -v^8ar»  +  26  +  2  =  0. 

v^8ar»  +  26  =  2a;  +  2, 

8j;»  +  26  =  8ar»  +  24a;»  +  24ir  +  8, 
24r»  +  24a;=18, 
4a;*  +  4a;  =  3, 

2a;  +  l  =  ±2. 
.'.  a;  =  J  or  —  f. 

12. 

Va?  +  1  +  Va;  -f  16  =  Va;  +  25. 

a;  +  l  +  2Va;»  +  17a;  +  16  +  a;  +  16  =  a;  +  25, 

2Va;«  +  17a;  +  16  =  8-a;, 
4a;«  +  68^  +  64  =  64-  16aj  +  a;», 
3ar»  +  84a;  =  0, 
a;2  +  28a;  =  0. 
a;(a;  +  28)  =  0. 

.•.  a;  =  Oor  —  28. 

13. 

V2a;+1  -Va;  +  4  =  iVx^-^. 

2a;+l-2\/2ar»  +  9a;  +  4  +  a;  +  4  =  -^— ?. 

, 9 

27  a;  +  45  -  18V2g*  +  9g+T=  a;  -  3, 

18V2a;*  +  9a;"T4  =  26a;  +  48, 

9V2a;2-f  9a;  +  4  =  13a;  +  24, 
162a^»  +  729a;  +  324  =  169a;2  +  624a;  +  576, 
--7a;2^  105  a;  =  252, 
i  ar»-15a;-:-36, 

L  4a?»-()  +  225  =  81, 

2a; -15  =  ±9. 
.•.  a;  =  12  or  3. 

14. 

Va;  +  3+Va;  +  8  =  bVx. 
«  +  3  +  2Va;»  +  lIa;  +  24  4-a;  +  8  =  25a;, 

2\/i2  +  11  a;  +  24  =  23  a;  - 11. 
4ar2  +  44a;  +  96  =  529a;2  -  606a?  + 121, 
525a;2-550a;  =  -25. 
21ar'-22a;  =  -l. 
f  1764ar« -0  +  484  =  400, 

.    42a; -22  =  ±20. 

.'.  a;=*  1  or  ^. 
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16. 

V3  4-a;  +V^  = 


V3  +  aj 

Clear  of  fractions,    3  +x  +  VslcT^  =  6, 

VSxTl^  =  3  -  a;, 
3a;  +  »3  =  9-6aj  +  ««, 
9a;  =  9. 
.'.  x—1. 


16. 


16 


V^-1 

6>/^'=T:  =  17-a;«, 
36a:a  -  36  =  289  -  34x«  +  a?*, 
ar*_70a;«  =  -325, 
«*  -  (  )  +  (35)^  =  900, 
a;»  -  35  =  ±  30, 
o:^  =  65  or  5. 
.".  X  =  ±  V65  or  iVS. 

17. 

1  1  1 

+ 


■y/x  +  1      Va;—  1      Vx*  —  1 

y/x—  1  +Va;  +  1  =  1, 

Va;-1  =  1  -  Va;  +  1, 
x-l  =  1  -  2Va;  +  1  +  a?  +  1, 
2VxTl  =  3, 
4a; +  4  =  9. 
.'.  x=  IJ. 

18. 

Va;  +  2  a  —Vx  —  2a      x 
Vx-2a+Vx  +  2a     2a* 

2a  Va;  +  2a  —  2a\/x  —  2a  =  xVx  —  2a+  xVx  +  2a, 
(2a  —  a;)  Va;  +  2a  =  (2a  +  ar)Va;— 2a, 
(4a»  -  4aa;  +  a;*)(a;  +  2a)  =  (4a2  +  4aa;  +  x^)(x  -  2a), 
a^  -  2aa;*  -  4a'»a;  +  8 a«  =•  a;^  +  2aa;2  -  ^a^x  -  8a», 

4aar'=*16a». 
a;=  £2a. 


.  . 
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19. 


3a;  -\-y/^x  —  x^ 


3  a;— V'4a;  — jc* 

3a;  +V4a;  — a;^  = 

3V|7^  = 

V4x  — a;*  = 

4a;  — a;*== 

2a;2-4a;  = 

2a;(a;-2)  = 


=  2. 


6a;-2V4a;-a;», 

3  a;, 

a;, 

^, 

0. 

0. 

0or2. 


20. 


V7a;2  +  4  +  2\/3a;-l 


V7a;2  +  4-2V3a;-l 


=  7. 


V7ar^  +  4  +  2V3a;-l 

16V3a;-l 

8\/3a;-l 

192ar-64 

63a;2_i92a; 

4(63a;)2-()  + (192)2 
126  a; -192 


7V7a;^  +  4-14V3g 

6V7a;='  +  4. 

3V7a;2  +  4, 

63a;2  +  36, 

100, 

11664, 

±108. 

2A  or  f . 


-1, 


21. 

V(a;-a)2  +  2a6  +  62 
ar^-2aa;  +  a2  +  2a6  +  62 

2hx 
2x 


■  x~a-\-h. 

:  3? -^a^ -^h^-2ax-2ah  +  2hx, 

A  ah, 

4  a. 

2a. 


22. 

V(a;  +  a)2  4-2a6  +  6^ 
a;»  +  2aa;  +  a2  +  2a6  +  62 

26a; 


•    •    sv  —** 


h  —  a  —  x. 

62  +  a2  +  a;2-2a6  +  2aa;-26a;, 

—  4a6. 

-2a. 
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23. 


V3a;+36  +V3a;-36  =  V8^, 


3aj  +  36  +  2V9aj«-1296  +  3a;  -  36  =  8a;. 

2V9a;2_i296  =  2a;, 
V9a;2-1296  =  a;, 
9a^-1296  =  a;a, 
iB»  =  162. 
.-.  a;  =  db9V2. 


24. 

4a.i _  3(xi  +  l)(a;4  -  2)  =  a;^(10  -  3a;*). 
4a;i  -  3a;  +  3a;H  6  =  lOa;*  -  3a;, 

3a;' =  6, 
9a;  =  36. 
•  •  a;  ^^  »• 

25. 

(a;*  -  2)(a;*  -  4)  =  a;*(a;*  -  l)^  - 12. 
a-S  _  2a;'  -  4a;5  +  8  =  a;S  -  2a;^  +  a;*  -  12, 
5  a;*  =  20, 
x^  =  4. 
Kaise  to  third  power,  x^  =  64. 

.'.  a;  =  +  8. 

26.     a;3--4a;3  =  96.  27.        a;  +  a;-i  =  2.9. 

jc3_4a.i  +  4  =  100,  a;  +  i  =  2.9, 


X 


ii~2  =  dbl0, 


X 

a;2  +  l  =  2.9a;, 
a;^  =  12  or  -  8,  iq^  _  29a;  =  - 10, 

x^  =  \/l2  or  -  2.      400a;2  _  ( )  +  (29)^  =  441, 
.-.  a;  =  (\/l44)or4  20a; -29  =  ±21. 

=  2\/l8or4.  .-.  a;  =  |or  2}. 
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28. 

Multiply  by  a;*,  x  +  2  a'  =  3  ax^, 

a;— 3oa;i  =  ~2a', 
4a;-()  +  9a2  =  a>,  • 
\/4Jc— 3a  =  ±a, 
y/4:X  —  Sa±a, 

4a;  =  16a«or4a». 
.'.  a;  =  4a*  or  a\ 

29. 

81^  +  4^  =  520?. 
Vx 

Six* +81  =  52a;*. 
Transpose,  52a;*  -  81  a;*  =  81, 

(104)2a;*-()  + (81)2  =  23409. 
104  a;* -81  =  ±153, 

104  a;*  =  234  or  -  72, 
a;»  =  |or-A, 

.-.  a;  =  ±  V  or  ±  ^?^V^ri3. 


Exercise  CVin. 
1. 

a;»-3a;-6Va;'»-3a;-3  +  2  =  0. 
Add  —3  to  both  sides, 
(aJ-3a;-3)-6(a;2_3a._3)i^_5^ 

(a;2_3a;_3)-(J  +  9  =  4, 
(aJ_3a;-3)i-3=-±2, 
(a^«3a;~3)i  =  5orl. 
aJ-3a;_3  =  25or  1, 
a;* -3a;  =  28  or  4, 
4a;»-()  +  9  =  121or25, 
2a;-3  =  ±ll  or±6, 
2a;  =  14,  -8,8,-2. 
a;-7, -4,  4, -1. 


•    • 
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2. 

X      x'     36 

Subtract  2  from  [  x'  +  —  Y  and  from  — 

\^        xy  36 


("4T-(-:)- 


65 
36 


(-9 


o       2         5  _     13 
2x  —  ~  —  :7  or  --  -—» 
X         o  3 

6a;*-6  =  -5a;or-13a:, 

6a;*  +  5x=6, 

144ar»  +  ( )  +  25  =  169, 

12jc  +  5  =  ±13. 

.•.  a;»=f  or  —  IJ. 

From  6x2-6  = -13aj, 

6ar2  +  13a;  =  6, 

144a:2 +  0  +  169  =  313, 

12a;  +  13  =  ±V313. 


3. 

(2ar»  -  3a;)2- 2(2a;'-3a;)  -  15. 
(2a:2~3a:)2-()  +  l  =  16, 
{2x^-Sx)-l^±4:, 

20,-2 -3a;  =  5  or -3, 
16x2-0 +  9  =  49  or -15, 


4a;  -  3  =  ±  7  or  ±\/-15, 
4a;=10, -4,  3±\/irT5. 


.•.a;-2J, -1,  J(3d:V~16). 
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4. 

{ax- 

-by  +^a{ax  —  b)  = 

9a2 

4 

• 

4{ax  — 

bf-¥lQa{ax-b)  = 

9a^ 

4(aa! 

?-6)2  4-()  +  16a«  = 
2(aa;— 6)  +  4a  = 

25  a2, 
±5  a, 

2(ax-b)  = 

a  or  — 

9a 

» 

2ax  = 

a  +  26 

or 

26- 

-9a. 

m     •    Jv  — ^ 

a  +  26 

or 

26- 

-9a 

2a 


2a 


5. 


Z{23^-x)^{2u?-x)^^2, 


36(2ar»-ic)-(J-l-l 

6(2a;2-a;)i 

{2a;2-a;)* 

2a;''-a; 

16a;* -8a; 

16a;3_()  +  l 

4a;-l 

m     *    X 


25. 

±5, 

6  or -4. 

lor -J, 

lorf, 

8  or  3^, 

9  or  -V^, 
±3or±jV4l. 

l,-J.Ja±iV41). 


6. 

15a;-3a;2  +  4(a;*-5a;  +  5)i=16. 

Change  signs  and  add  15  to  both  sides, 

(3x2  _  15a;  +  15)-4(a;*-5a;  +  5)^  =  -  1, 
3(ar^ -5a;  +  5)  -  4(a;2  -  5a;  +  5)^  =  -  1, 
36(a;2-5a;  +  5)-()  +  16  =  4, 

6(a;2-5a;  +  5)i  =  6or2, 

(a;2_5a;  +  5)i  =  lor  J, 

a;^  — 5a;  +  5=  1  or  J, 

a;*  —  5a;  =  —  4  or  —  4f, 
4a;2-()4-25  =  9or-^, 
2a;  — 5  =  ±3  or  ±  J. 
.•.a;  =  4,  1,3§,  IJ. 


t*~    -5-. 
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7. 
Extract  the  root,  2fa;  +  -)  =  4or—  6, 


4 


(•4)- 


1 
X  +  -  =  2  or  —3, 

X 

a?*  +  1  =  2a;  or  —3iB. 

For  first  value,  a;*  +  1  ==  2  a?, 

ar^-2a;^ 1, 

a;2- 2a; +  1  =  0, 
a;-l=a 

For  second  value,  a;^  +  1  =  —  3  a;, 

a;^  +  3  re  =  —  1, 
4a;2  +  ( )  +  9  =  5, 

2a;  +  3  =  ±V5. 

...  a;  =  J(-3±\/5). 


8, 


a;2+Va;2-7  =  19. 
Subtract  7  from  each  side, 

(ar2  -  7)  +  (a;2  -  7)'  =  12. 
4(a;2-7)  +  ()  +  l  =  49, 
2(a;2_7)^  +  l  =  ±7, 
2(ar^-7)5  =  6or-8, 
(>_7)i  =  3or-4, 
a;2  _  7  =  9  or  16, 
x^  =  16  or  23. 
.•.  a?  =  ±4or±\/23. 
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Squaring, 


9. 

6{x^  +  x)  +  {x*-\-x)^ 

U^x^  +  x)  +  {)  +  l 

12(aj«  +  a;)Hl 

(x^  +  x)^ 

{a^  +  x)  ■■ 

2a;  +  l  = 

10. 

(x  +  l)i  +  {x-l)^  = 
aj  +  l  +  2(a:«-l)*  +  a;-l  = 

4a^-4  = 
100  a;  = 


7. 

169, 
±13, 
1  or-{, 
lor  A 


5  or3^ 

±V5  or  ±} V58. 

J(-l±\/5)orJ(-l±}V58). 


5, 

25, 

25  -  2a?, 

625- 100  a; +  4aj», 

629. 


11. 

a;-l  =  24-2a;*. 


a;-l  = 


a;* 
a:^-2 


a;» 


=  3. 


Squaring, 


If 
If 


aj»-3a;i  = 

aj*— 6x'^  +  9a:  = 
a*-6a;2_,.93,_4^ 

{x~l)(x'--5x  +  4)  = 
'.  (x—  1)  or  (a:^  —  5a;  +  4)  = 

(x-l)  = 

a;  = 

a;*— 5a; +  4  = 

a^— 5a;  = 

4a;2-20»  = 

4a?»- 20x4-25  = 

2a;-5  = 

2a;  = 


3a;i, 

2. 

4, 

0, 

0. 

0. 

0, 
1. 

0. 

-16, 

9, 

±3, 
8  or  2. 
4  or  1. 
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12. 

V3x  +  5  -V3a;-5  =  4. 

V3a;  +  5  -V3a;-5  +  4,  

(3a;  +  5)  =  (3a; -5)  +  SVSx^  +  16, 
6  =  8V3a;-5, 
36  =  192  a; -320, 
-192  a;  =  -356. 
.-.  a;  =  ljf 


13. 

(a;*  +  l)-a;(a;«  +  l)  =  -2a;«. 
Transpose,  a^ +  2x^  •^l  —  x(x^ +  1)  =  0, 

{x^  +  lf-x{x^  +  l)=^0. 
Multiply  by  4,  and  complete  the  square, 

{x^  +  lf -0  +  3^  =  3^. 
Extract  the  root,  2  (a;^  +  1)  —  a?  =  ±  x, 

2ar»  +  2  =  2a;or  0. 

For  first  value,  2ar^-2a;^ 2. 

Multiply  by  2,  and  complete  the  square, 

4ar»-()  +  l  =  -3^ 

Extract  the  root,  2a;  —  1  =  ±  V—  3. 

.-.  a;  =  J(l±\/3). 
For  second  value,  2x^  =  —  2, 

x^  =  -l. 
.•.  a;  =  ±V^. 

14. 

2a;2  -  2V2x^-5x  =  5{x  +  3). 

2a?»-5a;-2V2a;2-5a;  =  15, 
(2x^  -  5x)  -  2(2a;2  -  5x)^  +  1  =  16, 
(2a;2-5a;)5-l  =  ±4, 

(2a;2-5a;)i  =  5or-3, 
2a;2-5a;=25or  9, 
16a;2-() +25  =  225  or  97, 

4a;  —  5  =  ±  15  or  ±  V97, 

4a;  =  20,  -10,  (5+\/97),  (5-V97). 
.-.  a;  =  5,-2},i(5+V97U(5-V97). 
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15. 

Complete  the  square, 

(«  4-  2)  -  4a;Va;  +  2  +  4(e=  =  16aj«, 

y/x  +  2  —  2x  =  ±4:X, 

Va:  +  2  =  6a;  or  —  2a?, 
«  +  2  =  36a;2or4a*, 
36a;«-a!=.2, 
5184ar'- 144  a;  =  288, 
5184a;2-()  + 1  =  289, 
72a;-l  =  ±17, 

72a;  =  18  or -16. 
,\x  =  i  or  —  f. 
Also,  a; +  2  =  4a;*, 

4a;2_a.^2, 
64  a;' -16a;  =  32, 
64a;«-()4-l  =  33,_ 

8a;-l  =  i:>/33.  _ 

.•.a;  =  i(l±V33). 


16. 


V2a;  +  a  +V2a;  — a  = 

2aJ  +  a  +  2V4a;'-a^  +  2a;-a  = 

2V4a;2_a2  = 

16a;2-4a2  = 
Sb^x  = 

•  .  a;  ^= 
17. 


b. 

h\ 

6'  — 4a; 

6*  -  8  6«a;  +  16  »*, 

4a2  +  6*. 

4o^  +  6* 

86' 


V9ar^  +  21a;  +  l-V9a;'  +  6a;  +  l  =  3a;. 

9a;' +  21a;  +  l-2V81a;*-h  243  ar^  + 144  a;'  + 27a; +  l+9a;'  +  6a;  +  l  =  9a;', 

2V81ar*+  243ar3  +  144a;'  +  27  a;  +  1  =  9a;'  +  27  a;  +  2, 
324a;*  +  972ar»  +  576a;'  +  108  a;  +  4  =  81a;*  +  729  a;*  +  4  +486ar» 


Or. 


243  a;* +  486ar»- 189  a;' =  0, 
27a;'(9a;'  +  18a;-7)  =  0. 

.'.  a;  =  0. 
9a;' +  18a;  =7, 
9a;'  +  ()4-9  =  16, 
3»  +  3  =  ±4, 
3a;  =  1  or— 7. 
.'.  »  =  J  or  —  2J. 


+  36ar«  +  108a;, 
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18. 

re*  —  4a;*  +  a:"*  +  4a?"'  =-  -  J. 

Since  a;*-2  +  — =  f  a:* A  * 

(-•-rJ-H-'-i)-*" 

(^-i,)-2-.,, 

2a;*-2  =  3ar*or5a:', 
2a;*-3aj*  =  2, 
l^a;*-()  +  9  =  25, 
4a;*-3  =  ±5, 

4a;*  =  8  or  -2, 
a;*  =  2  or  -  }, 

.-.  a;  =  ±2V2  or±}\/^. 

Also,  2a;*-2  =  5a;* 

2a;*-5a;*  =  2, 

16a;*~()  +  25  =  41, 

4a;*-5  =  ±V4l, 

a;*  =  i(5±V41). 

.•.a;-[}(5±V41)]». 


390  ALGEBRA. 


19. 

(2a;  +  Zyf  -  2{2x  +  3y)  =  8  (1) 

2,-2-^2  =  21  (2) 

Add  1  to  both  sides  of  (1),  ^ 

(2a;  +  Syf  -  2(2a;  +  3y)  +  1  =  9. 

Extract  the  root,  (2  a;  +  3y)  —  1  =  ±  3, 

2a;  +  3y  =  4or-2  (3) 

...^==izi3t/,,_2  +  3^, 
2  2 


•  _  16-24  +  9.v^      4-|-12y  +  9.v 


Substitute  value  of  a^  in  (2), 


16-24y  +  9yV^y,^^^^ 

5y2  -  24y  =  68, 
100y2  -  ( )  +  576  =  1936, 
lOy  -  24  =  ±  44, 

10y  =  68or-20. 
.'.  y  =  6f  or  —2. 

Substitute  second  value  of  a;^  in  (2), 

4  ^ 

5y2  +  12y  =  80, 
100y2  +  ( )  +  144  =  1744, 
f  10y  +  12  =  ±4Vl09, 


10y  =  -12±4VT09. 


.•.y  =  -U±§VT09 
=  .|(-3±Vl09). 
Substitute  first  values  of  y  in  (3),      a;  =  -  8^,  5,  2  +  K"  3  ±  Vl09). 
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20. 

X  +  y  -\-  Vx  -\-y  =  a, 
X  —  y  -v  Va;  —  y  =  h. 

4(a;-y)  +  ()+l  =  46  +  l^__ 
2{x  +  I/)*  + 1  =  ±V4a  +  l, 
2(a;-y)^  +  l  =  ±V4T+T, 
2(a;  +  y)*  =  - 1  ±V4a  +  l, 
2(a;-y)i  =  -l±V46  +  l, 


4(»+y)  =  4a+  1  ±2V4a+l  +  l, 
4(a;-y)  =  46  +  1  ±  2V46  +  1  4- 1, 

8a;  =  4<i  +  46-|-4±2V4a+l±2V46-|-l. 
.-.  a;  =  J(a  +  6+l)±J(>/4a+I±V46Tl). 

8y  =  4a-46i:2V4a  +  lT2V46Tl. 
.-.  y  =  J(a-&)±i(>/4^TlTV4F+l). 


21. 

a*  -  a^^y^  +  y*  =  13  (1) 

x2-a:y +  2/2  =  3  (2) 

Square  (2),      a^+3a;y +3/*-2a:'2/-2ay»  =  9  (3) 
Subtract  (3)  from  (1),  23?y^-2xy^-^y^  =  4. 

Divide  hj  2xy,  x^  —  2xy+y^  =  —  (4) 

xy 

2 

Subtract-(4)  from  (2),  xy  =  3 

xy 

. *.  a^y^  —  Sxy  =  —  2t 
4a;y-()  +  9  =  l, 
2a;y-3  =  ±l, 

a^  =  2  or  1  (5) 

Subtract  (5)  from  (2),      a"  -  2a:y  +  y^  =  1  or  2, 

a;  — y  =  ±lor±V2  (6) 

Multiply  (5)  by  3,  and  add  to  (2), 

ar^  +  2a;y +  y*  =  9  or  6, 

a;  +  y  =  ±  3  or  ±  \/6  (7) 

Add  (6)  and  (7),  2a;  =  ±  4,  ±  2,  or  ±\/2  ±  \/6._ 

.-.  a:  =  ±2,  ±1,  or  J(±\/2±V6). 
Subtract  (6)  from  (7).  2y  =  ±  2,  ±  4,  or  t  \/2  ±  V6. 

.'.  2/  =  ±l,  ±2,  or  J(t\/2±V^). 
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22. 

a;'  +  y^  -f-  a;  +  y  =  48 

2icy  =  24 

»                               Add  (1)  and  (2),        a;*  +  2«y +y2-f  ar +  y  =  72, 

(a;  +  y)2  +  (a;  +  y)=72. 
Complete  the  square,       4(a;  +  y)*  +  ()  +  1  =  289. 
Extract  the  root,                      2(a;  +  y)  +  1  =  ±  17, 

•(1) 

(2) 

x  +  y^8  or —9 

(3) 

From  (2),                                                    a:=^^. 

12 
Substitute  value  of  x  in  (3),                    +  y  =  8  or  —  9 

if 

12  +  y*  =  8y  or-9y, 

y^-8y 12, 

y«-()  +  16  =  4,. 
y-4-±2. 

- 

.  •.  y  =  6  or  2» 
Also,                                                  12+y>  =  -9y, 

y»  +  9y  =  -12. 
Complete  the  square,             4y*  +  (  )  +  81  =  3S, 

2y  +  9  =  ±V33, 
2y  =  -9rtV33. 

•••y  =  J(-9±V33). 

Substitute  values  of  y  m  (3),                      ;c  =  2,  6,  J(-  9  t  V33X 

23. 

y?  -\-xy  +y^  =  a* 

(1) 

X  +  -^/xy  •^y  =  b 

(2) 

..9 

Divide  (1)  by  2,                          x  ~y/xy  +  y  =  - 

b 

(3) 

Subtract  (3)  from  (2),                            2V^  -^^  "  ^*. 

h 

Divide  by  2,                                            Vojv  -^  ~  "'■ 

^         2b 

. 

Sqimrinp                                                          ^.  _  h*  -  2 a^b' -\- a* 

(4) 

U^ 
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Add  (1)  and  (4),   a^  +  2xy-\-y^  = — 

Extract  the  root,  a;  + 1/  =  ±  (o) 

From  (4),  -  3  a;y  = ^^ — '  (6) 

Add  (1)  and  (6),   ««  -  2  a:y  +  y^  = j^^ 

Extract  the  root,  a;  -.3/  =  ±  ^  VlO  a'-^ft^  -  3  a*  -  3  6*      (7) 

(5)is  ^  +  2/  =  ±-Y5-' 

Add.  2x  =  ±^4r^±-^Vl0a^h'-Sa*-U*. 

'  26       26 

Subtract  (7)  from  (4),       '    2y  =  ±^^TJ^y/l0d%^-3a^-Sb\ 

46 
.'.y^—  [±  (a»  +  62)  +  VlOa262-3a*-36*]. 

24. 

(aj-y)2-3(aj-2/)  =  10  (1) 

a;y-3a;2/  =  54  (2) 

Complete  the  square  of  (1),  4  (a?  -  y)^  -  ( )  +  9  =  49, 

2{x-y)  +  S  =  ±7. 

.*.  a;  — y  =  5  or  —  2  (3) 

Complete  the  square  of  (2),      4a;y  -  (  )  +  9  =  225, 

2xy  -  3  =  ±  15. 

.-.  a;y=9or-6  (4) 

Square  (3),  a:*- 2a^  +  y*  =  25  or  4. 

Multiply  (4)  by  4.  4x3/  =  36  or  -  24. 

Add,  a^  +  2aJ3/  +  2/2  =  1,  40.  61,  - 20. 

.-.  a;  +  y  =  ±l,  ±  2  VlO,  ±V6i,  ±  2  V^  (5) 

From  (3)  and  (6),        a;  =  3,  2,  }  (5  ±  2  VTOH  (5  ±  V61),  j- (5  ±  2  >/=r5), 

-j,-f, -liVio,  i(-2±V6i),-i±v::5. 

y  =  -2,  -3,  }(-5±2VlO).  i(-5±V61), 

}(-5±2V^),  I,  J,  1±VI0,1±  V6T,1±V^. 
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25. 

(a;  +  yf  =  2(x-  yf  (2) 

From  (1),  Vx--\/y  =  x  +  x^y^  (3) 

Square  (3),  x  —  2Vxy  -\-y  =  x^  +  2xVxy  +  xy, 

x  —  a:^  —  xy  +  y  =  2xVxy-{-2Vxy  (4) 

From  (2),  x"  +  2xy  -hy^  =  2x'~  4:xy  +  2y», 

x^-}-y'  =  6xy  (5) 

Subtract  2xy  from  both  sides  of  (5), 

o:^  —  2xy  +  y^  =  ^xy. 
Extract  the  root,  x—y  =  ±  2Vxy. 

Substitute  x  —  y  for  2Vxy  in  (4), 

X  —  x^  —  xy  -^  y  =  x^  —  xy  +  X  —  y, 
or  x^  —  y  =  0. 
.-.  y  =  a;2. 
Substitute  a^  for  y  in  (5),  x^  +  x*  =  6s^  (6) 

x'^  =  0  ot1  +  s^  =  6x. 


If 


a;  =  0,  y  ==  0. 


a;2_6a;  +  9  =  8, 

a;-3  =  ±V8, 

x  =  {3±2V2).     . 
Since  y  =  aj2^ 

2/  =  (3'±2V2)». 
26. 

ic?/ -(a; +  3/)  =  54  (2) 

Square  (1),  -^  +  2  +  ?-±i^  =  4 

a;  +  y  Src 

Simplify,  9x^  +  x^  +  2xy  +  y^  =  ex^  +  6xy, 

iiX^  —  Axy  +  1/2  =  0. 
Extract  the  root,  2x  —  y  =  0  (3) 

*     1/  =  2  7* 

Substitute  value  of  y  in  (2),  2  a;^  -  3  a;  =  54 

16a;2-()-f9  =  441, 
4a;- 3  =  ±21, 

4a;  =  24  or -18. 
.  •.  a;  =  6  or  —  4}. 
.-.  3/ =  12  or -9. 


' 
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27. 

X  +  y  -\-Vxy  =  28 

(1) 

x^-\-y^  +  xy  =  336 

(2) 

Divide  (2)  by  (1), 

x—y/xy  +  2/  =  12 

(3) 

Subtract  (3)  from 

(1). 

2  V^  =  16, 

v^  =  8. 

» 

0:2/  =  64 

(4) 

Add  (4)  and  (2), 

a:" +  2a;y +3/^  =  400. 

Extract  the  root, 

x  +  y  =  ±  20 

(5) 

Multiply  (4)  by  3,  and  subtract  from  (2), 

K^  —  2iC2/  +  y'  =  144. 
Extract  the  root,  a;  —  y  =  ±  12  (6) 

Add  (5)  and  (6),  2 a;  =  dt  32  or  ±  8. 

.'.  a;  =  ±16  or  ±  4. 
Subtract  (6)  from  (5),  2y  =  ±  8  •  or  ±  32. 

.-.  y  =  ±4    or  ±  16. 

28. 

--3aar=V4a:3^9^_^27a^. 

a  4 

4^^-120=^3;  =  4aa;V4aj  +  9a  +  27  a», 
120^0;  +  27  a'  -  4aa;V4a;  +  9a  =  4x^ 
3 a^ (4a;  +  9 a)  -4aa;V4a;  +  9a  =  4a;2, 
36a'(4a;  +  9a)-48aa;V4a;  +  9a  +  16a:2  ^  643,2 
Extract  the  root,  6a(4a;  +  9a)i  —  4a;  =  ±  8x. 
Divide  by  2,  6a(4a;  +  9a)*  =  12a;  or  —  4a;. 

Square,  3a(4a;  +  9a)*  =  6a;  or —2a; 

Transpose,  36  a^a;  +  8 1  a'  =  36  a;*  or  4  a- 

36jB2-36a2a;  =  81a», 
and  4a;2_  36^22.  _  81  a». 
36a;2_  36a2a;  +  9a*  =  9a*  +  81  a», 

6a; -  3a2  =  ±  Zay/d?'  +  9a, 

6a;  =  3a2  ±  3aVa'^  +  9a. 

. •.  x^-{(i±.  y/a^  +  9 a). 

From  4a;2  -  36a2a;  =  81  a', 

4a.2_()+81a*  =  81a2(a2  +  a), 
2a;-9a2  =  ±9a(a2  +  a). 


9a 


.*.  a;  =  — ^  (a  ±  Va^  +  a). 
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29. 

(a;  + 1  +  x-'^){x  —  1  +  a;"i)  =  5i. 

g*  +  a^  +  l       ai 
a^»  ^' 

4a:*  +  4a'  +  4  =  21a:«, 
4ar*-17rc^  =  -4, 
64a?*~()  +  289  =  225. 
Extract  the  root,     Sa:^  — 17  =  dbl5, 

8a^  =  32or2, 
a;^  =  4  or  J. 
.  *.  a;  =  ±  2  or  ±  J. 

30. 

2(a;i- l)-i-2(a;i-4)-i  =  3(a;i -2)-i. 
2  2  3 

xh-i     a;*-4     a:*-2 

2a?  -  12aji  +  16  -  2ar  +  6a;i  -  4  =  3a;  -  15a;^  +  12, 

-3a;  +  9aji  =  0, 
3a4(a;i  +  3J  =  0, 

a:4  =  -  3  or  0. 
*•.  a;  =  9  or  0. 

Exercise  CIX. 

1.  log  6  =  log  (3x2)  3.   log  21  =  log  (7x3) 

=  log  3  +  log  2.  =  log  7  +  log  3. 

log  3  =  0.4771  log   7  =  0.8451 

log   2  =  0.3010  log   3  =  0.4771 

.-.  log  6  =  0.7781  .-.log 21  =  1.3222 

2.  log  15  =  log  (3  X  5)  4.   log  14  =  log  (7x2) 

=  log  3  +  log  5.  =  log  7  +  log  2. 

log  3  =  0.4771  log   7  =  0.8451 

log  5  =  0.6990  log  2  =  0.3010 

.-.log  15  =  1.1761  .-.  log  14  =  1.1461 
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5.  log  35  «  log  (7  X  6)  11.  log42  =  log(7x2x3) 

=  log  7  +  log  5.  ==  log  7  +  log  2  +  log  3. 

log  7  =  0.8451  log   7  =  0.8451 

log  5  =  0.6990  log   3  =  0.4771 

...log35  =  i:^  1^8   2  =  03010 

.-.log  42  =  1.6232 

ft     i,„  Q     wrqv<l^  12.  Iog420  =  log(2«x3x5x7) 

6.  log  9  =  og  (3x3)  ^        ^  lo|  2^  +  log  3 

=  log3+log3.  ^+logl  +  log7. 

log   3  =  0.4771  log    2«  =  0.6020 

log  3  -  0.4771  log    3  =  0.4771 

.-.log  9  =  0.9542  H    ^  =2f^?? 

^  log    7  =0.8451 

.-.log  420  =  2.6232 

7.  log   8  =  log(2x2x2)  .3    ioal2-Wr2v2vS^ 

=  log2  +  log2  +  log2.      ^'^'  ^oglA~log{ZXZX6) 

log   2  =  oloiO     '  ^                ,       rlloio    '^    ' 

loi   2  =  0.3010  H   2  =  0-^010 

log   2  =  0.3010  H   ^  =  0-3010 

°         log  3  =  0.4771 

•••^°S  «  =  ^-^^3^  ...log  12  =  1:^ 

14.   Iog60  =  log(2x3x2x5) 

8.  log  49  =  log  (7x7)  =  log  2^  +  log  3  +  log  5. 

=  log  7+ log  7.  log   2  =  0.3010 

log  7  =  0.8451  }og   2  =  0.3010 

log   7  =  0.8451  }og  3  =  0.4771 

^  log  5  =  0.6990 


.-.log  49  =  1.6902 


.-.log  60  =  1.7781 


15.  log75  =  log(5x5x3) 

9.    log  25  =  log  (5  X  5)  =log5+log5+log3. 

=  log  5  + log  5.  log  5  =.-0.6990 

log  5  =  0.6990  log   5  =  0.6990 

log  5  =  0.6990  log   3  =  0.4771 

.  •.  log  25  =  1.3980  . ..  log  75  =  1.8751 

16.  log7.5  =  log(3x2x5x.l) 
10.1og30  =  log(2x3x5)  =log3  +  log2 

=  loiWlog3;iog5.  ,        3  =  0.477V^^'^'^^-'- 

log   2  =  0.3010  io|    2  =  0.3010 

log  3  =  0.4771  log    5  =  0.6990      . 

log  5  =  0.6990  log   :1  =  9.0000  -  10 

.-.log  30  =  1.4771  .-.log  7.5  =  0.8751 
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17.  log . 021  =  log  (7  X  3  X. 001)  22.  log  12.5  =  log  (S*  x  .1) 

=  log  7  + log  3  =log5  +  log5 +log5 

+  log  .001.  +log.l. 

log      7  =  0.8451  log      5  =  0.6990 

log      3  =  0.4771  log      5  =  0.6990 

log  .001  =  7.0000  -  10  log      5  =  0.6990 


.-.log  .021  =  8.3222 -10 


log  .1  =  9.0000  -  10 
.-.log  12.5  =  1.0970 


1 Q    1      of^     1     /»7  V.  K  V.  m  \  23.  log  1.25  =  log(58  X  .01) 

18.  log.35=  og(7x5x.01)  »         =loi5+log5  +  log5 

=  log7+log5+log.01.  S            +log.01. 

log    7  =  0.8451  log      5  =  0.6990 

log    5  =  0.6990  log      5  =  0.6990 

log  .01  =  8.0000  -  10  log      5  =  0.6990 

...log  .35  =  9.5441 -10  ''^   .01  =  8.0000-10 

...log  1.25  =  0.0970 

19.  log  . 0035  =  log (7 X 5 X. 0001)  24.  log37.5  =  log(53x  3  x  .1) 

=  log  7  + log  5  =  log  5 -flog  5  + log  5 

+  log  .0001.  .          _     nAQon''^^  ^^    • 

1              N      /^o>lr1  log       5  =  0.6990 

'^        ^^OfiQQO  l^i      5  =  0.6990 

^nnnf^ftonon     in  ^^      5  =  0.6990 

log  .0001  =  6.0000-10  Yog      3  =  0.4771 

. ..  log  .0035  =  7.5441  -  10  log     .1  =  9.0000  -  10 

...log  37.5  =1.5741 

20.  log  . 004  =  log  (2  X  2  X. 001)  25.  log  2.1  =  log(3  X  7  X  .1) 

=  log2  +  log  2  =  log3  +  log7  +  log.l. 

+  log  .001.  log    3  =  0.4771 

log      2  =  0.3010  log     7  =  0.8451 

log      2  =  0.3010  log    .1  =  9.0000-10 

log  .001  =  7.0000-10  ^  .^  i^g  2.1  =  ^1^2 
...log  .004  =  7.6020 -10 

26.  log  16  =  log  (2*) 

=  log2  +  log2 

21.  log  . 05  =  log  (5  X. 01)  2-03010  ^°^^^^°^^' 

=  log  5  + log  .01.  log   2-0.3010 

log    5  =  0.6990  log    2  =  0.3010 

log  .01  =  8.0000  -  10  log    2  =  0.3010 

. ..  log  .05  =  8.6990  -  10  . «.  log  16  =  1.2040 
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27.  log  .056  =  log (2  X  2  X  2  X  7  X  .001) 

=  log  2  +  log  2  +  log  2  +  log  7  +  log  .001. 

log  2  =  0.3010 
log  2  -  0.3010 
log  2  =  0.3010 
log  7  =  0.8451 
log  .001  =  7.0000  -  10 

.-.log  .056  =  8.7481 -10 

28.  Iog.63  =  log(3x3x7x.01)   30.  log  105  =  log  (5  x  3  x  7) 

=  log 3  + log  3  =log5 +log3+log7. 

+  log  7  +  log  .01.  log     5  _  0.6990 

log    3  =  0.4771  log     3  =  0.4771 

log    3  =  0.4771  log     7  =  0.8451 

log     7  =  0.8451  ,      .^_     ITZZrci 

log  .01  =  8.0000  -  10  •••  l^g  1^^  =  2-0212 

.-.log  .63  =  9.7993 -10 

31.  Iog.0105.=  log(3x7x5 

29.  log  1.75  =  log  (5  X  5  X  7  X  .01)  X  .0001) 

=  log  5  +  log  5  =  log  3  +  log  7 

+  log  7  +  log  .01.  +  log  5  +  log  .0001. 

log  5  =  0.6990  log        3  =  0.4771 

log  5  =  0.6990  log        7  =  0.8451 

log  7  =  0.8451  log        5  =  0.6990 

log  .01  =  8.0000  -  10  log  .0001  =  6.0000  -  10 

.  •.  log  1.75  =  0.2431  .  •.  log  .0105  =  8.0212  -  10 

32.   Iogl.05  =  log(7x3x5x.01) 

=  log  7  +  log  3  +  log  5  4-  log  .01. 

log  7  =  0.8451 
log  3  =  0.4771 
log      5  =  0.6990 

log  .01  =  8.0000-10 

.-.log  1.05  =  0.0212 

Exercise  CX. 

1.  log23  =  3xlog2  3.  log7*  =  4xlog7 

=  3  X  0.3010  =  4  X  0.8451 

^  =0.9030.  =3.3804. 

2.  log52  =  2xlog5  4.  log38  =  8xlog3 

=  2  X  0.6990  =  8  X  0.4771 

=  1.3980.  =  3.8168. 
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5.  log73  =  3xlog7  16.  log  7'  =  f  oflog7 

=  3x0.8451  ^       =lofol451 

=  2.6353.  =  0.2415. 

6.  log  5*  =  5  xlog5.  - 

=  6  X  0.6990  17.  log  5«  =  f  of  log  5 

=  3.4950.  =  I  of  0.6990 

=  1.1650. 

7.  log  2*  =  J  of  log  2 

=  J  of  0.3010  18.  log  3*  =  A  of  log  3 

=  0.1003.  ^        ==  A  0^0.4771 

=  0.3904. 

8.  log  5*  =  J  of  log  6 

=  I  of  0.6990  iQ   i^„   k|      y^fu«»7 

-  ^•^^^^-  =  J  of  0.8451 

=  2.9679. 

9.  log  3*  =  J  of  log  3 

-^059^^^'  20.  log   3t  =  I  of  log  3 

-  ^•^^^^-  =  I  of  04771 

=  0636UL. 
10.  log  7*  =  J  of  log  7 

=  i  of  0.8461  , 

=  0.1690.  21.log  5*=  I  of  log  5 


11.  log  5*  =  J  of  log  5 


12.  log  7^=  ^T  of  log  7 


1-  of  0.8451 


TT 


i  of  0.6990 
=  2.4465. 


=  1  of  0.6990  u 

=  0.1398.  22.  log  2^=1^  of  log  2 


=  -V  of  0.3010 
=  0.4730. 


=  ^•^'^^^-  23.  log  5*  =  f  of  log  5 

=  I  of  0.6990 

13.  log  2*  =  }  of  log  2  =  ^-^243. 

=  }  of  0.3010 

=  ^•2-^^-  24.  log  7^=  V  of  log  7 

=  -^^  of  0.8451 

14.  log  5«  =  J  of  log  5  =  1-1328. 

=  f  of  0.6990 

^  ^'^^^^'  26.  log  21*  =  -J  of log(7 X  3). 

log   7  =0.8451 

15.  log  3*  =  4  of  log  3  log   3  =  0.4771 

=  ^  of  0.4771  log  21   =1.3222 

=  0.2045.  }  of  1.3222  =  1.1569. 
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Exercise  CXI. 

1.  log  J  =  log  2  +  colog  5.  8.    log  I  =  log  5  +  colog  2. 
log  2  =  0.3010  log  5  =  0.G990 

colog  5  =  9.3010  -  10  colog  2  =  9.6990  -  10 

...  log f  =  9,6020  -  10  .  . *.  log  i  =  0,3980 

2.  log  ^  =  log  2  +  colog  7.  9.    log  }  =  log  7  + colog  3. 
log  2  -  0.3010  log  7  =  0.8451 

colog  7  =  9.1549  -  10  colog  3  =  9.5229  ~  10 

. •.  log  ^  =  9.4559  -  10  ...  log  J  =  0.3680 

3.  log  4  =  log  3  +  colog  5.  -  ^     ,      ..     ,      ^        ,      « 
log3  =  0  4771  1^-    log  J  =  log  7  + colog 2. 

colog  5  =  9.3010 -10  •  log  7  =  0.8451 

^  colog  2  =  9.6990  -  10 


...  log f  =  9.7781 -10 


.-.log  J  =  0.5441 


4.  log  ^  =  log  3  +  colog  7. 

log  3  =  0.4771  11,    log  f  =  log  3+ colog  2, 

colog  7  =  9.1549  -  10  i^g  3  _  o.4771 

.  •.  log  ^  =  9.6320  -  10  colog  2  =  9.6990  -  10 

.-.  log  I  =  0.1761 

5.  log  f  =  log  5  +  colog  7. 

log  5  =  0.6990 

colog  7  =  9.1549 -10  12.    log  :^  =  log  7  +  colog  5. 

...log  f  =  9.8539 -10  log  7  =  0.8451 

„      ,      ,      ,      ^         ,      .  colog  5  =  9.3010  - 10 

6.  log  I  =  log  7  +  colog  5.  °  ^      . 

log  7  =  0.8451  .  ••  log  ^  =  1.1461 
colog  5  =  9.3010  -  10 

...  log i  =  0.1461  n^ 

13.    log —  =  log  .05  +  colog  3. 

7.  log  f  =  log  5  + colog  3.  log  .05  =  8.6990  -  10 
log  5  =  0.6990  ^^,        3  =  9.5229-10 

colog  3  =  9.5229  -  10  ^  ^^^      

.-.  log—  =  8.2219  -  10 

...log  I  =  0.2219  ^3 
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14.  log  :5^  =  log  .005  +  colog  2.  20.  log  '^  =  log  .007+colog  .t)2. 

log  .005  =  7.6990  -  10  log  .007  =  7.8451-10 

colog      2  =  9.6990-10  colog     .02  =  1.6990 

...  log i22§=  7.3980-10  .-.log  ^  =  9.5441  - 10 

15.  log   :5?  =  log  .07  +  colog  5.  21.  log  -^  =  log.02+colog.007. 

5  .007 

log   .07-8.8451-10  \og     .02  =  8.3010-10 

colog      5-9.3010-10  colog  .007  =  2.1549 

...log   '^  =  8.1461  - 10  .-.log  i^l ^0.4559 

5  *U07 

16.  log  A  =  log  5  +  colog  .07.  22.  log  :i^  =  log.005+eolog.07. 

log      5-0.6990  log  .005  =  7.6990-10 

colog   .07  =  1.1549  colog     .07  =  1.1549 

A  «  1.8539  .-.log  ^ 

.07  .07 


.-.log   -^=1.8539  .-.log   :5^  =  8.8539  -  10 


17.  log -^  =  log  3  +  colog  .007.  23.  log     ^y  =  log  .03  +  colog  7. 

log      3  =  0.4771  log     .03  =  8.4771-10 

colog  .007  =  2.1549  colog        7  =  9.1549  -  10 

...  log--  =  2.6320  .-.  log     -^  =  7.6320-10 

^  .007  ^7 

18.  log -^-?  =  log  .003  +  colog  7.  24.  log  ^5^  =  log .0007+ colog. 2. 

log  .003  =  7.4771  -  10  log  .0007  =  6.8451  -  10 

colog      7  =  9.1549-10  colog       .2  =  0.6990 

...  log:52?  =  6.6320  -  10  .-.  log  '^^  =  7.5441  -  10 

^7  ®    .2 

19.  log  —  =  log  .05+colog  .003.  26.  log    -^^l"  =  log  .02«  +  colog  3». 

log    .05  =  8.6990-10  log    .02«  =  6.6020  - 10 

colog  .003  =  2.5229  colog       S^  =  8.5687  -  10 

...  log -:25._  12219  .-.log    :^  =  5.1707 -10 

®.003  ^     3» 
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26.  log  -^  =  log  33  +  colog  .02^.     27.  log  ^  =  log  7«  +  colog  .02^ 

log    3»=  1.4313  log    7»=»  2.5353 

colog  .02«  -=  3.3980  colog  .02*  =  3.3980 

.  .•.log^  =  i8293  .-.log-^-slssi 

28.  log -^  =  log  .07»  + colog  .0033. 

log   .07*  =- 6.5353  -  10 
colog  .003*  =  7.5687 

...log  4^  =  4.1040 
^  .003* 

29.  log  •-^- log  .005»+ colog  7».   30.  Iog-^  =  log7«+cobg.005». 

log  .005=*  =  5.3980  - 10  log      7'  -  2.5353 

colog      7»  =  7.4647  - 10  colog  .005^  =  4.6020 

...  log :^  =  2.8627 -10  ...  log -^,^70373 


Exercise  CXn. 

1.  6. 

log     60=1.7782.  log   3780=3.5775. 


2. 


7. 


log  54327  =  4.7348  +  AV  of  .0008 
log   101  =  2.0043.  ^  ^  ^  4_^350^    ^^ 


3. 


8. 


log  999  =  2.9996.  log  90801  =  4.9581  +  jhi  of  .0005 

=  4.9581. 

^-  9. 

log  9901  =  3.9956  +  ,V  of  .0005  ^^^  ^^^  ^  ^^^  ^^^^  ^^^ 

=  3.9957.  ^  4.0000. 

6.  10. 

log  5406  «  3,7324  -¥^0^  .0008  log  10010  =  4.0000  +  ^^  of  .0043 
-  3.7329.  -  4.0004. 


70633 -4.8488  +  ^of. 0006 


log    12028  =  4,0792  +  (VVof-0i 


J0.009G7  =  7.9943 -10. 


1 0.87701=9.9430-10. 


73.896  =  1.8681  +  ^^  of  .0005 


log   99.778 -.1.9987  +  ii^of. 0004 


21. 

Antilogarithm  of  4,2488. 
Number  corresponding  to  .2488 
is  1770  + J  of  10 -1773.  i 

.'.  number  reqnired  ia  17730. 


Antilogarithm  of  3.6330. 
Nnmber  correspondicg  to  .6330 
s  4290  +  /b  of  10  =  4295. 
.■,  number  required  is  4295. 


Antilogarithm  of  2.5310. 
Number  corresponding  to  .5310 
is  3390  +  tV  of  10  =  3396. 
.-.  number  required  ia  339.6. 


Antilogarithm  of  1.9484. 
Number  corresponding  to  .9484 


Antilogarithm  of  4.731 7. 
Number  corresponding  to  .7317 
is  5390  +  4  of  10  =  5391, 
.-,  number  required  ia  63910. 

26. 

Antilogaritbm  of  1.9730. 
Number  corresponding  to  .9730 
is  9390  +  i  of  10  -  9398. 
.■,  number  reqnired  is  93.98. 

27. 

Antilogarithm  of  9,8800  ~  10, 
Number  corresponding  to  .8800 
ia  7580  + 1  of  10 -7586. 
,-.  number  required  is  0.7586. 


Antilogarithm  of  0.2787. 
Number  corresponding  to  2787 
1890 +  JI  of  10  =1900. 
.•.  number  required  is  1.9. 
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29.  35. 

Antilogarithm  of  9.0410  - 10.  830.75  x  0.0003769. 

Number  corresponding  to  .0410  log       830.75  =  2.9195 

is  1090  +  If  of  10  =  .1099.  log  0.0003769  =  6.5162  -  10 

.*.  number  required  is  0.1099.  9.4957  — 10 

=  log  0.3131. 

oO.  o/» 

Antilogarithm  of  9.8420  -  10.      g^g^^  ^  ^  93374  * 
Number  corresponding  to  .8420   j^^   8.4395  =  0.9263 

^^  ^^^^'  log  0.98274  =  9.9925  -  10 

.'..number  required  is  0.6950.  froTsft         ' 

=  log  8.294. 
31. 
Antilogarithm  of  7.0216  -  10.  •      37. 

Number  corresponding  to  .0216    7564  X  (-  0.003764). 
is  1050  +  /t-  of  10  =  1051.  log  7564  =  3.8787 

.  •.  number  required  is  0.001051.    log  (-  0.003764)  =  7.5756"  -  10 

1.4543" 

=  log -28.47. 

32.  ^ 

Antilogarithm  of  8.6580  -  10.  33. 

Number  corresponding  to  .6580  3.7648  x  (-  0.083497). 

is  4550.  log  3.7648=    .5757 

.  •.  number  required  is  0.0455.  log  (_  0.083497)  =  8.9217**- 10 

9.4974"- 10 

33.  =  log -0.3144. 

948.76  X  0.043875. 

log     948.76  =  2.9772  ,  „,^,,^     ,  ^^'      ^,, 

log  0.043875  =  8.6423  -  10  "  'f^f'^jj-  'T.lal 

^  log  (-  5.840359)  =  0.7664" 

1.6195  log  (-0.00178)  =  7.2504" -10 

=  log  41.64.  8.0168-10 

=  log  0.0140. 


34. 

3.4097  X  0.0087634. 

log       3.4097  =  0.5328  ,     ,    oc^Anr^^^     oqf^ik* 

l4 0.0087634 -  7.9427 -  10  °?(- 'If'lZlTS 


40. 

-  8945.07  X  73.846. 


log         73.846  =  1.8683 
8.4755  -  10  5.8198" 

=  log  0.02989.  -  log  -  660600. 
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41. 

^5§51  =  log  70654  +  colog  54013. 
54013        ^  ^ 

log     70654  -  4.8491 
colog  54013  -  5.2675  -  10 

0.1166 
=  log  1.308. 

42. 


43. 

^:5^155  =  log  8.32165 

0.07891  ^colog  0.07891. 


log     8.32165 
colog  0.07891 


0.9202 
1.1028 

2.0230 
=  log  105.4. 

44. 


58706  _  j^g  5g,7Qg  _^  ^^j^g  93QY3      6^2^  _  -^^^  ^^^39  ^  ^^^^^  g^^g^ 


93078 

log     58706  =  4.7686 

colog  93078  ^  5.0312  -  10 

9.7998  - 10 
=  log  0.6307. 


90761 

log        65039  =  4.8132 

colog    90761  =  5.0421  - 10 

9.8553  - 10 
=  log  0.7167. 


7.652 


45. 


log  7.652  +  colog  (-  0.06875). 


-  0.06875 

log  7.652=   0.8838 

colog  (-0.06875)  =  11.1627"  - 10 

2.0465« 

=  log -111.3. 


0.07654 


83.947  X  0.8395 
log  0.07654  = 

colog  83.947  = 

colog  0.8395  = 


47. 

7564  X  0.07643 

8093  X  0.09817' 

log         7564  =  3.8787 

log     0.07643  =  6.8832  - 10 

colog'     8093  =  6.0919-10 

colog  0.09817  -  1.008Q 

9.8618  - 10 
-log  0.7277. 


46. 

log  0.07654  +  colog  83.947  +  colog  0.8395. 

8.8839  - 10 
8.0760  - 10 
0.0759 

7.0358  - 10 

log  0.001086. 

48. 

89  X  753  X  0.0097 
36709  X  0.08497  * 
log  89  =  1.9494 

log  753  =  2.8768 

log  0.0097  =  7.4352  - 10 
colog  36709  =  5.4352-10 
colog  0.08497  - 1.0708 

9.3190  - 10 
-  log  0.2084. 
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49.  54. 

413  X  8.17  X  3182  log  1.3178   =0.1188 

915  X  728  X  2.315  12 

log        413^2.6160  log  1.317810=  1.1880 

log       8.17  =  0.9122  =  log  15,81. 
log      3182  =  3.5027 

coTog    915  =  7.0386  -  10  56. 

Colog      728  =  7.1379-10  .       n  ^to^ak        aoQ^o       1A 

colog  2.315  =  9.6354-10  ^^g  078765  =  9.8963  -  10 

0.8428  log  0.78765*  =  9.3778  - 10 

=  log  6.963.  _  log  0.2387. 

50.  66. 

212  X(- 6.12)  x(- 2008)  log  0.691  -9.8395-10 

365  X  (- 531)  X  2.576   '  9 

log             212  -  2.3263  log  0.691»  =  8.5555  - 10 

log      (-  6.1^)  =  0.7868*  =  log  0.03593. 
log     (-  2008)  =  3.3028* 

colog         365=7.4377  -10  _                          57 
colog   (- 531)  =  7.2749»  -  10 

colog       2.576  =  9.5891  -10  log  (Jf)'' =  H  Gog  73  +  colog  61) 

^                   =11(1.8633+8.2147-10) 

0.7176"  =0.8580 

=  log -6.219.  =  log  7.212. 

61.  68. 

iog6.05  =a78i|       .  i°g(*«':?ff/et:a%) 

log  6.053  =  2.3454  rfogSAV 

=  log  221.5.  ^ 


52. 


69. 


(10?)*  =  (-V-)*- 

log  1.051  =  0.0216  log  (A^)*  =  4  (log  32  +  colog  3) 

7  =4(1.5051  +  9.5229-10) 


log  1.051^  =  0.1512  =  4.1120 

=  log  1.416.  =  log  12940. 


53. 


6a 

log  1.1768  =  0.0707  ^     J})]!  I  ^^J  iq  +  colog9) 

2  =  8(1.2041+9.0458  - 10) 

log  1.1768*  =  0.3535  „  1.9992  ' 

-  log  2.257.  =  log  99.82 
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61.  log-(f|i)«      =6(log951  +  colog823) 

=  6(2.9782  +  7.0846-10) 
=  0.3768 
-log  2.381. 


62.  (7VVf'»        =(f?-f'^. 

log  {Wf^    =  0.38  (log  83  +  colog  11) 

=  0.38(1.9191  +  8.9586  ~  10) 
=  0.3335 
=  log  2.155. 


63.   (3}J)4-i''        -(W)*'^''- 

logCW)*-"  =  4.17(log  120 -f  colog  31) 

=  4.17(2.0792  +  8.5086  - 10) 
=  2.4511 
=  log  282.6. 


64.  il^y^         -iWf'''- 

log  (H)"     =  3.2  (log  13  +  colog  11) 

=  •3.2(1.1139  +  8.9586-10) 
=  0.2320 
=  log  1.706. 


66.  (8})2-«  =(-»/)2-3 

log  (-3^-)2.s      =  2.3  (log  35  +  colog  4) 

=  2.3(1.5441  +  9.3979-10) 
=  2.1666 
=  log  146.8. 


66.     (5|f)0-"6  =  (JJ^1^6)0.375, 

log(W)°-^^  =  0.375  (log  216  +  colog  37) 

=  0.375(2.3345  +  8.4318  -  10) 
=  0.2874 
=  log  1 .938. 
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67.  log  7  =  0.8451.  71.   log     906.80  =  2.9575. 

3)0.8451  4)2.9575 

log  7*  =  0.2817  log   906.80*  =  0.7394 

=  log  1.913.  «  log  5.487. 

72.  log    8.1904  =  0.9133. 

68.  log  11  =  1.0414.  5)0.9133 

5)1.0414  log  8.1904*  =  0.1826 

log  11*  =  0.2083  '  =  log  1.523. 

=  log  1.616. 

73.  log  0.17643  =  9.2466  -  10 

• 5 

69.  log  783  =  2.8938.  \l^^^^  Z  lo 

3)2.8938  6)56.2330  -  60 

log  783*  =  0.9646  ,     0.17643*  =  9.3722- 10 

-l°g^-218-  =  log  0.2356. 

74.  log  2.5637     =0.4088 

70.  log    8379  =  3.9232.  3 

10)3.9232  11)1.2264 

log  8379^  =  0.3923  log  2.5637^  =  0.1115 

=  log  2.468  =  log  1.293. 

76.  log  (fH)*  =  J  (log  431  +  colog  788). 

log     431  =  2.6345 
colog  788  =  7.1035-10 

9.7380  - 10 
10.         - 10 

2)19.7380-20 

9.8690 -10  =  log  0.7397. 

76.  log  (^^)^  =  f  (log  71  +  colog  43406). 

•      log  71  =  1.8513 

colog  43406  =  5.3624  -  10 

7.2137  - 10 
4 

28.8548  -  40 

30.         -  30 

7)58.8548-70 

8.4078  -  10  -  log  0.02558. 
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log  ( -W)*  =  J  Gog  408  +  colog  43). 
log     408  =  2.6107 
colog   43  =  8.3065  -  10 
5)0.9772 

0.1954  =  log  1.568. 

78.  (11H)*  =  (W)*- 

log  (Vt^)*  =  i  (log  802  +  colog  71). 
log     802  -  2.9042 
colog   71  =  8.1487  -  10 

1.0529 
J  (1,0529)  =  0.8423  =  log  6.955. 

j^     * /0.0075433^  X  78.343  x  8172.4*  x  0.00052 

^     64285.*  X  154.27*  X  0.001  X  586.79* 

log  0.00754332  =  5.7552  -  10 
log        78.343  =  1.8940 
log      8172.4*  =  1.3041 
log      0.00052  =  6.7160-10 
'    colog    64285*  =  8.3973  -  10 
colog    15427*  =1.2468 -10 
colog      0.001  =  3.0000 
colog  586.79*  =8.6158 -10 
5)  36.9292  -  50 

7.3858 -10  =  log  0.002431. 

« 

g^      6  /         15.832*  X  5793.6*  x  0.78426 


'■^c. 


000327*  X  768.94^  x  3015.3  x  0.007* 

log         15.8328  =  3.5988 
log        5793.6*  =  1.2543 
log        0.78426  =  9.8445-10 
colog0.000327*  =  1.1618 
colog     768.94^  =  4.2282  -- 10 
colog      3015.3  =  6.5207  -  10 
colog      0.007*  =  1.0774 

27.7357  -  30 
20.         -  20 


5)47.7357-50 

9.5471  -  10  =  log  0.3525. 


f 
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3^      6/7.1895  X  4764.2^  x  0.00326^ 
\0.00048953  x  457»  X  5764.4^' 


log  7.1895  «  0.8566 

log  4764.2^  -  7.3558 

log         0.00326*  =  7.5660  -  20 
coTog  0.00048953  ^  3.3102 
colog  457»  -  2.0203  - 10 

cdlog       6764.4^  -  2.4786  -  10 

23.5875-40 
10.         - 10 


5)33.5875-50 

6.7175  - 10  =  log  0.0005218. 


gg     W  3.1416  X  4771.21  x  2.7183* 


^/ 


83.  -^! 


30.103*  X  0.4343*  x  69.897* 

log  3.1416  -  0.4971 
log  4771.21  =  3.6786 
.  log  2.7183i  =  0.2172 
colog  30.103}=  4.0856  -  10 
colog  0.4343*=  0.1811 
colog  69.897*  -=  2.6220  -  10 

11.2816-20 
30.         -  30 

5)41.2816-50 

8.2563 -10  =  log  0.01804. 

0.032712  X  53.429  x  0.77542» 


84 


32.769  X  0.000371* 

log  0.03271'=*  7.0292-10 
log  53.429=    1.7278 

log  0.775423=  9.6688-10 
colog  32.769-  8.4845-^10 
colog  0.000371*  '^  13.7224 

7)  10.6327 

1.5190 -log  33.04. 

» /732.056'  X  0.0003572*  x  89793 

■    \42.2798«x  3.4574x0.0026518* 

.    log         732.0562=   5.7290 
log     0.0003572*=    6.2116-20 
log  89793=   4.9533 

colog  42.27983=  5.1217-10 
colog  3.4574=  9.4612-10 
colog  0.00265185  =  12.8825 

3)  4.3593 

1.4531  =»  log  28.39. 
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85. 


8/7932  X  0.00657  X  0.80464 
\         0.03274  X  0.6428 


log  7932  =  3.8994 

log     0.00657  =  7.8176  ^  10 
log     0.80464  =  9.9056  - 10 
colog  0.03274  =  1.4849  -  10 
colog   0.6428  =  0.1919 
3)3  2994 

1.0998  =  log  12.58. 


86 


•V 


7.1206  xVO.13274  X  0.057389 


V0.43468  X  17.385  x  V0.0096372 

log 

7.1206  =  0.8525 

log 

V0.13274  =  9.5615  - 

-10 

log 

0.057389  =  8.7588  - 

-10 

colog 

V0.43468  =  0.1809 

colog 

17.385  =  8.7599  - 

-10 

colog  VO.0096372  =  1.0080 

3)29.1216-30 

9.7072 -10  =  log  0.5096. 


87. 


f  3.075526^  X  5771.2^  x  0.0036984*  x  7.74  ]  ^ 
I  72258  X  327.933  x  86.97^  1 


log   3.0755262  =  0.9758 
log       5771.2^  =  1.8806 
log  0.0036984*  =  9.5136  -  10 
log  7.74  =  0.8887 

colog  72258  =  5.1412-10 
colog  327.933  =  2.4526  -  10 
colog      86.975  =  0.3030  -  10 

1.1555  -  20 
3 


3.4665-    60 
40  -    40 


5)  43.4665  - 100 
8.6933-   20 
=  log  0.000000000004936. 
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Exercise  CXIII. 

1.  Write  down  the  ratio  compounded  of  3 : 5  and  8 : 7.  Which 
of  these  ratios  is  increased  and  which  is  diminished  by  the  com- 
position? 


As 

i=ii. 

and 

f-i«- 

3  :  5  is  increased. 

8  :  7  is  decreased. 

2.  Compound  the  duplicate  ratio  of  4 :  15  with  the  triplicate 
of  6: 2. 

3.  Show  that  a  duplicate  ratio  is  greater  or  less  than  its  sim- 
ple ratio  according  as  it  is  a  ratio  of  greater  or  less  inequality. 

a'  :  6^  is  >  or  <  a  :  &. 


As 

-iB>or<-. 

As 

f  x2  iB>or<f. 

0        0                         0 

As 

^  is>or<l. 

0 

4.  Arrange  In  order  of  magnitude  the  ratios  3:4;   23 :  25 ; 
10:11;  and  15: 16. 

23:25  =  t|^, 

10:U  =  lfM. 
15:16  =  f^. 

.-.  the  order  of  magnitude  is  15 :  16,  23 :  25,  10 :  11,  3 : 4. 
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5.  Arrange  in  order  of  magnitude 

a  +  b:  a  —  b  and  a*  +  6^ :  o*  —  b^,  if  a  >  6. 

a  +  &  :  a  -  6  is  >  or  <  a^  +  6» :  a*  -  6». 

Aa  —-^  IS  >  or  <  „  ^  VI- 

a-b  a?-b^ 

As  t±lA±^i,>or<^^^^, 

a^-b^  a^-b^ 

As  a"  +  2a6  +  5*i8>or<a'  +  6'. 

But         a»  +  2a6  +  6^8  >  a*  +  6^. 

.-.  a  +  6 :  a  —  6  is >a'  +  6* :  a*  —  6'. 

6.  Ratio  compounded  of 

3:5;   10:21;  14:15, 

=  |xHxH 

=  4  :  15. 

7.  Ratio  compounded  of 

7:9;   102:105;  15:17, 


2:3. 


8. 

Ratio 

compounded  of 

a?  +  ax-Jr3?       _a2 

—  CRT +  a:* 

a?  -aH  -\-ax^—3?'^ 

a  +  a; 

o*  +  a  V  +  a:* 

a*-ic* 

=  (a*  +  aV  +  a*):(a*- 

•^). 

9.  Ratio  compounded  of 


g'  --  9  a?  -f  20  ^^^  a:'  -  13  a;  +  42 
Q^^Qx  x^  —  bx 

..  (x-5)(a!-4)^^(x-6)(x-7) 

a;(a;  — 6)'  x(a;  — 5) 

-(a:»-llx  +  2&):aj«. 
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10.  Eatio  compaunded  of 

^a  +  h^^       a'  +  h^       ^^(a~b)(a  +  h)(a-b)ia  +  b) 
^  a~b     (a  +  6)(a  +  6)        (o' +  &«) (a  +  6) (a -^ 6) 
=  1:1. 

11.  Two  numbers  are  in  the  ratio  2 :  3,  and  if  9  be  added  to 
each,  they  are  in  the  ratio  3 :  4,    Find  the  numbers. 

Let  2x  and  3a;  =  the  numbers. 
Then  2aj  + 9:  3a?-H9: :  3:  4, 
8a? +  36 :9a; +  27. 
.*.  a;  =  9. 
Hence,    2x=18, 
and  3  a;  =  27. 

12.  Show,  that  the  ratio  a :  &  is  the  duplicate  of  the  ratio 
a  +  c:6+c,  ifc*  =  ab. 


a      fa  -f  gV 
h^\b^c)' 


b     Vl 


This  becomes,  when  c*  =  ab, 

a+VabV 

^b  -i-VabJ 
•a  ^a^  -V  2ay/ab  +  ab 

b     b"^  +  2b\/ab  +  ab 

a(a  +  2  Va3  +  b) 

b{b  +  2Vab  +  a) 
a 

scs  — . 

b 

13.  rind  two  numbers  in  the  ratio  3 : 4,  of  which  the  sum  is 
to  the  sum  of  their  squares  in  the  ratio  of  7 :  60. 

Let  3  a;  =»  first  number, 

and  4aj=»  second  number. 

Then  3aj -i-  4a;  or  7a;  =-  sum. 
9a;^  +  16  a;^  or  25  a;^  =  sum  of  squares. 
.-.  7a; :  25a;2  :  :  7  :  50,     or  a; :  a;" :  :  1 :  2,     or  1 :  a; :  :  1 :  2. 

.  *.  a;  =  iu. 
The  required  numbers  are  6  and  8. 
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14.  If  five  gold  coins  and  four  silver  ones  be  worth  as  much 
as  three  gold  coins  and  twelve  silver  ones,  find  the  ratio  of  the 
value  of  a  gold  coin  to  that  of  a  silver  one. 

Let  X  =  value  of  1  gold  coin, 

and  y  =  value  of  1  silver  coin. 

Then  5a;  +  4y  =  3a;  +  12y, 

2x  =  Sy. 
.*.  x  =  4y. 
That  is,  jr  :  y  :  :  4  :  1. 

15.  If  eight  gold  and  nine  silver  coins  be  worth  as  much  as 
six  gold  and  nineteen  silver  coins,  find  the  ratio  of  the  value  of 
a  silver  coin  to  that  of  a  gold  one. 


Let 

X  =  value  of  gold  coin, 

and 

y  =>  value  of  silver  coin. 

Then 

8a; +  9y  =  6a; +  19y, 

or 

2x  =  10y. 

.*.  x  =  5y. 

That  is, 

X:y::5:l. 

16.  There  are  two  roads  from  A  to  B,  one  of  them  14  miles 
longer  than  the  other ;  and  two  roads  from  B  to  C,  one  of  them 
8  miles  longer  than  the  other.  The  distance  from  A  to  B  is  to 
the  distance  from  B  to  C,  by  the  shorter  roads,  as  1  to  2 ;  by  the 
longer  roads,  as  2  to  3.    Find  the  distances. 

Let  X  =  shorter  road  from  A  to  B, 

and  a;  +  14  =  longer  road  from  A  to  B. 

Then  y  =  shorter  road  from  B  to  C, 

and  2/  -f  8  =  longer  road  from  B  to  C. 

That  is,  x:y  :  -.1:2, 

a;  +  14 :  y  +  8  : :  2  :  3. 

.•.•2a;  =  y  (1) 

And  3a;  +  42  =  2y +  16, 

or  3a;-2y  =  -26. 

Substitute  2  a;  for  y,     x  =  26, 

a;  +  14  =  40, 
y  =  52. 

y  +  8  =  60. 
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17.  What  must  be  added  to  each  of  the  terms  of  the  ratio 
m :  n,  that  it  may  become  equal  to  the  ratio  p:q? 


Let 


X  =  number  to  be  added. 
,  wi  +  a;     p 
n-\-x      q 
mq  -f  qx  ^pn  +px^ 
x{q  —p)  =pn  —  mq. 
pn  —  mq 


x  = 


9-P 


18.  A  rectangular  field  contains  5270  acres,  and  its  length  is 
to  its  breadth  in  the  ratio  of  31 :  17.    Find  its  dimensions. 

Let  31  a;  =  number  of  rods  in  lengtii, 

and  17  a;  =  number  of  rods  in  width. 

Then      31  a?  X  17  a;  =  number  of  square  rods  in  area. 
But       160  X  5270  =  number  of  square  rods  in  area. 
•  •.  31a;  X  17  a;  =  160x5270. 
627  a;*  =  160x5270. 
a^  =  1600, 
a;  =  40, 
31x=  1240  rods, 
17a;  =  680  rods. 


ExEBCiSE  CXrV. 


1.   lfa:h::C:d, 

2. 

3a-{-h:b:  :  3c  +  d:  d. 

a     c 
h      d 

* 

lfa:b::c:d,      ^  =  1 

b      d 

Multiply  by  ^ 
n 

Multiply  by  3,^^-^^ 

b        d 

Tna     mc 

Add  1  to  each  side, 

Ttb      nd 
That  is, 

• 

3«  +  i  =  3c^i_ 
0               a 

Tna :  n6  : :  mc : 

nd. 

^^  Za  +  b      Zc  +  d 
b              d 
•-.  3a+&:  6: :  3c  +  c?:  d 
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3.    lfa:b::c.d, 
then 

Add  2  to  each  side, 


a 
h 


£ 

d 


^+2  =  ^+2. 
o  a 

a-\-2h  ^c  +  2d 

b  d 

.\a  +  2b:b::c  +  2d:d. 


6.   a:a  +  b::c:c  +  d. 

If  a:b  : :  C:  dy        r  =  -;• 

b      d 

b^d 

a     c' 

By  composition, 

b-h  a     d-h  c 


By  inversion. 


By  inversion, 


a 
a 


c 
c 


a  +  b     d-\-  c 
r.  a:  a  +  b:  :  c:  c-\-d. 


4.  Since  aib.ic  d, 

b~  d 
Cuhing,        g  =  |3. 


6.   a:  a  —  b  :  :  c  :  c  —  d. 

If    a:b  ::  c:  d,     t-  ="^* 

b      d 


By  inversion, 
By  division, 

By  inversion, 


b      d 

a     c 
a—b     c—d 


a 
a 


c 
c 


a—b     c—d 
.',  a-.a  —  b:  :  c.  c  —  d. 


7.    If  a:b::C:  d, 


m 


Multiply  by  '!:, 


n 


a 

b 

ma 

nb 


c 
d 

mc 
nd 


By  composition  and  division, 

ma  +  nb  _mc  +  nd 
ma  —  nb     mc  —  nd 
.*.  ma  +  nb  :  ma  -nbiimc  +  ndimc  —  nd. 


8.   If  a  lb: 

:  c:d, 

a     c 

b     d 

o  ,  3     c  ^3 

b     2     d     2 
2a  +  3&     2c  +  3d 

2b              2d 
*2a  +  36     2c  +  3<i 

Also, 

a     4     c  .  4 
b     3     d     3 

a) 
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3a-4&_3c-4df 
Sb  3d     ' 

^^3a-46^3c-4c^  ^g) 

6  d 

Dividing  (1)  by  (2).        p±M  =  |£±|^  ' 

3a  — 46     3c  — 4a 

.-.  2a  +  36:3a-4&::2c  +  3ci;3c-4d 


9.    If  a  :  6  :  :  C  :  (f, 

By  squaring, 


a 
b 

c 

a« 
b^ 

c« 

mb^ 

nc* 

mb^ 

r. 

n(? 

r. 

Let 

Then 

Hence,  ma^  =  mJV,  and  tic'  =  ncPr, 

ma'  +  nc'  =  (m6'  +  nd^)  r, 

and  ^^' +  ^^  =  r  =  gL'. 
.*.  ma'  +  nc'  :  mb^  +  wc?'  :  :  a'  :  b\ 


10.  If  a :  6 : :  c :  cf,  by  alternation,  a:c::b:d. 

a_  6 
c      c? 
a'  _  6' 
•'•7'"ci'' 

Also,  ?x^  =  |x^. 

cede 

'*  c'     c<?"rf'* 
,  ma^     nab      ph^ 
mc'     ncc?     pd' 
ma'  +  wa6  +  pb^  _  pW  _  6' 
m<?  +  ncd  +pc?'     pc?'      c?' 
.*.  ma*  +  wa5  +p6'  :  mc'  +  ncd  +pc?' : :  6' :  d'. 
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11.    If  a.b::b:c, 

by  compoBition,  a-^b  :a:  :b-hc:d] 

by  alternation,  a-\-b:b  +  c:  :a:b. 


12.  lia.b'.ib'.c. 


b~c 

Multiply  by  I  g  =  g. 

or  a'  :  ft'  :  :  a&  :  6c. 
By  alternation,  a^:ab::b^:  be. 

By  composition,  a^  +  ab:  ab:  :b^-\-bc:  be. 

By  alternation,    a'  +  oi  :  &*  +  6c : :  a6  :  6c. 
Cancelling  6  in  the  terms  of  last  ratio, 

a^  +  a6  :  6*  -f  6c : :  a :  c. 


13.  If  a :  6  : :  6 :  c,  6*  =  ae. 

Multiply  by  (a  —  c),       a¥  —  bh  =  a^e  —  ac^. 
Add  2a6c  to  both  sides, 

a6*  +  2a6c  —  6^c  =  a^e  +  2a6c  —  a<?. 
Transpose  —  6'c  and  —a(^, 

a6'  +  2a6c  +  ac*  =»  a^c  +  2a6c  +  6% 
or  a(6«  +  26c  +  c«)  =  c{a^  +  2ab  +  6^), 
or  a{b  +  c)*  =  c{a  +  6)*. 

Divide  by  c(6  +  c)^  ^^i±±^, 

c     (0  +  cy 

or  a  :  c  :  :  (a  +  6)*  :  (6  +  c)'. 

14.  When  a,  6,  and  c  are  proportionals,  and  a  the  greatest, 
show  that  a  +  c  >  2  6. 

O  :  6  :  :  6  :  C. 

Since  ?  =  -  and  a  >  6, 

6      c 

.-.  6>c. 

Also,  since  by  division      ~  •  =    ~    and  6  >  c, 

6  c 

.  •.  a  —  6  >  6  —  c. 

By  adding,  6  +  c  =  6  +  c, 

a  +  c>26. 
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15.  If  ^ — ^  =  ^. — -  =  - — ?,  and  x,  y,  z  be  unequal,  then  Z  +  »» 
I  m  n 

+  «  =  0. 

Let  ^^r.    y^=r,    i^  =  r. 

I  m  n 

Then  x  —  y  =  lr, 

y  —  Z'='  mTf 

z  —  X  =  nr. 

.  «  —  y  +  y  —  2  +  2  —  a;  =  (^  +  wi  +  n)r, 

or  0  =  (i  +  m  +  n)  r. 

•  •.  Z  +  m  +  n=»0. 


16.  Find x when        aj  +  6:2aj  —  3::5a?  +  l:3aj— 3. 
Equate  the  product  of  the  means  and  the  product  of  the 

extremes,         I0x«  -  13a;  -  3  =  3a:»  +  l'2a;  - 15, 

7a»-25a:  =  -12, 
196a:»-()  +  625  =  289, 
14aj-25  =  ±17, 
14a;  =  42  or  8. 
.  ••  a;  =  3  or  f . 

17.  Find  a;  when        a;  +  a:  2a;  — 6: :  3a;  +  6:4a;  — a. 

X  +  a      Sx+  b 
2a;  — 6      4a;  — a 
Clear  effractions,  4  a^  +  Zax  +  a^  =  6  a;*  —  &a;  —  6', 

2x^-x(3a  +  h)  =  (b^-a^l 
16x^-(  )  +  (3a  +  by  =  a^  +  eab  +  9b\ 
4a;-(3a  +  6)  =  ±(a+  36), 

4a;  =  4a  +  46  or  2a  —  26. 

.'.  a;«a  +  6  or^^^^^ — 

2 

18.  Find  x  when 

Vx  +  V6  :  Vx  —Vb  ::  a:b. 

bVx -\- bVb  =  aVx  —  aVb, 
(a^b)Vx  =  (a-\-  b)Vb, 

a  —  b 
.  ^_(a«  +  2a6  +y)6 
a«-2a6  +  ^* 
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19.  Find  x  and  y  when  a :  27  : :  y :  9,  and  aj :  27 : :  2 : »  — y. 

a; :  27  :  :  y  :  9. 

.\x  =  Sy  (1) 

a! :  27  :  :  2  :  a;  —  y . 
.'.  a^  —  xy  =  54:. 
Substitute  3y  for  x,  9y«  -  3y«  =  54, 

6y«  =  54, 

y»  =  9. 
••.  y  =  db  3. 
Substitute  values  of  y  in  (1),  as  =  ±  9. 

20.  Find  x  and  y  when  aj  +  y+ l:aj  +  y+2::6:  7,  and  when 
y  +  2aj:y  — 2x::12a+6y  — 3:6y  — 12a  — 1. 

a;  +  y  +  l:a;  +  y  +  2::6:7. 
By  division,  a;  +  y  +  l:l::6:l. 

.-.  aj  +  y  +  l  =  6, 

or  a?  +  y  =  5  (1) 

y  +  2a; :  y  -  2a; : :  12a;  +  6y-3  :  6y-12a;-l. 
By  composition  and  division, 

2y:4a;:  :  12y-4:  24a;-2, 
or  y:2a;::6y-2:  12a;-l. 
.'.  12  xy  —  y  =  12a;y  —  4a;. 

.•.4a;  =  y  (2) 

From  (1)  and  (2).  a;  =  1, 

and  y  =  4. 

21.  Find  «  when 

a;2 -4a;  +  2  :  a;*  -  2a;  -  1 : :  a^»-4a; :  a;«-2a;-2. 
By  alternation, 

a;^  — 4a; +  2:  a;*  — 4a;::  a;*  — 2a;  — Ira;*— 2a;— 2. 
By  division,  2  :  a;*  — 4a; :  :  1 :  a;*— 2a;  — 2. 

.'.  .2a;*  — 4a;  — 4  =  a;*  —  4aj. 
.*.  a;*  =  4. 
.*.   x  =  ±2. 

22.  A  railway  passenger  observes  that  a  train  passes  him, 
moving  in  the  opposite  direction,  in  2  seconds ;  but  moving  in 
the  same  direction  with  him,  it  passes  him  in  30  seconds.  Com- 
pare the  rates  of  the  two  trains. 
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Let  X  =  rate  of  the  faster  train, 

and  y  =  rate  of  the  slower  train. 

Then  a:  +  y  :  a?  —  y  :  :  30  :  2. 

By  composition  and  division, 

2x:2y:  :  32  :  28. 

.  •.  x:y::S:7. 

23.  A  and  B  trade  witb  different  sums.  A  gains  $  200  and  B 
loses  $  50,  and  now  A's  stock :  B's : :  2 :  J^.  But,  if  A  had  gained 
$100  and  B  lost  $85,  their  stocks  would  have  been  as  15:3^. 
Find  the  original  stock  of  each. 


Let 

X  =  original  stock  of  A, 

and 

y  =  original  stock  of  B. 

Then 

a;  +  200:y-50:  :  2  :  }. 

Simplify, 

a;  +  200  =  4y-200, 

a;_4y  =  -400                       (1) 

Also, 

a;  +  100  :  y  -  85  :  :  15  :  3J. 

Simplify, 

13  a;  +  1300  =  60y-5100; 

13  a; -60y  =  - 6400                      (2) 

Multiply  (1)  by  15,   15  a; -60y  =  -6000                      (3) 

Subtract  (2) 

from  (3),            2  a;  =  400. 

,-.  a;  =  200. 

200-4y  =  -400. 

.-.  y  =  150. 

24.  A  quantity  of  milk  is  increased  by  watering  in  the  ratio 
4 :  5,  and  then  3  gallons  are  sold ;  the  remainder  is  mixed  with 
3  quarts  of  water,  and  is  increased  in  the  ratio  6 :  7.  How  many 
gallons  of  milk  were  there  at  first? 

Let  X  =  number  of  quarts  of  milk  at  first, 

and  y  =  number  of  quarts  of  water  put  in  at  first. 

Then   x  +  y  =  number  of  quarts  of  mixture  after  watering. 

.*.  a; :  a;  +  y  :  :  4  :  5, 
X        4 


or 


x-\-y     5' 

5a;  =  4a;  +  4y, 

a;  — 4y  =  0. 
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»  4-  y  —  12  =  number  of  quarts  in  remainder  before  watering. 
»  +  y  —   9  =  number  of  quarts  in  remainder  after  watering. 

.  a;  +  3/-12     6 


x-^y- 

-9 

7 

7a?  +  7y- 

-84  = 

=  6a;-f  6y- 

-54. 

X  — 

4y  = 

=    0 

•  (1) 

a?  + 

6y  = 

.30 
=  30 

(2) 

• 

•.  y  = 

»6. 

Substitute  value  of  y  in  (1), 

X- 

-24  = 

=  0. 

• 

\  x  = 

=  24  quarts 

or  6 

gallons. 

25.  In  a  mile  race  between  a  bicycle  and  a  tricycle  their  rates 
were  as  5 : 4.  The  tricycle  had  half  a  minute  start,  but  was 
beaten  by  176  yards.    Find  the  rates  of  each. 

Let         x  =  number  of  yards  bicycle  goes  per  minute, 

and  y  =  number  of  yards  tricycle  goes  per  minute. 

a? :  y  :  :  5  :  4, 

4»  =  5y. 

by 
.*.  x  =  -f-' 

4 

^  - 1  =  number  of  minutes  tricycle  was  going  after 
y        2         bicycle  started, 

1*780 

=  number  of  minutes  bicycle  was  going. 

X 

1584     1      1760 


y         2         a: 
1584  a? -^  =  1760y, 

3168ar-«y=3520y. 
Substitute  ^  for  x,  5y»  =  1760y. 

.\  y  =  352, 
and  X  =■  440. 
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26.  The  time  which  an  express-train  takes  to  travel  180  miles 
is  to  that  taken  by  an  ordinary  train  as  9 :  14.  The  ordinary 
train  loses  as  much  time  from  stopping  as  it  would  take  to  travel 
30  miles ;  the  express-train  loses  only  half  as  much  time  as  the 
other  by  stopping,  and  travels  16  miles  an  hour  faster.  What 
are  their  respective  rates? 

Let  y  —  number  of  miles  ordinary  train  goes  per  hour, 

and  y  +  15  =  liumber  of  miles  express- train  goes  per  hour. 

Then     ^5^±^  =  number  of  hou™  required  for  ordinary  train. 

Also, —  + —  —  number  of  hours  required  for  express-train. 

y  +  lo     y 

.   180  -^  30      180        16     ..    Q 

y       y  + 15     y 

1890      2520       210 

y        y  + 15        y 
1680^  2520 

y      y  + 15' 

1680y  4-  26200  =  2520y, 
840  y  =  26200. 
.-.  y-30, 
and  y  -I- 15  =  46. 

27.  A  line  is  divided  into  two  parts  in  the  ratio  2:3,  and  into 
two  parts  in  the  ratio  3:4;  the  distance  between  the  points  of 
section  is  2.    Find  the  length  of  the  line. 

Let 
and 


Also, 


Multiply  (1)  by  3, 
Multiply  (2)  by  2, 

Subtract, 

Substitute  value  of  x  in  (1), 


X  =  one  part, 

y  =  the  other  part. 

.-.  a;:y::  2:3. 

3a;  =  2y, 

3aj-2y  =  0 

(1) 

a;H-2:y-2::3:4, 

4a;-3y  =  -14 

(2) 

9a;-6y  =  0 

8a;-6y  =  -28 

X           =28 

L),             2y  =  84, 

y-42. 

.*.  a:  +  y  =  70. 
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28.  A  railway  consists  of  two  sections ;  the  annual  expendi- 
ture on  one  is  increased  this  year  5%,  and  on  the  other  4%,  pro- 
ducing on  the  whole  an  increase  of  4^^%.  Compare  the  amount 
expended  on  the  two  sections  last  year,  and  also  this  year. 

Let  a;  +  y  =  amount  expended  last  year. 

X  =  amonnt  expended  on  first  section  last 
year, 
and  y  —  amount  expended  on  second  section 

last  year. 

Then    ^^ ^  =  amount  expended  on  whole  this  year. 

1000  ^  ^ 

But  X  +  - —  =  amount  expended  on  one  part  this 

year. 

and  y  a — ^  =  amount  expended  on  other  part  this 

year. 

Then        lO'^^a;      104 y  _  1043a;  4- 1043 y 
100        100  1000 

Simplify,  7a;  =  3y. 

X     3 

y    7 

^„ .  105  a!     315     , ,     K  - 


29.  When  a,  6,  c,  d  are  proportional  and  unequal,  show  that 
no  number  x  can  be  found  such  that  a  +  a,  b-\-x,  c  +  x,  d  +  x  shall 
be  proportionals. 

If  a  :  &  :  :  c  :  cZ,  ad  =  hc\ 

aud  if  a+x:b  +  x:'.c  +  x:d  +  x, 

ad  +  dx-\-ax+a^^bc-hcx-^bx-\-(x^. 
Transpose,  and  cancel  x^, 

ax  —  bx  —  cx-\-dx  =  bc  —  ad. 
^^^  ad  =  be. 

.*.  x{a  —  b-^c-\-d)  =  0. 

.*.  x  =  0. 
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Exercise  CXV. 

1.  If  -4  oc  JB,  and  A=  4  when  JB=  6,  find  A  when  B=  12. 
Here  A^mB, 

A 

or  m  =  — 
B 

.-.  m  =  f 

And  if  I  and  12  be  substituted  for  m  and  B^ 

^  =  t  X  12. 

2.  If  -4  oc  -B,  and  when  5=  J,  -4  =  J,  find  -4  when  B=  J. 

Here  A  —  mB. 


m 

A 

5 

,\  m- 

=f 

Substitute  |  for  m  and  J  for 

B, 

A- 

=  |xj. 

r,A: 

=f 

3.  If  A  vary  jointly  as  JB  and  C,  and  3,  4,  6  be  simultaneous 
values  of  A,  B,  0,  find  A  when  B=C=  10. 

Here  ^  =  mBC. 

171  =  •• 

BC 
Substitute  3  for  A,  4  and  5  for  B  and  C, 

m  =  ^. 
Then  ^  =  3j%  X  10  x  10. 

.-.^  =  15. 

4.  If  -4  a  -i,  and  when  ^=  10,  JB  =  2,  find  the  value  ofB  when 
^  =  4.  ^ 

Here  '^  ^  ^' 

.-.  m  =  20. 
Substitute  values  of  m  and  A, 

45  =  20. 
.•.5  =  6. 
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5.  If  -4  oc  ^j  and  when  -4  =  6,  JB  =  4,  and  0=  3,  find  the  value 

c 

of  A  when  B=  6  and  0=  7. 

Here  ^  =»  — -» 

mB  =  AO, 
4m -18. 
.  *.  w  =  4J. 
Substitute  value  of  -B,  C,  and  m, 

7 

6.  If  the  square  of  X  vary  as  the  cube  of  F,  and  X=  8  when 
F=4,  find  the  equation  between  Xand  F. 

Here  X^  =  m  F^, 

Xa 

Substitute  value  of  m,         X^  =  /^  F*, 

64X«  =  9F». 

7.  If  the  square  of  Xvary  inversely  as  .the  cube  of  F,  and 
X=  2  when  F=  3,  find  the  equation  between  Xand  F. 

Here  X«  =  -^, 

.'.  m  =  108. 

108 
Substitute  value  of  m,         X*  =  — — - 

8.  If  Z  vary  as  X  directly  and  F  inversely,  and  if  when  Z  =  3, 
X=  3,  and  F=  4,  find  the  value  of  Z  when  X=  15  and  F=  8. 

Y 
Here  ^=^^ 


m 


F 
ZF 


X 
.-.  m  =  f  =  2J. 

Substitute  values  of  m,  X,  and  F, 

^_2?xl5 

8 
.'.  Z=5. 
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9.  If  A  oc  B-\-c  where  c  is  constant,  and  itA=2  when  JB  =  1, 
and  itA=5  when  JB  =  2,  find  A  when  B  =  3, 

As  -A  =  m5  +  c. 

Substitute  first  values  of  A  and  B, 

2  =  m  +  c  (1) 

Substitute  second  values  of  A  and  B, 

5  =  2m  +  c  (2) 

Subtract  (1)  from  (2),         m  =  3. 
Whence,  from  (1),  c  =  —  1. 

But  ^  =  mB  +  c. 

Substitute  for  m,  5,  and  c  their  values  3,  3,  and  —  1,  . 

^  =  8. 

10.  The  velocity  acquired  by  a  stone  falling  from  rest  varies 
as  the  time  of  falling;  and  the  distance  fallen  varies  as  the 
square  of  the  time.  If  it  be  found  that  in  3  seconds  a  stone  has 
fallen  145  feet,  and  acquired  a  velocity  of  96 J  feet  per  second, 
find  the  velocity  and  distance  at  the  end  of  6  seconds. 

Let  V  =  velocity, 

T=  time, 
d  =  distance. 
Then  vccT, 

and  d  oc  T\ 

Let  v  =  mT. 

Substitute  96J  for  v  and  3  for  T, 

96^  =s  3  771. 
.-.  m  =  -^fA. 
When  r=  5,  v  =  i|a  x  5  =  161  J. 

Let  d-^mT^ 

.'.  145  =  32  m. 

When  r=  5,  d=^i^x5^  =  402 J. 

11.  If  a  heavier  weight  draw  up  a  lighter  one  by  means  of  a 
string  passing  over  a  fixed  wheel,  the  space  described  in  a  given 
time  will  vary  directly  as  the  difference  between  the  weights,  and 
Inversely  as  their  sum.  If  9  ounces  draw  7  ounces  through  8 
feet  in  2  seconds,  how  high  will  12  ounces  draw  9  ounces  in  the 
same  time? 
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Let 


Substitute  values, 


X  =  heavy  weight, 
y  =  light  weight, 
2  =  space. 
x-y 


m 


x+y 
(x  —  y)m 
x-]-y 
_z(x-\-y) 
x~y 

9-7 
.*.  m  =  64. 

g^_(i2  4-9)2 
12-9 

64  =  ?L^ 
3 

72  =  64. 

.-.  2  =  9f 


12.  The  space  will  vary  also  as  the  square  of  the  time.  Find 
the  space  in  Example  11,  if  the  time  in  the  latter  case  be  3 
seconds. 

X  =  space, 
y  =  time. 


Let 


Let 


Substitute  values, 


xocy^. 
X  =  my*. 

X 
771  =  — 

y' 

m  =  J  =  2. 

.2  =  ^, 
2/' 

2  =  1 

.  a:  =  18  ft. 


13.  Equal  volumes  of  iron  and  copper  are  found  to  weigh  77 
and  89  ounces  respectively.  Find  the  weight  of  10}  feet  of  round 
copper  rod  when  9  inches  of  iron  rod  of  the  same  diameter  weigh 
31y''^  ounces. 
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Let      X  =  required  weight. 

9  inches  =  f  of  a  foot. 

If  f  of  a  foot  weigh  31.9  ounces,  J  of  a  foot  would  weigh  10.03J 

ounces,  and  lOJ  feef  would  weigh  446.60  ounces. 

And,  as  equal  volumes  of  iron  and  copper  weigh  77  and  89 

ounces  respectively, 

77  :  89  :  :  446| :  x. 

.'.  a;  =  516|  ounces. 

14.  The  square  of  the  time  of  a  planet's  revolution  varies  &A 
the  cube  of  its  distance  from  the  sun.  The  distances  of  the 
Earth  and  Mercury  from  the  sun  being  91  and  35  millions  of 
miles,  find  in  days  the  time  of  Mercury's  revolution. 

Let  X  =  time  of  Mercury's  revolution. 

913  :  35'  :  :  I'' :  a:", 
13'' :  5'  :  :  1 :  x^. 
Whence,  x"^  =  .056895. 

.'.  x=  .238,  time  in  years, 
•  =87.1,  time  in  days. 

16.  A  spherical  iron  shell  1  foot  in  diameter  weighs  -^^^  of 
what  it  would  weigh  if  solid.  Find  the  thickness  of  the  metal, 
it  being  known  that  the  volume  of  a  sphere  varies  as  the  cube  of 
its  diameter. 

Let    D  =  diameter  of  shell, 

d  =  diameter  of  sphere  required  to  fill  the  shell, 
and  1  represent  the  weight  of  iron  sphere  having  diameter  =  D. 
Then  1  —  -^^  will  represent  the  weight  of  iron  sphere  having 
diameter  =  d. 

Now  the  weights  vary  as  the  cubes  of  their  diameters, 

D'-.d^-.-.lA-^-f^. 

Mi; 

or,  by  extracting  the  cube  root  of  each  term, 

D  :  c?  :  :  1  :  f , 
or  d=^D. 
Since  the  thickness  of  the  shell     =  J  (Z)  —  c?), 
the  thickness  of  the  shell  =  j  (i  _  |)  =  ^, 

Hence,  the  thickness  of  the  shell  is  -j^  of  a  foot,  =  1  inch. 


That  is,  ly'-.d^::!.  .j^ 
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16.  The  volume  of  a  sphere  varies  as  the  cube  of  its  diameter. 
Compare  the  volume  of  a  sphere  6  inches  in  diameter  with  the 
sum  of  the  volumes  of  three  spheres  whose  diameters  are  3,  4,  5 

inches  respectively. 

Let  X  =  volume  of  first  sphere, 

and  y  =  sum  of  volume  of  other  three. 

Then  x:y::{6f:  (3f  +  (4)8  +  (5)», 

x:y::216:  216. 
•Therefore,  the  ratio  is  a  ratio  of  equality. 

17.  Two  circular  gold  plates,  each  an  inch  thick,  the  diame- 
ters of  which  are  6  inches  and  8  inches  respectively,  are  melted 
and  formed  into  a  singular  circular  plate  1  inch  thick.  Find  its 
diameter,  having  given  that  the  area  of  a  circle  varies  as  the 
square  of  its  diameter. 

Let    Oj  =  area  of  gold  plate  6  inches  in  diameter, 
ttj  =  area  of  gold  plate  8  inches  in  diameter, 
Og  =  area  of  gold  plate  formed  from  the  other  two  plates, 
and         X  =  diameter  required. 

Then  Oi  +  o^  :  Oj  :  :  6«  +  8^  :  af . 

Since  the  first  ratio  is  a  ratio  of  equality,  the  second  is  also. 
Therefore,        a;^  =  6^  +  8^  =  100. 

.\  x=  10. 

18.  The  volume  of  a  pjn'amid  varies  jointly  as  the  area  of  its 
base  and  its  altitude.  A  pyramid,  the  base  of  which  is  9  feet 
square,  and  the  height  of  which  is  10  feet,  is  found  to  contain  10 
cubic  yards.  What  must  be  the  height  of  a  pyramid  upon  a  base 
3  feet  square,  in  order  that  it  may  contain  2  cubic  yards? 

Let  V  =  volume, 

b  =  area  of  base, 
and  a  =  altitude. 

Then  v  oc  ba, 

V  =  mba  (1) 

V 

m  =  r— 
ba 

When  r  =  10  cubic  yards  =  270  cubic  feet, 

5  =  9x9  =  81  square  feet, 
and                                       a  =  10  feet. 

Then  m  =  ^  =  iH  =  }.        * 

From  (1),  a  =  -^. 

mb 

When  ^  =  J, 

v  =  2  cubic  yards  =  54  cubic  feet, 

6  ^  3  X  3  =  9  square  feet. 

Then  a=-^=4i==l8. 

mb      ^ 
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Page  304. 
1. 

The  series  is  o,  a  +  <]?,  a  +  2c?, 

.*.  nth  term  is         a  +  {n  —  l)d. 
Let  I  denote  last  or  nth  term. 
Then  l  =  a-{- (n-l)d. 


2. 

i  =  a  +  (n  —  1)  dL 

l  =  a  ■{■nd—d^ 

nd'=l  —  a  +  d, 

l—a+  d 
n. —, 

»  =  |{a  +  0, 

2«  =  n(a  +  Q, 

2s 
n  = -t 

2s       l  —  a  +  d 


€,+ 1  d 

Simplify,  28d=P-a^ +  ad  +  ld, 

p^^^  2sd  +  a^  —  ad. 

Complete  the  square, 

4:P  ^  {)  +  d^  =  Ssd  +  ^a^  ~4:ad  ■}-  d^. 
Extract  the  root,     2l  +  d=  ±-y/S sd  -\-  ia^  —  4iad  +  d"^, 


3. 


l  =  -id±\l2ds  +  a^-ad-^^' 
l  =  -id±\^2ds  +  {a-idy. 

2  8  =  |(a  +  0  (2) 

Transpose,  26  =>  na  -\-  nl. 

28^na  =  nL  2$     , 

,     28  — na  n 

71  Substitute  value  of  a  in  (1), 
J     28  .      8      (n  —  l)d 

n  n  2 


5. 

l-a  +  (n~l)d 

(1) 

.-|(o  +  ;) 

(2) 

a(2)a+(n-l)d(ojl, 

.  =  |[2o  +  («-l)rfl. 

6. 

l  =  a+{n-l)d 

(1) 

-f(^  +  0 

(2) 

Frtm.  (1), 

i-o  +  nd-d 

Frcm(2). 

2j  -  no  +  nl. 

.   „     l-a  +  d 

d       ' 

l-a  +  d       2> 
d           a  +  l 

l'- 

-a'  +  ad+dl^2ed. 

,   ^      ^-a'  +  ad  +  di 

-.2.. (.  +  0  +  («  +  i)  +(«  +  !)     + +  (»  +  !)  +(. 

2.-»(«  +  I). 
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8. 

From(l),       .  a  =  l~-{n-l)d. 

From  (2),  a  =  ^I^zh. 

Then  %l^zh  =  i^(n^l)d, 

n 

28^2ln-{n^r)dn. 

9. 

Z  =  a  +  (w  —  1)  d 
Transposing,  a  =»  2  -  (n  - 1)  rf. 

la 

l  =  a  +  {n—l)d, 
«  =  Jn(a  +  Z). 
From  (2),  2  s  =  ?ia  +  nZ. 

.    ,     28  —  na 

n 

n 
na  +  dn*  —  cfn  =  28  —  na, 

2na  =  28  —  dr?  +  dn. 

.  a-  ^      (^-^^ 

•   ■   u>  —  —  — -  _ • 

n  2 

11. 

Z  =  a  +  (n  —  1)  cf, 
dn=l  —  a  +  cZ, 
^    'Z  -  a  +  c? 

" — d— 

28  =  na  +  nl, 

.   l'-a-\-  d       2s 

cZ  a-\-l 

/.  P--a'  +  a<f+ZcZ=2<fo. 

<^'- (  )  +  (H)'  =  P  +  Id-  2ds  +  (idf, 

a-id=±VP  -\-ld-2d8  +  (idy. 
.-.  a  =  id±V(l-\-idf-2d8. 
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12.  15. 

8=-in{a-\-T).    .  l  =  a  +  (n-l)d. 


2 


.:n^l~  +  l. 


Multiply  by  _,  d 


8  =  J7i(a+  Q. 


^  =  a  +  l  ...«  =  J« 


n 


a  +  l 
.••a  = 1.  ••. — —-+1  = 


n  d  a-{-l 

.-.  P— a»  +  ac?  +  cR  =  2cfe. 
•  •.    2d8  —  ad  —  dl  =  l^  —  a^. 
.-.     d;(2«-Z-a)-Z»-a*, 


13. 


...ci=     ''--' 


rf  (n  —  1)  =  2  —  a. 

•*-'^'';^*  Z  =  a  +  (n-l)(i:. 

.*.  a  =  2  — (n— l)c?: 
9  =  in(a  +  1). 
28  —  In 


14. 


.    ,     28-Zn 

7  ./        f\j         ,\l  —  (n  —  l)d= 

Z  =  a  +  (n—  l)a  ^         '  n 

8  =  }n (a  +  0,  ?n  -  (fn*  +  c^n  =  2s  -  Zn, 
28  =  an  +  nZ.  -cin^  +  cZn=  28- 2Zn. 


in.  •  .  C* »  — *■• 


,;  a+nd—d  = 


n 

2s  —  an 
n 


c?(w  —  l)n  =  2(Zn  —  s). 

2(^71 -s) 

n(n  —  1) 
17. 


an  +  n^d  —nd^28  —  an, 

n^d—nd=28  —  2an,  _  \        i 

l=a-\-  dn  —  d^ 

d{n^-n)^2{8-an).  dn^l-a-hd. 

.    ,     2(s— on)  I  — a     . 

n(n-l)  ci 
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18. 

' 

Z  = 

» a  +  (n  —  1)  d 

0) 

From  (2), 

28 

.. a. 

n 

(2) 

.  •.  a  -f  (n  - 

-l)rf  = 

28 

■' a. 

n 

an  +  d^n 

—  dn  = 

■■  28  — an^ 

c??i*  +  7i(2a 

^d)  = 

•28. 

Complete  the  square, 
^dH^+{)  +  {2a- 

-df  = 

:(2a-c?)»  +  8tfe, 

■ 

Extract  th 

e  root, 
2dn-\-(2a 

-d)  = 
2dn  = 

.',  n  = 

■.±y/{2a-dy  +  \ 

3  (is, 

■  d-2a±y/{2a- 

-df 

+  8(fe. 

6?-2a±V(2a- 
2d 

-df 

+  8d8 

19. 

8  = 

■in{a  +  l), 

28  = 
.•   n  = 

■■  an  +  In. 

28 

20. 

2  =  a  +  (n-l)c?  (1) 

«-i«(a  +  Z)  (2) 

From(l),  a  =  Z— (w— l)f?. 

Ti  /n\  28— In 

From  (2)  a  = 

,      ,        -.,     2s  —  Zn 

n 
.'.  In  —  dn^  +  dn  —  2s  —  ln, 

dn^-(2l-{-d)n=-28, 

4  d«n«  -  ()  +  (2  Z  +  cZ)2  =  (2  Z  +  cfy  -  8  cfe, 

2dn-{2l  +  d)^V{2l  +  dy-Sd8. 


.  ^     2Z+cZj:V(2Z  +  dy-8c^8 

2c? 
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Exercise  CXVI. 

1.  Find  the  thirteenth  term  of  5,  9,  13 

ninth  term  of  —  3,  —  1,  1 

tenth  term  of  —  2,  —  6,  —  8 

eightli  term  of  a,  a  +  36,  a-\-6b 

fifteenth  term  of  1,  f ,  f 

thirteenth  term  of  —48,  —44,  —40 

(1)      l  =  a-\-(n-l)d,  (4)      l  =  a-^(n-l)d,     - 

Z  =  5  +  (13  - 1)4.  Z  =  a  H-  (8  -  1)(36). 

1  =  53.  ,  .-.  Z  =  a  + 216. 


•    • 


(2)  l  =  a  +  {n-l)d,  (5)      Z  =  a  +  (n-l)d:, 

Z  =  _  3  +  (9  -  1)  2.  Z  =  1  +  (15  -  1)  (-  ^). 

(3)  Z  =  aH-(n-l)c^.  (6)      l  =  a  +  (n-l)d, 

Z  =  -  2  +  (10  - 1)(-  3).  Z  =  -  48  H-  (13  -  1)(4). 


2.  The  first  term  of  an  arithmetical  series  is  3,  the  thirteenth 
term  is  55.    Find  the  common  difference. 


d  = 

I- 
n- 

a 

-1' 

d  = 

55 
13 

-3 
-1 

.'.  d  = 

=if  = 

=  4i. 

3.  Find  the  arithmetical  mean  between: 
(a)3andl2;    (6)-5andl7;    (c)  a*  +  a6-6«and  a«-a6  + &^ 

(a)       A-a=^b-A.  (6)  ^  +  5  =  17--4, 

.^^^a  +  6  2^  =  12. 


2 


.-.  A  =  6. 


^-3  =  12-^,  (c)  A-ia'  +  ab-b^) 

2  A  =  15.  =(a^-a6+6V^, 

2A  =  2a\ 
.',  A^  a*. 


.-.-4  =  7}. 


: 
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4.  Insert  three  arithmetical  means  between  1  and  19,  and 
four  means  between  —4  and  17. 

(1)  tzB = rf, 

m  +  1 

3  +  1         ^ 
.*.  series  is  1,  5J,  10,  14l},  19. 

.-.  serie8is-4.J.4J,  8}.  12f.  17. 

5.  The  first  term  of  a  series  is  2,  and  the  common  difference  |. 

What  term  wiU  be  10? 

l  —  a+{n  —  l)d. 

3 
.  •.  n  =  25. 

6.  The  seventh  term  of  a  series,  whose  common  difference  is 
3,  is  11.    Find  the  first  term. 

a  =  l  —  (n  —  l)d, 
a  =  11 -(7 -1)3. 
.-.  a  =  —  7. 

7.  Find  the  sum  of 

5  +  8+11  + to  ten  terms. 

—  4—1  +  2+ to  seven  terms. 

a  +  4a  +  7a+ to  n  terms. 

f  +  3^  +  -^+ to  twenty-one  terms. 

i  +  2f  +  ^  + to  twenty  terms. 

(1)  s  =  in[2a  +  {n-l)dl  (3)  s  =  }n[2a  +  (n- l)cZ], 

8  =  5(10  +  27),  8  =  }n  [2a  +  (n  -  l)3a], 

^  =  5x37,  5  =  ^71  (3  an  — a), 

8  =  185.       .  5  =  J  an  (3  n  —  1). 

(2)  8  =  Jn[2a  +  (n-l)cZ],  (4)  s  =  }n[2a +  (n- l)cq,      ' 
8  =  }(-8  +  18),  «  =  ¥(!- 4), 

5  =  fXl0,  s  =  ^/x(-|), 

««35.  s  =  -28. 


440  ALGEBRA. 


(5)    «  =  Jn[2a  +  (n~l)d], 
8  =  10(2  +  31§). 
a  =^  10  X  33S, 
s «  336S. 


8.  The  sum  of  six  nnmbers  of  an  arithmetical  series  is  27,  and 
the  first  term  is  1.    Determine  the  series. 

I  = a, 

n 

Then  /  =  J^-1. 

.-.  I  =  8. 

l^a  +  {n-l)d. 
Substitute,  8  =  l+(5)d, 

Hence,  the  series  is  1,  2f ,  3f ,  5J,  6f ,  8. 


9.  How  many  terms  of  the  series  —6  —  2+1+ mast  be 

taken  so  that  their  sum  may  be  63. 

Substitute,  i  =  -  5  +  (n  -  1)  3. 

.V  ^  =  Stj  -  8 
Substitute  values  in  »  =  J  w  (a  +  ?). 

63  =  }n(-5  +  3n-8)^ 
126  =  3w«-13w, 
371^^-1371  =  126. 
Multiply  by  12,    36n2  -  156  w  =  1512. 
Complete  the  square, 

36n»-() +  169  =  1681. 
Extract  the  root,         6  w  -  13  =  ±  41, 

6n  =  54. 
.•.  n  =  9. 
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lOw  The  first  term  is  12,  and  the  sum  of  ten  terms  is  10.  Find 
the  last  term. 

1=  a  +  {n  —  l)d. 
.'.  8  =  in  [2a  +  (w  —  l)d]. 
10  =  5(24  + 9  (i), 
10  =  120  + 45  ci, 
45d  =  -110. 
d=-2f 
Since  i  =  a  +  (n  —  1)  c?, 

«=12  +  (9)(-2|), 
2=12-22, 
2  = -10. 

11.  The  arithmetical  mean  between  two  numbers  is  10,  and 
the  mean  between  the  double  of  the  first  and  the  triple  of  the 
second  is  27.    Find  the  numbers. 

Let  X  =  one  number, 

y  =  the  other  number. 
X,  10,  y  =  the  series, 
2a;,  27,  3y  =  the  series. 
Hence,  10-a;  =  y-10  (1) 

27-2a;  =  3y-27  (2) 

From  (1),  a;  +  3/  =  20  (3) 

From  (2),  2a; +  3y  =  54  (4) 

Multiply  (3)  by  2,    2a;  +  2y  =  40 
(4)  is  2a;  +  3y  =  54 

.-.  y=14 

Multiply  (3)  by  3,   3a;  +  3y  =  60 
(4)  is  2a;  +  3y  =  54 

.\  x=   6 


12.  Find  the  middle  term  of  eleven  terms  whose  sum  is  66. 

+_ 
2 


Let  =  middle  term. 


s==in{a  +  1). 
Substitute  values  of  s  and  n, 

66  =  J^(a  +  0. 
.-.  a+  Z  =  12. 
Hence,  the  middle  term  is  6. 
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13.   The  first  term  of  an  arithmetical  series  is  2,  the  common 
difference  is  7,  and  the  last  term  79.    Find  the  number  of  terms. 


Let  1  =  a  -\-  {n  —  l)d. 

Substitute  values,  79  =  2  +  (n  —  1)  7, 

79  =  2+ 7n- 7, 
7n  =  84. 
.*.  n  —  12. 


14.  The  sum  of  fifteen  terms  of  an  arithmetical  series  is  600, 
and  the  common  difference  is  5.    Find  the  first  term. 

l  =  a  +  (n  —  l)dy 
s  =  }ri(a+  Z), 

2s  =  na  +  nl, 

nl=  2s  — na^ 

J     2s  — na 

n 
.       T.  ,     2s  — na 

n 
na  +  dn^  —  dn  =  2s  —  na, 

2na  =  28  —  dr?  +  dn.  . 

..•,a^i--(^-l)^. 
n  2 

.  ^_600     {\b-\)d 

15  2 

=  40-35  =  5.- 


15.  Insert  ten  arithmetical  means  between  —  7  and  114. 

2  =  a  +  (n  —  1)  cf, 
l  —  a={n  —  l)d, 

l^::^  =  d. 

n-1 
.-.  114  =  -7  +  (12-l)cf, 
121  =  11  c?. 
,'.d=ll. 
Hence,  the  means  are  4,  15,  26 
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16.  The  sum  of  three  numbers  in  arithmetical  progression  is 
15,  and  the  sum  of  their  squares  is  83.    Find  the  numbers. 

Let  »  —  y,  aJi  X  +  y  =  the  numbers. 

Then     (x  —  y)  +  x  +  {x  +  y)  =  15, 

3x  =  15. 

.  *.  3?  =^  O. 

(x-yf  +  x'  +  ix  +  yy^SS, 
3a;2  +  23/2  =  83. 
Substitute  5  for  jc,  2y^  =  8, 

y^  =  4. 

.-.  2/  =  ±2. 
jc  —  y  =  3  or  7, 

a;  =  5, 
a;  H-  y  =  7  or  3. 

17.  Arithmetical  means  are  inserted  between  6  and  23,  so  that 
the  sum  of  the  first  two  is  to  the  sum  of  the  last  two  as  2  is  to  6. 
How  many  means  are  inserted? 

Let  X  =  number  of  means. 

Then  a;  +  2  =  number  of  terms. 

l  =  a  +  {n  —  l)d, 
23  =  5  +  (a;  +  2-l)c?, 
2S -5  ==dx  +  d. 
dx  +  d=lS. 
If  d  equal  common  diffef-ence, 

5  +  <iand5+2c?=  first  and  second  means. 
23  —  c?  and  23  —  2  c?  =  last  two  means. 
Then  5  +  (;+5  +  2cZ:23-cZ  +  23-2<;::.2:5. 

50  +  15c?=92-6c?, 
21  c^  =  42. 
.-.  c?=2. 
Substitute  value  of  cf  in  c^  +  rf  =  18, 

2a;  =  18  ^2. 
.'.a;  =  8. 

18.  Find  three  numbers  of  an  arithmetical  series  whose  sum 
shall  be  21,  and  the  sum  of  the  first  and  second  shall  be  f  of  the 
sum  of  the  second  and  third. 
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Let  x  —  y  =  first  number, 

X  =  second  number, 
and  X  +  y=  third  number. 

Then         jb  — y  +  ar+aj  +  y  =  21, 

3a?  =  21. 

•  »  X  ^^  I  • 

X  —  y  -\-  X  =  iix  -\-  X  -\-  y\ 
Sic  — 4y  =  6a;  +  3y, 
7y=»14. 
.•.y  =  2. 

Hence,  the  numbers  are  5,  7,  and  9. 


19.  Find  three  numbers  whose  common  difference  is  1,  such 
that  the  product  of  the  second  and  third  exceeds  that  of  the  first 
and  second  by  J. 

Let  a?  —  1  =  first  number, 

X  =  second  number, 
and  a;  +  1  =  third  number. 

Then  a^  —  x-\-i  =  x^  +  x. 

Hence,  the  numbers  are  —  f ,  J,  IJ. 


20.  How  many  terms  of  the  series  1,  4,  7, must  be  taken, 

in  order  that  the  sum  of  tlie  first  half  may  bear  to  the  sum  of  the 
second  half  the  ratio  10 :  31? 

Let  2  a;  =  whole  number  of  terms. 
Then  x  =  half  the  number  of  terms. 

From  the  formulas,  1=  a -\-{n—l)d, 

and  6  =  in(a-\-l). 

For  the  first  half  of  the  terms, 

l  =  Sx-2, 

6  =  Ja;(3a;  —  1). 

For  the  second  half  of  the  terms, 

a  =  3a;-2+3  =  3a?  +  l. 
.-.  Z  =  3a;  +  l  +  (a;-l)3  =  6a;-2, 
and  8  =  ix{9x—V), 

But  Ja;(3a;-1)  :  Jaj(9a;  -  1)  :  :  10  :  31, 
or  3a;-l:9a;-l::10:31. 

.-.  93a;-31  =  90x-10, 
3a:  =21, 
a;  =7. 
Hence,  the  whole  number  of  terms  is  14, 
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2L  A  travels  uniformly  20  miles  a  day ;  B  starts  three  days 
later,  and  travels  8  miles  the  first  day,  12  the  second,  and  so  on, 
in  arithmetical  progression.    In  how  many  days  will  B  overtake 

A? 

■  Let  X  =  number  of  days  B  travels. 

Since  A  travels  20  miles  a  day, 

20  a;  +  60  =  number  of  miles  A  travels. 

Z  =  a  +  (n  — l)c?, 
Z  =  8  +  (a;-l)4, 
Z  =  4a;  +  4. 

Hence,  B  travels  (4aj  +  4)  miles  the  last  day. 

8—  in{a  +  t) 
=  ia;(8H-4x  +  4). 
.-.  20a;  +  60  =  Ja;(8  +  4a?  +  4), 
40a; +  120 -=4x2  + 12  a?. 
Multiply  by  4,  16  a:*  -  112  a;  =  480. 

Complete  the  square,  16ar»-()  +196  =  676. 
Jktract  the  root,  4  a;  -  14  —  ±  26, 

4a;  =  40. 
.-.  a;  =  10. 


22.  A  number  consists  of  three  digits  which  are  in  arithmeti- 
cal progression;  and  this  number  divided  by  the  sum  of  its 
digits  is  equal  to  26 ;  but  if  198  be  added  to  it,  the  digits  in  the 
units'  and  hundreds'  places  will  be  interchanged.  Required  the 
number. 

Let  a;  —  y  =  digit  in  hundreds'  place, 

X  =  digit  in  tens'  place, 
and  .  X  +  y  =  digit  in  units'  place. 

Then  100(a;-y)+10a;+(a;+y)+198  =  100(a;+y)+10a;+(aj-y)     (1) 
100(a;-.v)  +  10a;  +  (a;  +  .v) _  ^6  (2) 

From(l),  -1982/ =  -198. 

•••  y  =  i- 

Substitute  value  of  y  in  (2), 

(100a;  -  100)  +  10a;  +  (a;  +  1)_  qq 

3x 

33  a;  =  99. 
.'.  a;  =  3. 

a;  =  3, 
a;  +  y  =  4. 
Hence,  the  number  is  234. 
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23.  The  sum  of  the  squares  of  the  extremes  of  four  numbers 
in  arithmetical  progression  is  200,  and  the  sum  of  the  squares  of 
the  means  is  136.     What  are  the  numbers? 

Let        X  —  3y,  x  —  y,  x  +  y,  x  +  3y  =  the  numbers. 

Then  2a;»  +  18y^  =  200  (1) 

2x^-\-    2y2  =  136  (2) 

16y2=    64 

.-.  y  =  ±2. 
Substitute  value  of  y  in  (2),  jc^  =  64. 

.'.  a;  =  ±  8. 
Hence,  the  numbers  are  2,  6,  10,  14. 

24.  Show  that,  if  any  even  number  of  terms  of  the  series  1, 

3,  5, be  taken,  the  sum  of  the  first  half  is  to  the  sum  of  the 

second  half  in  the  ratio  1 : 3. 

Let  2n  —  whole  number  of  terms. 

Then,  for  n  terms,  1  =  a -{■{n~l)d=2n^l, 

s  =  Jn(a  +  ?)  =  71^ 

For  the  next  n  terms,         a  =  2?i  +  1. 

.-.  Z  =  (2n  +  l)H-(7i-l)2  =  4n-l, 

s  =  }n(2n +  l  +  4n-l)  =  37i«. 

But  n2:3n2::l:3. 

25.  A  and  B  set  out  at  the  same  time  to  meet  each  other  from 
two  places  343  miles  apart.  Their  daily  journeys  are  in  arith- 
metical progression,  A's  increase  being  2  miles  each  day,  and  B's 
decrease  being  5  miles  each  day.  On  the  day  at  the  end  of  which 
they  met,  each  ti-avelled  exactly  20  miles.  Find  the  duration  of 
the  journey. 

Let  n  =  number  of  days  they  travelled. 

8  =  Jn(a  +  Z)  =  Jn[2a  +  (n  — l)c?] 
=  Jn[40  +  (n-l)(n-2)] 
=  }n(40-27i  +  2) 
—  21  n  —  n*  (distance  A  travelled). 
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8  =  in{a-\-T)  =  in[2a  -\-{n-l)d] 
=  Jn[40  +  (n-l)5] 
=  }n(40+5n-5) 

=  ^^^  +  ^'^''  (distance  B  traveUed). 

01           2  ,  35n  +  5n*      q/iq 
.  •.  21n  —  n^-\ ■ =  343, 

2 
4271  -  2n^  +  35n  +  5n«  =  686, 
3n2  +  77n  =  686, 
36n2  +  ()  + (77)=^  =  14161, 
•      6n+77  =  ±119, 

671  =  42  or -196. 

.*.  71=  7. 

26.  Suppose  that  a  body  falls  through  a  space  of  16^  feet  in 
the  first  second  of  its  fall,  and  in  each  succeeding  second  32 J 
more  than  in  the  next  preceding  one.  How  far  will  a  body  fall 
in20secdnds?  s=in{a^l)  (1) 

l  =  a^(n-l)d  (2) 

Substitute  value  of  Zin  (1),  s  =  J  ti  [  2  a  +  (ti  —  1)  c?  ]    •      (3) 
Substitute  values  in  (3),      s  =  -?jO-  [32i  +  (20  - 1)  32i]. 

s  =  10(643i), 
8  =  6433  J. 

.27.  The  sum  of  five  numbers  in  arithmetical  progression  is 
45,  and  the  product  of  the  first  and  fifth  is  f  of  the  product  of 
the  second  and  fourth.    Find  the  numbers. 

Let   x  —  2y,  ic  ~ y,   x,   x  +  y,   x-\-2y  =  the  numbers. 
Then,  as  45  =  the  sum, 

5a;  =  45. 

.  *.    3J  ^   «7. 

{x  -  2y){x  +  2y)  =  i{x-y){x  +  y), 

8a;2_32y2^5a.2_52^2^ 

■  3a;2  =  272/^ 
3?  =  ^y^. 

,'.  x=  ±  3y. 
But  x  =  9. 

.'.  y  =  ±  3. 
Hence,  the  numbers  are  3,  6,  9,  12,  16. 
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28.  If  a  full  cor  descending  an  IdcUdc  draw  ap  an  empty  one 
at  tbe  rate  of  U  feet  the  first  second,  4t  feet  tbe  next  second,  7J 
feet  the  tbii-d,  and  so  on,  bow  long  will  it  take  to  descend  an 
incline  150  feet  in  leogtb?  What  part  of  the  distance  will  the  car 
have  descended  in  the  flrst  half  of  the  time? 

i  =  a  +  (n-l)i. 

.  =  J«[2a  +  (n-I)d]. 


Here 

=  150,  Q  =  1J.  d=a. 

.300 

-3n  + 

3n'-3n, 

3n 

=  300. 

=  10(se. 

-onds). 

-Jn[2 

.  +  {«-l)rf]. 

-i(3  + 

12), 

-37i(f 

^et). 

Bnt 

37 

=  i  of  150. 

Hence,  the  car 

descends  one 

fonrtb  the  distance  in  the  fi 

half  of  the  time. 

Page  310. 

lat  term  =  a, 

3.                      I  =  ai-"-'      (1 

2d   term-ar, 

.-.rf^ar-         (2 

3d   term  =  or". 

From  (I).    r--i. 

nth  term  -  ar"->. 

...rl-^l 

Also,                 .      "''--I), 

sr-fl  =  ar--a, 
»r-ar"-s-a- 
Substitute  rl  for  ar", 
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4. 

I 


.'.  a 


^n-l 


r  —  1 
<(r-l)  =  a(r*-l), 

r»-l 


•    • 


/(r»-l)  =  sr»-i(r-l), 
_  sr**"^  (r  —  1) 

«  =  a  +  ar  +  ar*  +  ar*  + +  ar^~^ 

Multiply  by  r,  r8=        ar  +  ar^  +  ar^  + +  ar^-^  +  ar* 

Subtract,  rs  ~  a  =  dr*''  —  a 

«(r-l)  =  a(r«-l). 

r-1 

6. 

s  =  a-\-ar  +  ai^  +ar*  -^ +  ar^-^ 

Multiply  by  r,  rs  =        ar  +  ar^  +  ar^  + +  ar^~^  +  ar* 

Subtract,  r8  —  8  =  ar^  —  a 

(r-l)s  =  a(r«-l), 

ar^  —  a 
5  = 


r-1 
Since  I  =  ar*^-^^ 

rl  =  ar^. 

„7 ^ 

Substitute  rl  for  at*,  s  = ^• 

r  —  1 
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7.  l  =  aT^-\  9.  l  =  ar^-^, 

a  7 

.*.  a  = 


-^r- 


fitf 


-1 


r— 1  r— 1 

rs-8^  a(r»-l).  (r  - 1)<  =  (r»-  l)a. 

Substitute  value  of  r,  .*.  o  =  v  ~  ^/^ 

r»— 1 


1 


1 

1 


(r- 


11.  *  =  r[zi«. 

r-1 

(r— l)s  =  W  — a, 

a  =  H  — (r— 1)8. 

12.  i  =  ar»-i        (1) 


v^-"  v^  From  (1),       r  =  [  IV-*. 


8.  l-af*--^  (1)       ^^o'°(2).       r  =  -— ^ 

(2)         ...f!'\s^i  =  «^ia 


•         £   =3    i 1, 

r-1 

From  (1), 

^-1 

From  (2), 

r"— 1 

.  sfr- 

-1)_     I 

Ir^  —  l 


.-.  a(«  -  a)*-^  -l{8-  i)*-i  =  0. 

13.  l=ar^-\ 

I 
a 


T-w-i  =  — 


.»,  r=A/— 
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14. 

• 

15. 

«  = 

r  —  1 

• 

W  — a 

8=              . 

r— 1 

rs 

—  «  = 

ar^ 

-a, 

rs  —  8  =  r^  —  a, 

rs  — 

ar»  = 

fi- 

a, 

« 

rs  —  r^  =  8  —  a, 

ar^  = 

rs- 

-(fi- 

a). 

r(8  — Q  =  s  — a. 

fi 

-r- 

a 

8  — 

a 

8— a 

• 

a 

8  — i 

...  f« — ^-|-_ 
a 

—  a 
a 

0. 

16. 

8  = 

a{rn 
r  — 

• 

-1). 
1 

Then 

a  = 
a  = 

I 

s(r^ 
r»- 

i). 
1 

• 
• 

^-1 

8{r  — 

1 

r»- 


8-^ 


r»-i  + 


I 


8-1 


=  0. 


•     .     f  ^~ 


17. 

^  =  ar*-^. 

a 
.  •.  (n  —  1)  log  r  =  log  ^  —  log  a. 

logr 

logr 


18. 

r-1 

8  (r  —  1)  =  ar~  —  a, 

ar»*  =  a  +  8  (r  —  1). 

log  a  +  n  log  r  =  log  [a  +  s  (r — 1)], 

n  log  r  =  log  [a+s  (r— 1)]  —  log  a. 

loe  \a  +  (r—1)  s] — log  a 

.*.  n=     °^  ■ — ^ — ^-^^ — 

logr. 
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19. 

rl  —  a 
8  = -, 

r—  1 
«r  —  8  =  rZ  —  a, 
_8  — g 

'a     8  — f 

a      \s  —  l) 
••.  log  Z  -  log  a  =  (n  -  1)  {log  (s  —  a)  —  log (8  -  Q}. 

log(5-a)-log(s-0 
.  ^_  logZ-logg         ^  ^^ 

log(s-a)-log(8-0 

20. 

.*.  a  =  — -• 

rl—a 

r-1 

.'.  a  =  rl  —  {r  —  1)8. 

.*. — -  =rl  —  (r—  1)8. 

log  Z  —  (n  —  1)  log  r  =  log  {rZ  —  (r  —  l)s}, 

(n  —  1)  log r  =  log  I  —  log  \rl  —  (r  —  1)8]. 

.   «      logZ-log[H-(r-l)8]  ^  ., 

logr 

Exercise  CXVII. 

1.  Find  the  seventh  term  of  2,  6,  18 

sixth  term  of  3,  6,  12 

ninth  term  of  6,  3,  1} 

eighth  term  of  1,  —2,  4 

twelfth  term  of  ic^,  x*,  7? 

fifth  term  of  4a,  —  6maS  9m«a^.... 
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By  substitution, 

seventh  term  of  2,  6,  18 =  2  x  3«  =  1458 ; 

sixth       term  of  3,  6,  12 =  3x2*  =  96 ; 

ninth      term  of  6,  3,  IJ =  6(J)8    ^xfy; 

eighth    termofl, -2,  4 =  -2^     =-128; 

twelfth  term  of  a^,  ar*,  a^ =  ar^Xic^*  =  a;^* ; 

fifth        term  of  4  a,  —  6  ma',  9m*a' 

2.  Find  the  geometrical  mean  between  ISm^y  and  SOxt^z, 

Let  a  =  18  ar*y, 

and  &  =  30x^*2. 

If  a  and  b  denote  two  numbers,  and  O  their  geometrical  means, 

then  G^b 

a~  g 

,\Q=y/ab. 

•  •.  a  =Vl8ar'3/X  30 ay»2 


=  V540a;*y*z 


=  6xyVl52. 


3.  Find  the  ratio  when  the  first  and  third  terms  are  5  and  80 
respectively. 

.  -'-^^ 
=  \/l6 
-4. 


4.  Insert  two  geometrical  means  between  8  and  125,  and 
three  between  14  and  224. 
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Let 

m  "=  number  of  means. 

Then 

m  +  2  =  n, 

(1) 

(2) 

...  f«+i  =  i 
a 

• 

(3) 

Hence,  the 

.•.  r  =  }  =  2}. 
Beries  is  8,  20,  50,  125. 

From 

(3), 

a 

r*  =  ^  =  16. 
.-.  r=2. 
Hence,  the  series  is  14,  28,  66,  112,  224. 

6.  If  a  =  2  and  r = 3,  which  term  will  be  equal  to  162? 

r  -'  =  -I 
a 

(n  —  1)  log  r  =  log  Z  —  log  a. 

...„_l,l°8^-log". 
logr 

^Jogl-loga^^  (1) 

logr  ^  ' 

Substitute  values  of  a,  r,  and  I  in  (1), 

2.2095-0.3010  ,  . 
0.4771 
=  4  +  1 
-5. 

6.  The  fifth  term  of  a  geometrical  series  is  48,  and  the  ratio 
2.    Find  the  first  and  seventh  terms. 


I  =  a7^-\ 

"^ 

-1-3. 

i-ar*-i 

-3x2«- 

192. 
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7.  Find  the  sum  of 

3+6+12  + to  eight  terms. 

1  —  3  +  9  — to  seven  terms. 

8  +  4+2+ to  ten  terms. 

.1  +  .5  +  2.5+ to  seven  terms. 


«i— — +  — — to  five  terms. 

4      16 

a(r^-l) 

r-1 

Sabstitate  values : 


:Zl     Is^^-i^        «255; 
r=2     J  2-1 

r  =  -3J  -3-1 

n«7     L^^(f-^)         -1953.1; 
r=5     J  5-1 

127    )     „m[(-i)»-l]^ 
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8.  ^Tie  population  of  a  city  increases  in  four  years  from 
10,000  to  14,641.    What  is  the  rate  of  increase? 

1-^1  =  1 
a 

'a 

=«. 

ji  —  To  "^  A» 

^  =  10%  increase. 
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9.  The  sum  of  four  numbers  in  geometrical  progression  is 
200,  and  the  first  term  is  5.    Find  the  ratio. 

Z  =  5r». 
8  — a 


«-200) 
o  =  5 


>r 


r  = 


s-V 
200-5 


200-5r» 
200r-57^  =  200-5, 
40r-r*=40-l, 
H_40r  =  -39, 
,^_40r  +  39  =  0, 
(r  _  3)(f  +  3H  +  9r  -^  13)  =  0. 

...  r- 3  =  0. 
.'.  r  =  3. 


10.  Find  the  sum  of  eight  terms  of  a  series  whose  last  term 
is  1  and  fifth  term  }. 


a 

Then 

^  =  l-^h 

r,r  =  2. 

From  equations 

l^ar^-\ 

and 

a(r«-l) 
'-    r-1 ' 

I  ■        8(r-l) 

r^-l      r»  - 1 

2r'»-^  =  8(r»-r»-*) 

.-.  8  = -. 

Substitute  given  values 

,         ,^l(2)''-l, 
(2)»-(2)' 

«  =  Mi- 

.-.  4-1^}. 
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11.  In  an  odd  number  of  terms,  show  that  the  product  of  the 
first  and  last  will  be  equal  to  the  square  of  the  middle  term. 

Let  X  =  first  term, 

and  y  ==  ratio. 

Then  xy  =  second  term, 

xy^  =  third  term. 

X  (xy^)  =  product  of  first  and  last  terms, 

x'y^  =  square  of  middle  term. 

But  x{xy^  =  x^y^. 

Therefore,  the  product  of  the  first  and  last  terms  is  equal  to 
the  square  of  the  middle  term. 


12.  The  product  of  four  terms  of  a  geometrical  series  is  4, 
and  the  fourth  term  is  4.    Determine  the  series. 


Let 

X  =  first  term, 

and 

y  =  ratio. 

Then                 a;,  xy, 

jcy',  xy^  —  the  series. 

Hence, 

a:*y6  =  4 

(1) 

Also, 

a^  =  4 

(2) 

Divide  (1)  by  (2), 

r'y3  =  l. 

.'.  a^  =  1 

(3) 

Divide  (2)  by  (3). 

y«  =  4. 

From  (2), 

aj  =  J. 

Hence,  the  series  is  J,  1,  2,  4. 


13.  If  from  a  line  one-third  be  cut  off,  then  one-third  of  the 
remainder,  and  so  on,  what  fraction  of  the  whole  will  remain 
when  this  has  been  done  five  times? 

Substitute  values,  Z  =  1  (J)*. 


■'■i="^- 
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14.  Of  three  numbers  in  geometrical  progression,  the  sum  of 
the  first  and  second  exceeds  the  third  by  3,  and  the  sum  of  the 
first  and  third  exceeds  the  second  by  21.    What  are  the  numbers? 

Let  X  =  first  of  series, 

and  r  =  ratio. 

Then  rx  =  second  term  of  series, 

and  T^x  =  third  term  of  series. 

X  +  rx  —  r^x  =    3  (1) 

a;  +  7*a;  —  ra;  =  21  (2) 

Add,  2  a;  =24. 

.-.  x  =  12. 
Substitute  values  of  x  in  (1), 

12  +  12r-12r»  =  3, 
12r-12r»  =  -9, 
4r2-4r  =  3. 
Complete  the  square,    4f*  —  ()  +  l  =  4. 
Extract  the  root,  2  r  —  1  =  ±  2. 

2r  =  3. 
•  •.  r=f. 
Hence,  the  numbers  are  12,  18,  27. 


15.  Find  two  numbers  whose  sum  is   Bi  and  geometrical 

meanly. 

Let  X  =  one  number, 

and  y  =  the  other. 

Then  x  +  y  =  3i  (1) 

V^  =  1 J  (2) 

Square  (2),  xy  =  |. 

.'.  x  =  — 

9  ^^ 

Substitute  value  of  x  in  (1),  - — Vy  —  ^^y 

4y 
9  +  4y2  =  13y, 

42/=^- 133/ =  -9, 

Extract  the  root,  2y  — ^^-=r±f, 

2y  =  J^  or  2. 
.-.  y  =  f  or  1. 
Substitute  values  of  y  in  (1),         a;  =  1  or  2J. 
Hence,  the  numbers  are  1  and  2\. 
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■  ^— i^»-  111  ■  i.i  I  i.i.-.iia.i 

16.  A  glass  of  wine  is  taken  from  a  decanter  that  holds  ten 
glasses,  and  a  glass  of  water  ponred  in.  When  this  has  been 
done  five  times,  what  part  of  the  contents  is  wine? 

Since  there  are  ten  glasses  of  wine  at  £ret,  when  one  glass  of 
water  is  substituted  for  one  of  wine,  there  will  be  %  as  much 
wine  in  the  decanter  as  before. 

Since  this  is  done  5  times, 

-  0.59049. 

17.  A  vessel  contains  16  gallons  of  brandy  and  2  of  water.  If 
1 J  gallons  be  drawn  off  each  day,  and  the  same  amount  of  brandy 
be  poured  in,  how  much  brandy  will  there  be  in  the  vessel  at  the 
end  of  four  days? 

II  or  f  =  part  of  brandy  in  vessel, 
f  of  J  =  f  =  number  of  gallons  drawn  oflf  each  time, 
}  —  J  =  J  =  part  of  a  gallon  added  each  time, 
10^  =  amount  after  each  increase. 

.-.  -~  or  fj  =  ratio, 
a  =16, 

71  =  5, 
I  =  ar**-^ 

=  (16)(fJ)* 
=*.  16.68.  - 

18.  Find  three  numbers  in  geometrical  progression  whose 
sum  is  13  and  the  sum  of  their  squares  91. 


Let 

JB,  xy,  xy^  =  the  numbers. 

X  +  xy  -{•  xy^  «=  13 
a!»  +  r^y*  +  r^y*  =  91 

(1) 

(2) 

Divide  (2)  by  (1), 
(l)is 

x  —  xy  +  xy^=     7 
x  +  xy  ■\-xy^=    13 

Subtract, 

-2xy           =-6 

.".  jry  =  3. 

3 
.•.    a?  =  — 

y 
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Substitute  value  of  a;  in  (1), 

?  +  3  +  3y  =  13, 

y 

3  +  3y  +  33/»  =  13y, 
3y2_l0y  =  -3, 
36y« -0  +  100  =  64. 
6y  -  10  =  ±  8, 

•'•  y  =  3, 

,  and  a;  =  1. 

Hence,  the  numbers  are  1,  3,  9. 

19.  The  difference  between  two  numbers  is  48,  and  the  arith- 
metical mean  exceeds  the  geometrical  by  18.    Find  the  numbers. 

Let  X  =  larger  number, 

and  y  =  smaller  number. 

a;  -  2/  =  48  (1) 

^'^y  =  arithmetical  mean, 
2 

y/xy  =  geometrical  mean, 
^=V^  +  18. 

a  +  y  =  2Vxy  +  36, 
z  —  '2y/xy  +  y  =  36, 

Vi-Vy  =  ±6  (2) 

Divide  (1)  by  (2),    Vxi-y/y  =  ±S  (3) 

From  (2)  and  (3),  2Vx  =  14, 

2  Vy  =  2. 
.-.  a;  =  49, 
and  y  =  1. 

20.  There  are  four  numbers  in  geometrical  progression,  the 
second  of  which  is  less  than  the  fourth  by  24,  and  the  sum  of  the 
extremes  is  to  the  sum  of  the  means  as  7  to  3.  Find  the  num- 
bers. 

Let  X  =  first  number, 

and  y  =  ratio. 

Then  x,  xy,  xy^,  x^  =  numbers. 

ary*  —  xy  =  24  (1) 

a:  +  a^y*  :  a!y  +  a!y*  : :  7 ;  3  (2) 
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3(l+y«)  =  73/(l  +  y)/ 
Divide  by  1  +y,     3(l-y  +y^)  =  7y, 

3y2_l0y  =  -3, 
3Gy2_()^  100  =  64, 
6y-10=±8, 
6y  =  18. 
.*.  y  =  3. 
Substitute  in  (1),        27  a;  -  3  a;  =  24, 

24  a;  =  24. 

Hence,  the  numbers  are  1,  3,  9,  27. 

21.  A  number  consists  of  three  digits  in  geometrical  progres- 
sion. The  sum  of  the  digits  is  13 ;  and  if  792  be  added  to  the 
number,  the  digits  in  the  units*  and  hundreds'  places  will  be  in- 
terchanged.   Find  the  number. 

Let  X  =  first  digit, 

rx  =  second  digit, 
and  r^x  =  third  digit. 

X  +  rx  +  r^x  =  lS  (1) 

lOOa  +  lOrx  +  r^x  +  792  =  lOOr^x  +  lOrx  +  x, 
-99r2a;  +  99a;  =  -792. 

t^x-x=    8  (2) 

X  +  rx  +  r^x  =5 13 

Subtract,  2x  +  rx=   5 

5 


2  +  r 
Substitute  value  of  x  in  (2), 

5r^  5     _ 

2-^r     2  +  r       ' 

5r2-5  =  16  +  8r, 

5r2-8r  =  21, 

lOOr^ -0  +  64  =  484, 

10r-8  =  ±22, 

10r  =  30. 

.-.  r  =  3. 

From  (1),  a;  +  3a;  +  9a;  =  13. 

.".  a;=  1. 
Hence,  the  number  is  139. 
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22.  Find  the  limits  of  tlie  sums  of  the  following  infinite 
series : 

4+2  +  1  + 2-lJ  +  f- 

i  +  J+S  + .1+. 01 +.001+ 


i-^+-h- .868fi86. 

1-1+ ]f\- .64444... 

i+TV+ A+ .83636... 


(1)  -iL.  =  Formula.  (^)  «^2, 

1  — r  r  =  — 

a  =  4,  .a  2 


r 


J-  l-r     1  +  f 


« 4     _a  2 


=  8 


=  =  =  f 


1-r     1-i  -| 

(2)  «  =  }, 

»•  =  ?.  (7)  a  =  .l, 

l-r-ir|-l*-  ._a J_^. 

"l-r      l-.l      '• 

(3)  a  =  i, 

••l_r     1_(-J) 

=  _i_-JL- 
1  +  J~*-  l-r     l-.Ol 

(4)  a  =  1, 
r f  (9)  o  =  -r^. 

_    1      .  ••TTT-lT"'*' 


a  = 

.86, 

r  = 

.01. 

a 

.86 

-f 


'•=J-  (10)  «  =  Tjfc. 


.-.  ^-  =     t 


r  =     1 


l-r     1-1  ^        ";^, 


TTTTT 


*  ifV  +  A-f*. 
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Exercise  CXVIII. 

1.  Insert  four  harmonical  means  between  2  and  12. 

l-a 


d  = 


m  +  1 


A>  A»  A*  A  =  arithmetical  means, 
.'.  6,  4,  3,  2 J  =  harmonical  means. 

2.  Find  two  numbers  whose  difference  is  8,  and  the  harmoni- 
cal  mean  between  them  IJ. 

•Let  X  =  one  number. 

Then  «  +  8  =  the  other  number. 

■rr_  2ab 
a  +  6 

"5        2a;  +  8   '       . 
18aj  +  72=10a;»  +  80a?. 
10a:»  +  62a;=72, 
100  a:»  +  0  + (31f  =  1681, 
lOaj  +  31  =  ±  41, 

a;  =  1  or  -  7t, 
a;  +  8  =  9  or  |. 
Hence,  the  numbers  are  1  and  9. 


3.  Find  the  seventh  term  of  the  harmonical  series  3,  3f ,  4, 

l  =  a  +  {n—  l)d. 
Here  a  =  },  n  =  7,  rf=^j-^  =  _^. 

Hence,  the  seventh  term  is  12. 
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4.  Continue  to  two  terms  each  way  the  harmonical  series  two 
consecutive  terms  of  which  are  16,  16. 

Harmonical  series,  15,  16. 
Arithmetical  series,  -j^^,  ^. 

Subtract  d  from  first  term,  ^  +  ^J^  =  ^^. 

Subtract  d  from  ^,  ^A  +  ^iir  =  ^' 

Add  d  to  last  term,  ^  —  -^  =  ^;^. 

Add  d  to  ^j\,  ^A  -  Tfiir  =  iWr- 

Hence,  arithmetical  series  is  ^^,  ^^ ^:j^,  ^^^. 

Hence,  harmonical^eries  is  13 J,  14^ 17^,  ISA- 

5.  The  first  two  terms   of  a  harmonical  series  are  6  and  6. 

Which  term  will  equal  30? 

Z  =  a  4-(n—  l)d, 

w  =  6. 

6.  The  fifth  and  ninth  terms  of  a  harmonical  series  are  8  and 
12.    Find  the  first  four  terms. 


^-?  =  d, 
=  d, 


m+1 


4 


6J 
Hence,  the  first  four  terms  are  6,  6|,  6f ,  V^^y. 
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7.  The  difference  between  the  arithmetical  and  harmonica! 
means  between  two  numbers  is  If,  and  one  of  the  numbers  is 
four  times  the  other.     Find  the  numbers. 

Let  X  and  y  =  the  numbers. 

Then  — — ^»  =«  the  arithmetical  and  harmonical 

^       ^  +  2/         means. 

Hence,  a;  =  4y  (1) 

.and  ^+^-A^X  =  9  ^2) 

Substitute  4y  for  x  in  (2), 

5^/  _  8^2  ^  9 
2       5y      5' 

.-.  y  =  2, 

and  a;  =  8. 


8.  Find  the  arithmetical,  geometrical,  and  harmonical  means 
between  two  numbers  a  and  b ;  and  show  that  the  geometrical 
mean  is  a  mean  proportional  between  the  arithmetical  and  har- 
monical means.  Also,  arrange  these  means  in  order  of  magni- 
tude. 

Arithmetical,  A  —  a  =  b  —  A. 

,    A      a-\-b 


Geometrical, 


Harmonical, 


• 

•    ^x  - 

2 

G 

a 

b    ' 
G 

• 
• 

.  G  = 

=  y/ab. 

1 

_1_ 
a 

1       1 
b     M 

• 
•    • 

2 
H 

SB 1 SSZ 

a     b 

a  +  b 
ab 

•rr^  2ab 


a  +  6 

Thn  ^^    V^b::Vab:^- 

2  a  +  6 

The  order  of  magnitude  is .    Va6,       ^ 


a  +  6 
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9.  The  arithmetical  mean  between  tw'o  numbers  exceeds  the 
geometrical  by  13,  and  the  geometrical  exceeds  the  harmonical 
by  12.    What  are  the  numbers? 

Let  a  and  b  =  the  numbers. 

Then  — - — ,    Vab,    — — -  =  the  arithmetical,  geometrical, 

2  a-\-o         and  harmonical  means. 

Hence  5L±^  _  Va6  =  13  (1) 

Vab-^^U  (2) 

Add  (1)  and  (2),  ^^  -  -^^  -  25  (3) 

Transpose  in  (1),      ^^  - 13  =  Va5, 

o  +  5-26  =  2    a6  (4) 

Square  (4),     a*  +  2ab  4-  M  -  52a  -  526  +  676  =  4ab 
Simplify  (3),  a»  +  2a6  +  6» -  50o  -  506  -  4a6 

Subtract,  2a +  26  =676 

a  +  6  =  338  (5) 

Substitute  value  of  a+  6  in  (1), 

169-Va6  =  13, 
156=Va6. 
From  (5),  a  =  338  -  6. 

.-.  156=V(338-6)6. 
.-.  156«  =  338  6  -  6». 
6«  -  338  6  =  -  24336, 
6«-()  + (169)2  =  4225, 
6 -169=  ±65. 

.-.  6  =  234  or  104, 
and  a  =  104  or  234. 


10.  The  sum  of  three  terms  of  a  harmonical  series  is  11,  and 
the  sum  of  their  squares  Is  49.    Find  the  numbers. 


•         TEACHEB8*   EDITION.  467 


Let  X  and  y  =  first  and  last  terms. 

2g.V 
x-{-y 


Then  — —  =  middle  term. 


Hence,  «  +  V  +  — ^  =  H  (1) 

and  a!»  +  y«  +  ,-^^-49  (2) 

Square  (1), 

a^  +  2xy-^f  +  ^^^,  +  ^xy  =  12l  (3) 

Subtract  (2)  from  (3),  6xy=12 

xy^l2  (4) 

Substitute  12  for  ay  in  (1),  and  clear  of  fractions, 

(x  +  y)=»-ll(x+y)--24, 
4(a.  +  y)2_()  +  121  =  25. 
2(a;  +  y)- 11  =  ±6. 

.%  a;  +  y  =  8  (5) 

Square  (5),  ic*  +  2a^  +  y'  =  64 

From  (4),  4a^         =48 

ar'-2a;y +y2=16 

a;  —  y  =  ±  4  (6) 

From  (5)  and  (6),  x==6, 

and  y  =  2. 
Hence,  the  numbers  are  6,  3,  2. 


11.  When  a,  6,  c  are  in  harmonical  progression,  show  that 
a:  c::  a  —  b:  b  —  c. 

If  a,  6,  c  are  a  harmdnical  series, 

b     a     c      b 
Multiply  by  abc^  ac  —  bc  =  ab  —  ac, 

or  c{ct  —  b)  =  a{b  —  c), 

or  a:c::a— 6:6  —  c. 
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Exercise  CXIX. 

1.  How  mauy  different  permutations  can  be  made  of  the  let- 
ters in  the  word  Ecclesiastical,  taken  all  together? 

t3L2[2[2^L2 

14x13x12x11x10x9x8x7x6x5x4x3x2x1 

6x2x2x2x2x2 
=  454,053,600. 

2.  Of  all  the  numbers  that  can  be  formed  with  four  of  the 
digits  6,  6,  7,  8,  9,  how  many  will  begin  with  66? 

The  first  two  places  (beginning  with  bQ)  can  be  filled  in  only 

1  way. 

The  next  to  the  last  can  be  filled  in  only  3  ways. 

The  last  can  be  filled  in  only  2  ways. 

Hence,  whole  number  of  ways  =  3x2x1  =  6  ways. 

3.  If  the  number  of  permutations  of  n  things,  taken  4  to- 
gether, be  equal  to  12  times  the  permutations  of  n  things,  taken 
2  together,  find  n. 

The  number  of  permutations  of  n  things,  taken  4  together,  is 
n(n  —  1)  (n  —  2)  (n  —  3) ;  and  the  number  of  permutations,  taken 

2  together,  is  n(n  —  1). 

But  the  number  of  permutations,  taken  4  together,  equals  12 
times  the  number  of  permutations,  taken  2  together. 
.-.  n{n  -  1)  (n  -  2)  (w  -  3)  =  l2n(n  - 1). 
Divide  by  n(n  —  1),  and  expand, 

n2_5n  +  6  =  12, 
4n2-()-}- 25  =  49, 
2n-5  =  ±7, 

2n  =  12or-2. 
.*.  n  =  6  or  —  1. 

4.  With  3  consonants  and  2  vowels,  how  many  words  of  3 
letters  can  be  formed  beginning  and  ending  with  a  consonant, 
and  having  a  vowel  for  the  middle  letter? 
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The  first  place  can  be  filled  in  3  ways. 

The  second  place  can  be  filled  in  2  ways. 

The  third  place  can  be  filled  in  2,  ways. 

Hence,  whole  number  of  words  =  3x2x2  =  12  words. 

5.  Out  of  20  men,  In  how  many  different  ways  can  4  be  chosen 
to  be  on  guard?  In  how  many  of  these  would  one  particular 
man  be  taken,  and  from  how  many  would  he  be  left  out? 

The  number  of  ways  in  which  we  can  select  4  men  out  of  20  is 
20  X  19  X  18  X  17  =  116,280  ways. 

The  4  men  on  guard  may  be  arranged  in  [4  =  24  ways. 

Hence,  number  of  selections  is  iiHAa  =  4845. 

Since  in  20  men  there  are  5  groups  of  4  each,  one  man  would 
appear  in  every  fifth  group. 

Hence,  one  man  would  be  taken  in  ^^^  =  969  ways. 

4845  -  969  =  3876  ways  from  which  he  is  left  out. 

6.  Of  12  books  of  the  same  size,  a  shelf  will  hold  5.  How 
many  different  arrangements  on  the  shelf  may  be  made? 

The  first  place  can  be  filled  in  12  ways. 
The  second  place  can  be  filled  in  11  ways. 
The  third  place  can  be  filled  in  10  ways. 
The  fourth  place  can  be  filled  in  9  ways. 
The  fifth  place  can  be  filled  in  8  ways. 
Hence,  whole  number  of  ways  =  12x11x10x9x8 

=  95,040  ways. 

7.  Of  8  men  forming  a  boat's  crew,  one  is  selected  as  stroke. 
How  many  arrangements  of  the  rest  are  possible?  When  the  4 
who  row  on  each  side  are  decided  on,  how  many  arrangements 
are  still  possible? 

When  one  man  is  chosen  for  stroke,  the  number  of  arrange- 
ments of  the  seven  men  left  is 

[7  =  7x6x5x4x3x2x1  =  5040. 

.  The  number  of  arrangements  of  the  3  men  on  the  side  with 
the  stroke  is  |_3 ;  on  the  other  side  is  [4.     Hence,  the  whole  num- 

^®^^        [3x14  =  3x2x4x3x2  =  144. 
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8.  How  many  signals  may  be  made  with  6  flags  of  different 
colors,  which  can  be  hoisted  either  singly,  or  any  number  at  a 

time? 

The  number  of  ways,  when  all  are  taken,  would  be 


6x5x4x3x2x1 

=  720 

When  five. 

6x5x4x3x2 

=  720 

four. 

6x5x4x3 

-  360 

three, 

6x5x4 

=  120 

two. 

6X5 

=    30 

one. 

6 

=      6 

Hence,  in  all 

1956 

9.  How  many  signals  may  be  made  with  8  flags  of  different 
colors,  which  can  be  hoisted  either  singly,  or  any  number  at  a 
time  one  above  another? 

The  number  of  signals,  when  all  are  used,  would  be 

8x7x6x5x4x3x2x1=  40,320 


When  seven, 

8x7x6x5x4x3x2 

=  40,320 

six, 

8x7x6x5x4x3 

=  20,160 

five. 

8x7x6x5x4 

=    6,720 

four. 

8x7x6x5 

-    1,680 

three, 

8x7x6 

«       336 

two, 

8x7 

56 

one, 

8 

»           8 

109,600 
Hence,  109,600  =  number  of  signals  made  in  all. 

10.  How  many  different  signals  can  be  made  with  10  flags,  of 
which  8  are  white,  2  red,  and  the  rest  blue,  always  hoisted  all 
together  and  one  above  another? 

Since  3    are  white, 

2  red, 

and  5  blue, 

there  are  10    in  all. 

Hence,  whole  number  of  signals  is  =  2520. 

liL£L£ 
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11.  How  many  signals  can  be  made  with  7  flags,  of  which  2 
are  red,  1  white,  3  blue,  and  1  yellow,  always  displayed  all  to- 
gether and  one  above  another? 

7 


«420. 


(2[1[3[1 

7x6x5x4x3x2x1 
2x3x2 


12.  In  how  many  different  ways  may  the  8  men  serving  a  field- 
gun  be  arranged,  so  that  tl^e  same  man  may  always  lay  the  gun? 

8-1  =  7, 

[7  =  7x6x5x4x3x2x1  =  5040  ways. 

13.  Find  the  number  of  signals  which  can  be  made  with  4 
lights  of  difi^erent  colors  when  displayed  any  number  at  a  time, 
arranged  above  one  another,  side  by  side,  or  diagonally. 

Number  of  ways,  when  four  are  taken,  is 

4x3x2x1  =  24 

When  three,  4x3x2        =24 

two,  4x3  =12 

60 

These  60  arrangements  can  be  made  in  four  ways :  either  side 
by  side,  diagonally  in  two  ways,  or  one  above  the  other. 

.-.  60x4  =  240. 

And  when  one  light  is  taken  it  can  be  displayed  in  one  way 
only. 

Hence,  4  different  signals  can  be  made  with  the  4  lights  of 
different  colors,  1  at  a  time. 

Therefore  the  whole  number  of  ways  is  240  +  4  =  244. 

14.  From  10  soldiers  and  8  sailors,  how  many  different  parties 
of  3  soldiers  and  3  sailors  can  be  formed? 

=  120,  number  of  selections  of  3  out  of  10. 

1x2x3 

and  —^ — ^^  =  56,  number  of  selections  of  3  out  of  8. 
1x2x3 

.'.  120  X  56   =s  6720,  nimiber  of  parties  that  can  be  formed. 
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15.  How  many  signals  can  be  made  with  3  blue  and  2  white 
flags,  which  can  be  displayed  either  singly,  or  any  number  at  a 
time  one  above  another? 

The  number  of  ways  in  which  all  can  be  arranged  is 

-=-  =  ID  ways. 
[312  ^ 

They  can  be  arranged  singly  in  2  ways, 

2  and  2  in  4  ways, 

3  and  3  in  7  ways, 

14     .    14 

4  and  4  in  — , — h  -=—  =  10  ways. 

\2\l     [3[1  y 

Hence,  whole  number  of  ways  is  33. 

16.  In  how  many  ways  can  a  party  of  6  take  their  places  at  a 
round  table? 

If  places  are  not  relative,      [6  =  720  =  number  of  ways. 

If  relative,  [5  =  120  =  number  of  ways. 

17.  Out  of  12  Democrats  and  16  Republicans,  how  many  dif- 
ferent committees  can  be  formed,  each  consisting  of  3  Demo- 
crats and  4  Republicans? 

The  Democrats  can  be  selected  in 

12x11x10 


1x2x3 


220  ways. 


The  Republicans  in  ^6x15x14x13  _  ^^^^  ^ 

^  1x2x3x4  ^ 

Hence,  the  whole  committee  can  be  appointed  in 

220  X  1820  =  400,400  ways. 

18.  From  12  soldiers  and  8  sailors,  how  many  different  parties 
of  3  soldiers  and  2  sailors  can  be  formed? 

The  soldiers  can  be  arranged  in 

12X11X10         nnnwo^o 

=  ZZO  ways. 

1x2x3  ^ 

8x7 
The  sailors  can  be  appointed  in =  28  ways. 

1  X  ^ 
Hence,  whole  number  of  ways  is 

220  X  28  =  6160  ways. 
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19.  Find  the  number  of  combinations  of  100  things,  97  to- 
gether. 

The  number  is  the  same  as  the  number  of  selections  of  3  things 
from  100  things. 

Hence,  the  number  of  ways  in  which  they  can  be  selected  is 

100  X  99  X  98 


\1 


=  161,700. 


20.  With  20  consonants  and  5  vowels,  how  many  different 
words  can  be  formed  consisting  of  3  different  consonants  and  2 
different  vowels,  any  arrangement  of  letters  being  considered  a 
word? 

Three  consonants  can  be  selected  in 

20x19x18 


1x2x3 


=  1140  ways, 


and  two  vowels  in  ~ =  10  ways. 

1x2  ^ 

When  they  have  been  selected  they  can  be  arranged  in 

[5^=  120  dififerent  orders. 

.-.  1140  X  10  X  120  =  1,3G8,000. 


21.  Of  30  things,  how  many  must  be  taken  together  in  order 
that,  having  that  number  for  selection,  there  may  be  th'e  greatest 
possible  variety  of  choice? 

Here  n  is  even,  and  r  =  -  =  —  =15. 

2      2 

22.  There  are  m  things  of  one  kind  and  n  of  another ;  how 
many  different  sets  can  be  made  containing  r  of  the  first  and  s  of 
the  second? 

Let         X  =  number  of  ways  r  elements  can  be  selected  from 
m  elements, 
*    and  y  =  number  of  ways  s  elements  can  be  selected  from 

n  elements. 

_^  number  of  arrangements 
[r 

m(m  —  1)  (m  —  2) [m  —  {r—  1)] 

r 
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Multiply  both  terms  of  the  fraction  by  |m  — r, 

\m 


X 


|_r  \m  —  r 


(1) 


_  number  of  arrangements 
,'.  y 


n(n  —  1)  (n  —  2) [n  —  (8^  1)] 


Multiply  both  terms  by  |n  -8, 


[n 


\inx\n 

Multiply  (1)  by  (2),       xy  =  — 


(|r|m  — r)(|8|n  — 8) 


23.  In  how  many  ways  may  10  persons  be  seated  at  a  round 
table,  so  that  in  no  two  of  the  arrangements  may  every  one  have 
the  same  neighbors? 

Two  can  bo  Bolejted  to  fill  first  two  places  in 

10x9      .^ 
=  45  ways. 

|_2  -^ 

For  each  way  of  filling  these  two  places  there  are  8  ways  of 
filling  the  third  place ;  and,  after  the  first  three  places  have  been 
filled,  there  are  7  ways  of  filling  the  fourth  place ;  and  so  on. 

.-.  45x8x7xGx5x4x3x2xl«  1,814,400  ways. 

24.  The  number  of  combinations  of  n  things,  taken  r  together, 
is  3  times  the  number  taken  r—  1  together,  and  half  the  number 
taken  r+1  together.    Find  n  and  r. 

From  VIII.,  -J= = 11= /^ 

[r  \n  —  r     |r  —  1  |n  —  r  +  1  ^  ' 


2\n  [n 

and  ~~ 


[r  \n~r     |r  +  1  \n  —  r  —  1 


(2) 


1  In  3  \n 


r  —  1  \n  —  r     n  —  r+1     |r  —  1  \n  —  r 
HIS 


Divide  by  — ,    _=, -, 

' ^  ~  1  I'fi'  —  T     r      n  —  r  +  1 

n  —  r  +  l  =  3r, 

w  =  4r  — 1. 
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2  In  1  In 


n  —  r     [r  |n  —  r 4-  1      r  +  1      Ir  |n  —  r —  1 

Divide  by \^ ,  -A  ==  J_, 

\r  jn  — r+  1    n~r     r -\- I 

2r4-  2  =  n  — r, 

n=3r  +  2, 

3r  +  2-=4r-l. 

.-.  r  =  3, 

and  n  =  11. 

25.  In  how  many  ways  may  12  things  be  divided  into  8  sets 
of  4? 

Here  the  sets  are  indiflferent,  and  the  answer  is 

1 12 

— 1= =  5775. 

L3^[4^ 

26.  How  many  words  of  6  letters  may  be  formed  of  3  vowels 
and  3  consonants,  the  vowels  always  having  the  even  places? 

The  vowels  may  be  arranged  in  [3,  and  the  consonants  in  [3, 

ways. 

1 3  X  |_3  =  6  X  6  =  36  ways. 

27.  From  a  company  of  90  men,  20  are  detached  for  mounting 
guard  each  day.  How  long  will  it  be  before  the  same  20  men  are 
on  guard  together,  supposing  the  men  to  be  changed  as  much  as 
possible;  and  how  many  times  will  each  man  have  been  on 
guard? 

The  90  men  can  be  arranged  in  [90  ways. 

The  20  detached  in  j  20  ways. 

The  70  remaining  in  [70  ways. 

^|90 
.  .  ■   ~~     =  whole  number  of  ways. 

[20  [70  ^ 

One  man  will  be  on  guard  all  the  time,  leaving  89  men  who 
can  be  arranged  in  [89  ways. 

That  one  will  be  one  of  the  20  detached,  leaving  19  who  can 
be  arranged  in  [19  ways. 

The  remaining  70  can  be  arranged  in  [70  ways. 

|89 
.•.  —  =  whole  number  of  times. 

119170 
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28.  Supposing  that  a  man  can  place  himself  in  3  distinct  atti- 
tudes, how  many  signals  can  be  made  by  4  men  placed  side  by 

side? 

The  first      can  be  placed  in  3   attitudes. 

The  second  can  be  placed  in  3   attitudes. 

The  third    can  be  placed  in  3  attitudes. 

The  fourth  can  be  placed  in  3   attitudes. 

Hence,  all    can  be  placed  in  4'  attitudes. 

But  as  one  is  the  attitude  of  rest,  therefore,  4'  —  1  =  63  signals. 

29.  How  many  different  arrangements  may  be  made  of  11 
cricketers,  supposing  the  same  2  always  to  bowl? 

Putting  aside  the  two  bowlers,  9  are  left,  and  they  can  be 
arranged  in  [9  ways,  and  the  bowlers  in  [2  ways. 

.-.[2  [9  =  72,576  ways. 


30.  Five  flags  of  different  colors  can  be  hoisted  either  singly, 
or  any  number  at  a  time  one  above  another.  How  many  differ- 
ent signals  can  be  made  with  them? 

When  they  are  all  displayed,  they  can  be  arranged  in 

5x4x3x2x1  =  120 
When  four,     5x4x3x2        =120 

three,  5x4x3  =60 

two,     5x4  =20 

one,     5  = 5 

.'.  whole  number  of  signals        =  325 

31.  How  many  signals  can  be  made  with  6  lights  of  different 
colors,  which  can  be  displayed  either  singly,  or  any  number  at  a 
time  side  by  side,  or  one  above  another? 

When  they  are  all  displayed,  they  can  be  arranged  in 

5x4x3x2x1  =  120     ^ 

When  four,     5x4x3x2        =120 

three,  5x4x3  =60 

two,     5x4  =    20 

Whole  number  of  arrangements  =  320 

Since  they  can  be  displayed  as  many  ways  side  by  side  as  one 
above  the  other,  multiply  by  2, 

320  X  2  =  640. 
Since  5  lights  of  different  colors,  displayed  singly,  give  5  dif- 
ferent signals,  the  whole  number  of  signals  will  be 

640  +  5  =  Gio. 
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32.  The  number  of  permutations  of  n  things,  3  at  a  time,  is  6 
times  the  number  of  combinations,  4  at  a  time.    Find  n. 


n(n-l)(n-2)  =  6("(^-^H^-2)(n-3)\ 


Divide  by  n  (n  - 1)  (n  -  2),    1  =  ~f^^ 

24  =  6n-18, 
6n  =  42. 
.•.  n=  7. 


33.  At  a  game  of  cards,  3  being  dealt  to  each  person,  any  one 
can  have  425  times  as  many  hands  as  there  are  cards  in  the  pack. 
How  many  cards  are  there? 

Let  n  =  number  of  cards  in  the  pack. 

Then  n(n-l)(7i-2)  _  ^^ 

3x2x1 

n'  —  3n^  +  271      ^oc 
or =  425n. 

6 
n'-3n«  +  2n  =  2550n. 
Divide  by  n,  n^  -  3  n  +  2  =  2550, 

n2_  371  =  2548. 
Complete  the  square, 

4n2_() +  9  =  10,201. 
Extract  the  root,  2n  —  3  =  ±  101, 

271  =  104  or -98: 
.*.  71  =s  52  or  —49. 
Hence,  the  number  of  cards  is  52. 


Exercise  CXX. 

1.  (l+2a;)5 

=  (1)*  +  5(l)*(2a;)  +  10(l)3(2rc)2+  10(l)2(2a;)«  +5(l)(2a;)*  +  (2a;)« 
=  1  +  10a;  +  40a;2  -f-  80a;8  +  80a;*  +  32a;5 

2.  (x-3)8 

=  a^  -  8(a;y(3)  +  28(a;)«(3)2  -  56  (a;)^  (3)'  +  70  (a;)*  (3)* 

-  56  {xf  {3f  +  28  (a;)^  (3)«  -  8  {x)  (3y  +  (3)8 
«  a;8-  24a;T  +  252a;«  - 1512 ar^  +  5670a;* 

-  13608  a;3  ^  20412  ar»  -  17496  a;  +  6561. 
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3.  (2aj-3y)* 

=  (2a:)*  -  4(2a:)^3y)  +  6{2xy  (Syf  -  4(2x)(3y)»  +  (Zy)^ 
-  16iB*  -  963^y  +  216xY  -  216ay»  +  81/. 

4.  (2-ic)« 

=  (2)»  -  3  (2)2  (x)  +  3  (2)  (ar)=»  -  {xf 
=  8-12a;  +  6ar»-a;'. 

»■(■-¥)' 

-  w  -  sw  (^)  +  10(1)"  (^J-  I0(i)>  (»' 

^.      15.V     45.v«      135y«     405y*     243.7^ 
°"  4  8  32  256        1024* 

«(f)-«(f)'*'(f)'-'(i)' 


+ 


27        243      243     729     19683 


7.  The  fourth  term  of  (2  x  -  5  y)". 

Substitute  in  formula  values  of  n  and  r, 

n(n-V) (n-r  +  2)  ^„_^i  ^.j 

1X2 (r-1) 

^12X11X10(2^^(5   )a 
1x2x3     ^     ^  ^  -^^ 
=-- 14080000  a;«y«. 


8.   The  seventh  terra  of  f-  +  ^Y 


10  X  9  X  8  X  7 
1x2x3x4 

35  a;  V 
1944  ' 
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(a2)*(aa:)" 


9.  The  twelfth  term  of  (a*  -  ax)^ 

_  15x14x13x12 
1x2x3x4 

=  -1365ai9a;". 

10.  The  eighth  term  of  (5  x^y  -  2  zy^y 

=  -36(25xy)(128a;y*)       ■ 
--115200a;"yi«. 

11.  The  middle  term  of  [^  +  ?Y 

\y    ^1 


_Sx7xQx5fx\(yy 

1x2x3x4 
=  70. 


12.  The  middle  term  of  '  "     "  ^^^ 


\y    «/ 

_  10x9x8x7x6  /^  Y  /^^  Y 
1x2x3x4x5  it/y  [xj 
-  -  252.  . 


13.  The  two  middle  terms  of 


The  two  middle  terms  are  the  fourth  and  fifth. 
The  fourth  term  =  Ix  6_x_5x4  fx^  /^V 


lx2x3x4Vy, 

35  a; 


The  fifth  term     = 


y 

7x6x5 
1x2x3 
35y 
x 


ifiitf 


14.  The  rth  term  of  (2  a  +  jc)» 

1X2 (r-1)       ^     ^ 
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15.  The  rth  term  from  the  end  of  (2  a  +  a;)» 

_ n{n - 1) {n-T^  2)(2flWa;n-r.fi 

1X2 (r-1)       ^     ^ 

16.  The  (r  +  ^)th  term  of  (a  +  «)* 

^  n(n-l).....  (n-r-2) ^^_^_^ ^^^^ 
1X2 (r  4-  3) 

17.  The  middle  term  of  (a  +  x)^ 

=  2n(2n-l) (2n-(n  +  1)  +  2)^^^_,^,^ 

1  X  2 (n  +  1  -  1) 

2n(2n-l) (n+l)^.^^ 

1x2 w 

Multiply  both  terms  by  [n, 

|2n 
(n  +  l)m  term  =  ==-  a»a:*. 

([n)V 

18.  Expand  (2a  +  sc)",  and  find  the  sum  of  the  terms  if  a=  1, 
x  =  — 2. 

(2  a)"  +  12(2  a)"  X  +  66(2a)Wa^  +  220(2a)»a;»  +  495(2a)8a;* 
+  792(2af  a;6  _j.  924(2a)«a;«  +  792(2a)*x^  +  495(2a)*a;8 
+  220(2a)8a*  +  66(2a)Vo  +  12(2a)xii  +  tP. 

Substitute  1  for  a  and  —  2  for  x, 

(2  -  2)"  =  0. 


Exercise  CXXI. 
1.    (1  +  o;)^  to  four  terms 

■*        .      JLt  Jj       ,       til 

2'"8     16" 


2.   (1  +  x)*  to  four  terms 

-1     fx+       2       '^         1x2x3     *^ 
-l+is-K  +  A** 
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3.  (a  +  x)^  to  four  terms 

t      3aj       3a»        15aj» 


4  a*     32  a*     128  a* 

^al/l  +  3x_3x_»     _15xLY 
V       4a     3a«     128aV 

4.  (1  —  a:)  "*  to  four  terms. 

By  substituting  1  for  a  and  —  a:  for  a;  in  the  formula  (a  +  a-)* 

^a>^na>-ia;  +  !^i^L:iDan-»:c'  +  ^(^-^)(^-^H^-^)a^ 

2  [3 

=  l+4a:  +  10a^  +  20aj», 

5.  (a*  ~  X*)*  to  four  terms 

=  (a«)t  _  J  (a»)*-i  +  iii^(a2)*-«a;»  -  !(izjKii:^(aa)t-»x3 

ft     Sa'a*  ,  15aaj*      5a;*   . 
=  a° + H 

2  8         16a 


6,  («'  +  scy)  *  to  four  terms  • 

^-i(-i-^)(-}-2)^.|.,^^y 

'      ^  8  16 


7.   (2aj  —  3  y)  ~*  to  four  terms 

-  (2a:)-4-  (- J)(2a;)-*(3y)  +  tiKlJ)  (2aj)-*(3y)« 

-  2a;-i{l  +  ix'^y  +  ^x'^y*  +  iVft  «¥  + > 
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8.  v^l— 6a;  to  four  terms 

:',':«t.ife#(-)-.:ii=M^(e./ 

=  l-a;-2jc*-6a!»- 

9.  to  four  terms 

V(4a«-8oa;)» 

=  (4a*-3aa;)-* 

„  (4ar«-(-f)(4aTt(3a.)  +  tJK=:M^r!£-)! 

-  (=lpzi)(zl)(4a«)-»(3ax)» 
1x2x3      ^      -^    V       ^ 

L  1 1  +  ^  +  135  a*      945  g»      ) 

8  a?  I        8  a     128  a«     1024  a»     i 


10.  -I/:; J  to  four  terms 

\(l-3y)* 

-(l-3y)-» 

-  1  -  (-  «(3y)  +  ^-  f ^"^'^^Syy  ^  (-  *y-  f^^  '^\syf 

«l  +  52/     55^2     9352^     

2         8  48 

11.  (1  +  a;  +  X*)'  to  four  terms 

=  [1  +  (a:  +  aj»j]» 

=  l+*aJ  +  tx»-Haj'+ 

12.  (1  —  X  +  x')*  to  four  terms 

-[l-(a:-x»)]t 

^^       ^^    1x2    ^  ^  1x2x3      ^  ^ 
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13.  The  rth  term  of  (a  +  x)^ 


r-l 


2        I     8-»r 

T  a   2  af-1 


,    ,^  V2JV2]V2JV2y i     2     j   ln^r      , 

(~l)r.L-L:LJLlJ_l_l i ia   2    3f-\ 

|r  —  1 


Multiply  both  terms  by  2*^^ 

=  ,     ^y  1X3X5 (2r-5)  ^--^,^^^, 

^     ^  r-lx2r-i 


S-Sr 


14.  The  rOi  term  of  (a  -  x)  "« 

.  ,(-3)(-4)       (-r-l)^.,_,^_, 
1x2x3 r-1 

^  3x4...:.(r~l)(r)(r  +  l) 
Ix2x3x4.....(r-1) 

1x2 

16.   ^66  to  Ave  decimal  places 

.-{64(1+ A)}* 
=  8(l  +  ^)i 

-8{l  +  (})(A)  +  iii=^(A« 

'^a  +  rh-^nhm) 
=  8  (1  +  .00781  -  .00003) 

=  8.06224 


16.   V 1^  to  five  decimal  places 

.-{1(1  + A)*} 

-l  +  ix^V  +  ^^^A)* 
- 1  +  .01111  -  .00012 
- 1.01099. 
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17.  v^i29  to  six  decimal  places 

-  {128(1 +Ti^# 

.-.^1/129  =»  2(1 +TiT)* 

=  2{l  +  |XTi^  +  iii^(Tk)^  + 

=  2  (1  +  .001116  -  .000004) 
=  2.002224. 

18.  (1  —  2  X  +  3  X*)  -*  to  four  terms 
=:{l-(2aj-3a;»)}-i 

- 1  -  (-  »)  (2a;  -  3a:»)  +  fciKzi)(2x  -  3a;«)« 

.^/4(r     6aj«\^/28a:»     84a»  .  63g*\  .  /224a:»^        \ 

=  ^  ■*"  U^T  j  ^  (,"25"  ""25"  ^  "25";  "^^"125"" j 

^■.      4a;     2g»     196g»     

5        25        125 

19.  Ci±M!  to  coefficient  of  JB* 
(1  +  8«)» 

=  (l+2a;)=»(l+3aj)-» 

« (1  +  4a;  +  4a;«)  (1  -  9a;  +  54a;»  -  270a;»  +  1215a;*). 

The  tenns  containing  a;*  will  be 
1215a;*  -  4a;(270a;»)  +  4a;»(54a^ 
=  351  a;*. 

20.  (!  +  «)*  expanded 

,i(.i-mi-2)(i-s). 

li 

=  l  +  }a; L_a;.  +  ^L2<3__^ L><lx5_  ^ 

^        2x2^  2x3x2»         2x3x4x2* 

When  a;  =  1,  this  becomes  (1  +  1)^ 

1   .1         1       .      1x3  1x3x5      . 


2     2x2«     2x3x2»     2x3x4x2* 


i 


